Iafes T vd aftraror dEum, EaeE

KENDRIYA VIDYALAYA SANGATHAN

LONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR

b/

MATH OLYMPIAD

N4

THE JOY OF MATHEMATICAL PROBLEM SOLVING
(A JOURNEY TO OLYMPIAD EXCELLENCE)




YEATdAT / FOREWORD

It gives me immense pleasure to present the Mathematics Olympiad Study Material
prepared as a part of the workshop conducted from 7% to 11™ July 2025 at ZIET,
Bhubaneswar, on “Capacity Building of Teachers in Preparing Students for Mathematics
Olympiad” exclusively for PGTs (Mathematics) from six feeder regions—Bhubaneswar,
Kolkata, Ranchi, Guwahati, Silchar, and Tinsukia. A total of 39 participants enthusiastically
engaged in this enriching academic exercise aimed at deepening their understanding of core
mathematical concepts aligned with Olympiad-level problem solving.

The workshop focused on advanced mathematical domains such as Number Theory,
Combinatorics, Inequalities, Algebra, and Geometry—not only through theoretical
exploration but also through intensive hands-on sessions dedicated to rigorous problem
solving. These topics, central to the spirit of mathematical inquiry, play a crucial role in
fostering logical reasoning, creativity, and analytical thinking among students.

In alignment with the vision of the National Education Policy 2020 (NEP 2020) and the
guiding principles of the National Curriculum Framework for School Education 2023 (NCF SE
2023), this initiative reflects a shift towards competency-based learning, critical thinking, and
nurturing excellence through enrichment programmes such as Olympiads. These national
frameworks emphasize the importance of identifying and nurturing talent at an early stage,
making such capacity-building initiatives both timely and essential.

Recognizing the pivotal role of Mathematics Olympiads in stimulating young minds
and encouraging deeper exploration beyond conventional classroom learning, we are proud
to present the specially curated study material titled:
"The Joy of Mathematical Problem Solving: A Journey to Olympiad Excellence."

This resource is the outcome of a collaborative effort enriched by the insightful
deliberations of the participants, expert contributions of the resource persons, the thoughtful
planning and academic support of the Training Associate (Mathematics), and the visionary
leadership and academic guidance of the Course Director during the course of the workshop.
It is designed to serve as a valuable reference for both students and teachers of Kendriya
Vidyalaya Sangathan, fostering curiosity, precision, and joy in mathematical thinking.

As the Director of ZIET, Bhubaneswar, | extend my heartfelt appreciation to all the
participants for their active involvement and meaningful contributions. | also acknowledge
the dedicated efforts of the entire team; whose commitment and collaboration made this
workshop a resounding success.

May this initiative inspire many more such academic endeavours in the future, driving
forward our shared vision of holistic, future-ready, and excellence-oriented education.

(Dr. Anurag Yadav)

Director
ZIET Bhubaneswar
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ABOUT MATHEMATICS OLYMPIAD PROGRAMME

The Mathematical Olympiad Programme in India, which leads to the participation of
Indian students in the International Mathematical Olympiad (IMO) is organized by the Homi
Bhabha Centre for Science Education (HBCSE) on behalf of the National Board for Higher
Mathematics (NBHM) of the Department of Atomic Energy (DAE), Government of India. This
programme is one of the major initiatives undertaken by the NBHM. Its main purpose is to
spot mathematical talent among pre-university students in the country. For the purpose of
training and selection of students for the Olympiad contest several regions all over the
country have been designated and each assigned a Regional Coordinator. Additionally, two
groups of schools: Jawahar Navodaya Vidyalayas (JNV) and Kendriya Vidyalayas (KV) are also
treated as separate regions and have a ‘Regional Coordinator’ each.

I0QM RMO | NdMNOTC

Indian Olympiad Regional Mathematical
Qualifier in Mathematics Olympiad Training
Mathematics Olympiad Camp

INMO
|OQM — |MO Indian National

Mathematical
Olympiad

IMO PDC IMOTC

International Pre Departure Internaticnal

Mathematical Camp for IMO Mathematical
Olympiad Olympiad Training

Camp
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Stages of Mathematics Olympiad

Stage 1 : 10QM

The first stage examination, the Indian Olympiad Qualifier in Mathematics (I0QM)
(Previously PRMO) is a three-hour examination with 30 questions. The answer to each
question is either a single-digit number or a two-digit number and will need to be
marked on a machine-readable OMR response sheet.

The 10QM question paper will be in English and Hindi.

The 10QM is conducted by the Mathematics Teachers’ Association (India).
Duration: 3 hours

Total marks: 100

The answer to each question is an integer in the range 00-99.

No negative marking.

OMR-based exam.

Composition of the paper: 10 questions of 2 marks each; 10 questions of 3 marks each;
10 questions of 5 marks each.

Stage 2: RMO

The second stage examination, the Regional Mathematical Olympiad (RMO) is a three-
hour examination with six problems.

The RMOs are offered in English, Hindi and other regional languages as deemed
appropriate by the respective Regional Coordinators.

The problems under each topic involve a high level of difficulty and sophistication.

Stage 3: INMO

The best-performing students from the RMO qualify for the third stage — the Indian
National Mathematical Olympiad (INMO).

The INMO is held on the third Sunday of January across the country.
Number of questions: 06
Duration: 4.5 hours

Each question requires writing detailed proof.
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Stage 4: IMOTC

* The top students from the INMO (approximately 65) are invited for the fourth stage,
the International Mathematical Olympiad Training Camp (IMOTC) held at HBCSE (or
any other institute in India) from April to May.

At this camp, orientation is provided to students for the International Mathematical
Olympiad (IMO).

Emphasis is laid on developing conceptual foundations and problem-solving skills.
Several selection tests are held during this camp.

On the basis of performance in these tests, six students are selected to represent
India at the IMO.

Resource persons from different institutions across the country are invited to the
training camps.

PDC (Pre-Departure Camp for IMO):

* The selected team of 6 students undergoes a rigorous training programme for about
8-10 days at HBCSE prior to its departure for the IMO.

Stage 5: IMO

* This is the final stage where the Olympiad program concludes with the participation
of the Indian students in the IMO.

The six students are accompanied by four teachers or mentors.

The competition consists of 6 problems.

The competition is held over two consecutive days with 3 problems each.
Each day the contestants have four-and-a-half hours to solve three problems.

Each problem is worth 7 points for a maximum total score of 42 points.
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ELIGIBILITY CRITERIA FOR INDIAN OLYMPIAD QUALIFIER IN
MATHEMATICS (I0QM), 2025

* The student must NOT have qualified (or scheduled to appear) class 12 board
examination earlier than 30 October, 2025.

The student must NOT have commenced (or planning to commence) studies in a
university or equivalent institution by 1 June, 2026.

The INMO 2025 Awardees are eligible to write INMO 2026 directly WITHOUT
qualifying through 10QM 2025 and RMO 2025 provided they fulfil the age criteria
mentioned in point no.1, they haven’t commenced (or planning to commence by June
1, 2026) studies in a university or equivalent institution and they fulfil the eligibility
criteria for IMO 2026

A student has to score at least 10% of the total marks of the IOQM 2025 paper in order
to be eligible to appear for RMO 2025 but this is NOT the sole qualifying criterion.

Any student who has scored at least 10% of the total marks of the IOQM 2025 paper
and enrolled for I0QM 2025 as a student of one of the classes 8,9,10,11 will be
classified as a Category A student.

Any student who has scored at least 10% of the total marks of the IOQM 2025 paper
and enrolled for I0QM 2025 as a student of class 12 will be classified as a Category B
student.

The list of students who qualify for the RMO 2025 will be prepared according to the
following rule:

From each region

the top 200 students from Category A will qualify for RMO 2025 along with those tied
in the 200th position;

the top 40 students from Category B will qualify for RMO 2025 along with those tied
in the 40th position;

5 additional girl students from Category A irrespective of the number of girl students
qualifying in the top 200 students from Category A will qualify for RMO 2025 under
Girls’ quota.

(b) There is no separate Girls’ quota for Category B. A girl student of Category B can qualify
for RMO 2025 from I0QM 2025 if and only if she is selected among the top 40 students in
Category B as described in the previous section (point 4(a)ii. above)
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I0QM SYLLABUS

I0QM SYLLABUS

* must be familiar with all the topics covered in NCERT Mathematics books of Class
VI, IX and X.

In addition to the topics covered in point no. 1 above the following topics are to be
given importance while preparing for the Olympiad examinations.

The major areas from which problems are posed are algebra, combinatorics,
geometry and number theory.

The difficulty level increases from I0QM to RMO to INMO to IMO.

ALGEBRA

Inequalities, Progressions (A.P, G.P, H.P), Theory of indices, System of linear equations,
Theory of equations, Binomial theorem and properties of binomial coefficients, Complex
Numbers, Polynomials in one and two variables, Functional equations, Sequences.

Recommended Books:
* Higher Algebra; H.S.Hall & S.R.Knight
Higher Algebra; Barnard & Child
Polynomials; Ed Barbeau

Functional Equations: A Problem Solving Approach; B.J.Venkatachala (Prism Books
Pvt. Ltd., Bangalore)

Inequalities: An Approach Through Problems (texts & readings in mathematics);
B.J.Venkatachala, (Hindustan Book Agency)

PLANE GEOMETRY

Triangles, quadrilaterals, circles and their properties; standard Euclidean constructions;
concurrency and collinearity (Theorems of Ceva and Menelaus); basic trigonometric
identities, compound angles, multiple and submultiple angles, general solutions, sine
rule, cosine rule, properties of triangles and polygons, Coordinate Geometry (straight
line, circle, conics,3-D geometry), vectors.

Recommended Books:
* Geometry Revisited; H.S.M Coxeter & S.L.Greitzer
* Problems in Plane Geometry; I.F.Sharygin

* Plane Trigonometry; S.L.Loney
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* The Elements of Coordinate Geometry; S.L.Loney

COMBINATORICS
Basic enumeration, pigeonhole principle and its applications, recursion, elementary
graph theory.

Recommended Books:
* Introductory Combinatorics; Richard A. Brualdi

Discrete Mathematics: Elementary and Beyond;
Laszl6 Lovasz, Jozsef Pelikan, Katalin Vesztergombi

Combinatorial Techniques; S. S. Sane

Combinatorics For Mathematical Olympiad; S. Muralidharan

NUMBER THEORY

Divisibility theory in the Integers (The Division Algorithm, the Greatest Common Divisor,
The Euclidean Algorithm, The Diophantine Equation ax + by = ¢) , Fundamental Theorem
of Arithmetic, Basic properties of congruence, Linear congruences, Chinese Remainder
Theorem, Fermat’s Little Theorem, Wilson’s Theorem, Euler’s Phi function and Euler’s
generalisation of Fermat’s Theorem, Pythagorean triples (definition and properties),
Diophantine equations.

Recommended Books:

* Elementary Number Theory; David M. Burton

* An Introduction to the Theory of Numbers;
Niven, Zuckerman, Montgomery

FEW MORE REFERENCES:

*  Problem Primer for Olympiads
C. R. Pranesachar, B. J. Venkatachala and C. S. Yogananda (Prism

Books Pvt. Ltd., Bangalore).

Challenge and Thrill of Pre-College Mathematics
V. Krishnamurthy, C. R. Pranesachar, K. N. Ranganathan and B. J.
Venkatachala (New Age International Publishers, New Delhi).

An Excursion in Mathematics
Editors: M. R. Modak, S. A. Katre and V. V. Acharya and V. M.
Sholapurkar (Bhaskaracharya Pratishthana, Pune).

Problem Solving Strategies
A Engel (Springer-Verlag, Germany).

Mathematical Circles
Fomin and others (University Press, Hyderabad).
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NUMBER THEORY

IMPORTANT CONCEPT ON NUMBER THEORY

Prime numbers: If the numbers of divisors of any natural number is 2 (including 1) then it is
a Prime number.

Composite numbers: If the number of divisors of any natural number is more than 2
(including 1) then it is a composite number.

The Fundamental Theorem of Arithmetic: Every natural number, other than 1, can be
factored into a product of primes in only one way, apart from the order of the factors.

Total number of Divisors:

Suppose the natural number n has the prime decomposition

n = pq"L.py"2p3™ ... p"k, where p;, pPs.., Pk is a collection of distinct primes.
Then the number of distinct divisors of n is

™) = (ng +1)(nz +1) - (g + 1)

Sum of all Divisors:

Letn = p;"t.p"2p3™ ... p"k

Sum of all divisors o(n) = (p1n1+1—1) (pz“2+1—1) (pknk+1_1)

p1—-1 p2—-1 pr—1

Euclidean and Division Algorithm

(Division Algorithm). For every integer pair a, b, there exists distinct integer quotient and
remainders, q and r, that satisfya =bq+r,0< r<b

(Euclid). For natural numbers ab, we use the division algorithm to determine a quotient and
remainder, g, r, such thata = bq + r. Then gcd(a,b) = gcd(b, r).

Lemma On Remainders.The Product of any two natural numbers has the same remainder,
when divided by p, as the Product of their remainders.

The Units Digit of Powers of Positive Integers a"

Let P be the unit’s digit of a positive integer a, and n be the positive integer power of a.
then the last(unit) digit of a" is last(unit) digit of of P.

The sequence takes constant values for P=0,1,5, 6, i.e. U(P) does not change
as n changes.

The sequence is periodic with a period 2 for P =4 or 9. The sequence is

periodic with a period 4 for P=2,3,7,8.
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Congruence of Integers

When an integer n is divided by a non-zero integer m, there must be an integral quotient q
and a remainder r, where 0 < |r| < m. This relation is denoted by

n=mq-+r
and the process for getting this relation is called division lemma.
Two integers a and b are said to be congruent modulo m, denoted by
a = b (mod m),
If a and b have the same remainder when they are divided by a non-zero integer m.

If the remainders are different, then a and b are said to be not congruent modulo m,
denoted bya # b (mod m).

By the definition following is obvious

a=b(modm) ©® a—b =km ©a—b=0(modm) < m/(a—Db).

BASIC PROPERTIES OF CONGRUENCES:

The letters a, b, ¢, d, k represents integers. The letters m, n represent positive integers. The
notation a = b (mod m) means that m divides a — b. We then say that a is congruent to b
modulo m.

1. (Reflexive Property): a = a (mod m)
2. (Symmetric Property): If a =b (mod m), then b = a (mod m).
3. (Transitive Property): If a = b (mod m) and b = ¢ (mod m), then a = ¢ (mod m).

Remark: The above three properties imply that “= (mod m)” is an equivalence relation on
the set Z.

4. 1fa=b (modm)andc=d (modm),thena+c=b+d(modm)anda-c=b-d(modm).
5.1fa=b (mod m)and c =d (mod m), then ac = bd (mod m).
6. Assume thata=b (mod m). Let k> 1. Then a k= b k (mod m).

7. Suppose that P(x) is any polynomial with coefficients in Z. Assume that a = b (mod m).
Then P(a) = P(b) (mod m).

8. Assume that a = b (mod m). Then gcd(a, m) = gcd(b, m).
9.Ifa=b(modm)andn | m,thena=b (modn).

10. Assume that gcd(m, n) = 1. Assume that a = b (mod m) and thata=b (mod n). Thena=b
(mod mn).

11. Suppose that a € Z. Then there exists a unique integer r such thata=r (mod m)and0<r
<m - 1. This integer r is the remainder when a is divided by m.
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12. Assume that ca = cb (mod m) and that (c, m) = 1. Then a = b (mod m).
13. Assume p is a prime. If ab =0 (mod p), then either a =0 (mod p) or b =0 (mod p).
14. Assume that p is a prime and that p - a. Then a p-1 =1 (mod p).

Euler's totient function:

Euler’s Totient Theorem states that if gcd(a,n)=1, then a?™ = 1(mod n).
The Euler’s Totient function ¢ (n) counts the number of positive integers up to a given n that
are relative prime to n.

(Euler’s Totient Theorem). For a relatively primetom, we have a¢™ = 1 (mod m).
(Fermat’s Little Theorem). For a relatively prime to a prime p, we have aP~! = 1 (mod p).

Fermat’s Theorem : Let p be a prime number and a be an integer then a? = a (mod p)

Wilson’s Theorem: Let ‘p’ be a prime. Then (p - 1)! = —1(mod p)

Decimal representation and divisibility tests

The decimal representation of integers is the number system that takes 10 as the base.
Under this representation system, an n -digit whole number (where n is a non-negative
integer)

a ;... a,=ai110"m+a,10™%+.. +an1 10M+an

Decimal Expresion of Whole Numbers with Same Digits or Periodically Changing Digits:

ad = a(10™+10"2+...+ 10%+1)=2 (10" -1)
—_——— 9

n times

abcabc...abc = abc (103M1+103m2+  +103+1)= %

(103" — 1)

n times

Integer Division Results: The introduction of modular arithmetic permits us to illustrate
some useful techniques for determining certain integer factors of numbers.

When finding the prime decomposition of an integer n:

e n is divisible by 2 if and only if the unit’s digit of n is even.

e n is divisible by 3 if and only if the sum of its digits is divisible by 3.
e n is divisible by 5 if and only if the unit’s digit of nisa 0 or a 5.

e n is divisible by 7 if and only if 7 divides the integer that results from first truncating n by
removing its units’ digit, and then subtracting twice the value of this digit from the
truncated integer.

* nis divisible by 9 if and only if the sum of its digits is divisible by 9.

e n is divisible by 11 if and only if the alternating (by positive and negative signs) sum of its
digits is divisible by 11.
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QUESTIONS
Show that the equation 3x!% — y1% = 1991 has no any integral solution.
Find the remainder when 2100 4 3100 4 4100 4 5100 js divided by 7.
Find the number of solutions in positive integer of the equation
3x + 5y = 1008 .
Find all positive integers n such that 32™ + 3n? + 7 is a perfect square.

Integersa,b,csatisfya+b —c=1,a? + b? — c¢? = —1. What is the sum of all possible values of
a’+b%+c?.

Let s(n) denote the sum of the digits of a positive integer n in base 10. If s(m)=20 and s(33m) =120.
what is the value of s(3m)?

Let E(n) denote the sum of the sum of the even digits of n. For example, E(1243)= 2+4=6. What is
the value of E(1) + E(2) +E(3) + + E(100) ?

Giventhat RXM X0 =240,R X0+ M =46,and R+ M X 0 = 64,
what is the value of R+ M + 07

A book is published in 3 volume, the pages being numbered from 1 onwards. The page numbers are
continued from the first volume to the second volume to the third. The number of pages in the
second volume is 50 more than that in the first volume, and the number pages in the third volume
is one and a half times that in the second. The sum of page numbers on the first pages of the three
volumes is 1709.if n is the last page number, what is the largest prime factor of n?

Determine the sum of all possible integers n, the product of whose digits equals n? -15n -27.
Find x in the following magic square.
X

38

b

Determine the number of positive integers with exactly three proper divisors which are less than 50.

let n be the largest number such that there exists a positive integer such that

(@HHY

Find the least positive integer ‘n’ such that when its leftmost digit is deleted, the resulting integer is

n
equal to —.
29

Let n be a positive integer. Prove that 3 2" 41 is divisible by 2, but not by 4.
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How many positive integers n are there such that 3<n<100 and x2" + x + 1is divisible by x? + x +
1?

Let u,v,w be real numbers in geometric progression such that u>v>w. Suppose u®®= v" = w®°, Find
the value of n.

Five distinct 2- digit numbers are in a geometric progression. Find the middle term.

LetP(n) = (n+1)(n+3)(m+5) (n+7)(n+9). What is the largest integer that is a divisor of
P(n) for all positive integers n?

Let E(n) denotes the sum of the even digits of n. For example, E(1234) = 2+4 = 6. What is the value
of E(1) + E(2) + E(3) + + E(100)?

In the square of an integer a, the tens’ digit is 7. What is the unit’s digit of a2?
Find the smallest multiple of ‘15’ such that each digit of the multiple is either ‘0’ or ‘8.

A number ‘X’ leaves the same remainder while dividing 5814, 5430, 5958. What is the largest
possible value of ‘X’?

Find the largest prime factor of: 312 + 212 - 2.6°

Without actually calculating, find which is greater: 31 % or 17 1

Let m, n be positive integers such that gcd (m, n) +lcm (m, n)=m+n

Show that one of the two numbers is divisible by the other.

Prove that there are infinitely many primes of the form 4k + 3.

Find all primes p such that p + 2 and p + 4 are also primes.

Let p be a prime. Prove that xP-x =x(x-1) (x-2) ... (x- (p - 1)) (mod p) for any x.
Find the number of trailing zeros in the 100! .

Prove that any natural number n > 6 can be written as the sum of two integers greater than 1, each
of the summands being relatively prime.

Prove that there are arbitrarily long strings that do not contain a prime number.
Prove that the sum of the squares of two odd integers is divisible by 2 but not by 4.
Show that the square of any odd number is one more than a multiple of eight.
Prove that if a and b are coprime, then a squared and b squared are also coprime
Find all integers n such that n?+2n + 2 is a perfect square.

Prove that no integer of the form 4n + 3 is a sum of two squares

Prove there are infinitely many prime numbers.

What is the remainder when 7% is divided by 100?
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Find the smallest positive integer x such that:
X=2mod 3
Xx=3 mod4
x=1mod5

Find the smallest number that leaves a remainder of 1 when divided by 2, 3, 4, 5, 6 and is divisible
by 7.

Find the smallest two-digit number x such that the sum of the distinct prime factors of x is equal to
that of x + 1.

Find a 4-digit number that is prime and all its digits are also prime.
Find the smallest two-digit number x such that both x and its reverse are divisible by 3.

Find the smallest two-digit number x such that x and x + 1 are both divisible by exactly two distinct
primes.

Find the number of positive integer n such that n* + 4 is prime.

Find the number of solutions of solution to the congruence x? = 1(mod 15).
Find the smallest positive integer n, the number n® — n is divisible by 30.
Find the number of positive integer solutions to the equations x? + y? = 100.

Find the number of prime numbers less than 100 that can be expressed as the sum of two perfect
squares.
Find the number of positive integers less than 1000 that are divisible by 3 or 5, but not both.

Find the gcd of 21°% — 1 and 212° — 1.

Find the number of positive integers less than 1000 that are divisible by 7 and have a remainder of 3
when divided by 5.
Find the number of ways to express 50 as a sum of distinct positive integers.

Find the number of prime numbers less than 100 that can be expresses as the sum of two perfect
squares in two different ways.
Find the remainder when 72923 s divided by 100.

Find the remainder when 3199 is divided by 100.

How many integers between 1 and 1000 are divisible by neither 2,3, nor 5?
What is the greatest 3- digit number that leaves a remainder 1 when divided by 2,3,4,5 and 6?
Determine all pairs of integers (a, b) that satisfy: ab + 2a +3b =12.

A drawer contains 10 red, 8 blue, and 6 green socks. What is the minimum number of socks you
must draw (without looking) to be sure of having at least one pair of the same colour?

Prove that if you have 51 distinct integers chosen from the set {1, 2, ..., 100}, then there must be
two integers in your chosen set such that one divides the other.
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A tournament with n players has the property that for any two players A and B, either A beats B or B
beats A, but not both. Prove that there exists a player who has defeated every other player in the

group.
Prove that among any 11 integers, there exist two whose difference is divisible by 10.

Let S be a set of 11 distinct integers. Prove that there exist two disjoint subsets A, B subsets of S
such that the sum of elements in A is equal to the sum of elements in B.
Solve (xy - 7)2 = x> + y?, integers x, y = 0

Letp,q € N, suchthatp/q=1-%+1/3-...+1/1319

Prove that p is divisible by 1979.

712! + 1 prime?

Find a, b, c € Z with a<b <csuch that (a-1)(b-1)(c-1) divides abc—1

For all n = 1, prove the following by Mathematical induction:

Show that (Z—r;): is integer for all n> 0.

Find the number of ordered pairs (a, b) such thata, b € {10,11,12, ..., 29, 30} and
ged (a, b)+lecm (a, b)=a+b.

The product 55 x 60 x 65 is written as the product of five distinct positive integers. What is the least
possible value of the largest of these integers?

What is the least positive integer by which 2°.36.43.53.67 should be multiplied so that, the product is
a perfect square.

X 3 3560
Find the remainders of (T) .

Ifai=1,a2=2,a3=3,an=an-1+an-2+an-3, for n> 4. Prove thatan<2", n>1 .

If n1, ny, ..., np are p positive integers, whose sum is an even number, prove that the number of odd
integers, among them, cannot be odd.

Prove that the equation 4x3 — 7y3 = 2010.

Find the number of 2-digit natural numbers, which, when increased by 11 has the order of digits
reversed.

Find all pairs of positive integers (a, b) such that, the sum of their sum, difference, product and
quotient is 36.
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Prove that V3¥3 is irrational.
Prove that 107°° — 76 is divisible by 1891.
Show that 30%° + 61 is divisible by 31.

Solve in integers: (x - y)? + 2y? = 27.

1

V5-2v6

Find all triplets of positive integers (x, y, z) satisfying 2* + 2¥ + 22 = 2336.

Show that the expression given by \/6 +2v2+ 23 +3V6 -

is an integer.

Consider the equation in positive integers x? + y> = 2000 with x <y. Prove that 31 <y < 45.

Consider the equation in positive integers x% + y> = 2000 with x < y. Rule out the possibility that one
of x, y is even and the other is odd.

Consider the equation in positive integers x? + y> = 2000 with x <y. Prove that y is a multiple of 4.

If a,b,c are real numbers and (a+b-5)%+ (b+2c+3)?+ (c+3a-10)%=0, find the integer nearest to
ad+b3+c3.

Find the number of positive integers n such that the highest power of 7 dividing n! is 8.

a,b,c are the digits of a nine digits number abcabcabc. Calculate the quotient when this number is
divided by 1001001.

A five-digit number n = abcde is such that when divided respectively by 2, 3, 4, 5, 6 the
remainders are a, b, ¢, d, e. What is the remainder when n is divided by 100?

Let a, b, c be three distinct positive integers such that the sum of any two of them is a perfect
square and having minimal sum a+b+c. Find this sum.

If N,(N+2) and (N+4) are prime numbers, then the number of possible solutions for N are ?
If n2+2n-8 is a prime number where nEN then n is ?
Find the last two digits of 6248.

Given 1x6y7 is a five-digit number divisible by 9. The number of ordered pairs (x,y) satisfying this
is ?

The number of numbers of the form 30a0b03 that are divisible by 13, where a,b are digits, is ___?

The last two digits of 32012

when represented in decimal notation, will be ?
find the five least positive integers n for which n?-1is a product of three different primes.

The product 55 x 60 x 65 is written as the product of five distinct positive integers. What is the
least possible value of the largest of these integers?

Find the number of pairs (a, b) of natural numbers such that b is a 3-digit number, a + 1 divides b -
1 and b divides a% + a + 2.
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P . b . . .
Positive integers a, b, c satisfy aa_—b = c. What is the largest possible value of a + b + c not exceeding
99?

find all prime solutions p, g, rof the equation p(p+1) +q(g+1) =r(r+1).
Find two integers u and v satisfying 20u+63v=1

If p and p%+8 are both prime numbers, find the value of p?

If 2"-1 be a prime, prove that n is prime.

Find the number of odd positive divisors of 2700.
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ANSWERS

Suppose the existence of x ,y € Z such that 3x1% — 1% = 1991. Note that 11/1991 .
[/means 'divides']

So, neither x nor y is divisible by 11 for otherwise 11 would divide both.
So we can say,1110 / 3x10 — 910 = 1110/1991 , an impossibility
Hence x and y are prime to 11 .
So, x10 = y19 = 1(mod11)
1991 = 3x1% — y19 =3 — 1 = 2, a contradiction.
2100 = 2 mod 7
3100 = 4 mod 7
4100 = 4 mod 7
5100 = 2 mod 7
so, 2100 4 3100 4 4100 4 5100 = 12 mod 7 ...() asa = bmodm
c=dmodm
~a+c=b+dmodm
But,12 = 5mod 7
So, from (i) we get, 2100 4 3100 4 4100 4 5100 = 5454 7
So, the required remainderis 5 (Ans).

Let x,y € N such that 3x + 5y = 1008, then 3/5y — 3/y = 3 = 5k, forsome k € N [/
means ‘divides’]

Now, 3x + 15k = 1008
x + 5k = 336
5k <335
k<67
Thus ,any solution pair is given by (x,y) = (336 — 5k ,3k) where 1 < k < 67
so, the number of solution is 67 (Ans) .

Since 32™ + 3n? + 7 is a perfect square, let 32" + 3n? + 7 = p?, for some natural number p
sthen p? > 3%"sothatp > 3"sop >3"+1 .

Thus, 32" + 3n% + 7 = p2 > (3™ + 1) = 32" + 2.3™ + 1 .This shows that
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2.3™ < 3n? + 6. If n > 3 ,this cannot hold. One can prove this either by induction or by direct
argument:

23" =2.(1+2)" =2[1 420+ 252 22+ | > 2+ 4n + 4n? — 4n

=3n?2+n?+2)>3n*+11>3n*+6.
Hencen =1or2 .Ifn=1,3%" + 3n? + 7 will not be a perfect square.
fn=2,32"+3n2+7=81+12+7 =100 = 102.
Hence n = 2 is the only solution to be a perfect square.
Given,a+b—c=1, a?+b*—-c*=-1
(i), now squaring both sides of (i), we get

a?+b?*+1+2ab—2(a—b)=c*>ab=a+b->(a-1)bB-1)=1.
So,a—1=b—1%#1 »a=b=20ra=b=0.
So,c =3 (Whena=b=2)or c=—-1(whena=>b=0).
Hence a? + b?> 4+ c? =17 or 1 - the required sum = 18 (Ans).
We will take sum of digit base 10 to (mod9)

Also s(ab) = s(a).s(b) (mod9)

Now s(m) = 20

s(33m) =120 =s(11) X s(3m)
120 = 2 X s(3m) (Since,s(11) = 2(mod9))
60 = s(3m)

Hence, s(3m) = 60
E(1)+ E(2)+E(3)+ +E(100)
= sum of all even digits from 1 to 100
=sum of all the even digits in list( 01+02+03+ +98+99+100)
=0 X20+ 2X20+ 4X20+6X20 +8X20
(Since there are 2X100 =200 and each digit appears 200/10=20 times)
=(2+4+6+8) X20 =20X20 =400
Giventhat RXM X0 =240 .........(0)

RXO0O+M =46..........(2)
R+MXxX0 =64 .........(3)
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From (2)X M= RXMX0+ MX2 =46X M
=M? -46 M +240=0  (FROM ....1)
=M=6 or40
From (3)XR ,R?2+RMO =64 R
R2-64 R +240=0
R=4 or 60

R=4, M=6, then o =10 (from .....1)
= R =4, M=40, then 0=3/2 (not positive integer)

R =60, M=6, then 0=2/3 (not positive integer)

R =60, M=40, then 0=1/10 (not positive integer)
Thus , R+M+0 =4+6+10 =20
: Let the number of pages in volume-1 be x
Then, the number of pages in volume-2 = x+50
Also the number of pages in volume-3 = 3(x+50)/2
Moreover 1+(x+1)+(2x+51) =1709

3x +53=1709
x=552
so n=552+602+903 =2057
son=112X17

Hence largest prime factor of n=17
n?-15n -27 is always odd number for all ne I
n, must be of maximum of two-digit number.

Because maximum product of three-digit number is 729 & minimum value of n? -15n -27 for 3
digits number is 10000-1500-27 which is greater than 729.

n?-15n -27 is increasing function for all n € {8,9,10, ... ... ... ....
At n=17, n?-15n -27 is equal to 17
At n=19, n%?-15n -27 is equal to 49
At n=21, n%?-15n -27 is equal to 99

And maximum product of digits of two-digit number is 81
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So, n must be less than 21
Between 1to 15, At n=17, n?-15n -27 is negative
So n=17 only
Sum of possible number equal to 17
: let us name the numbers in other cells.
X 20

38 a

b C D
Now based on the definition of magic square we can write
x+20+151 = x + 38 + b which implies b=133
similarly x+38+b = b+a+151 which implies a=x-113
similarly x+38+b = 20+a+c substituting foraand b
x+38+133=20+x-113+c we get c=264 based on above steps we can write

X 20 151
38 x-113
133 264

X+38+133=133+264+d which implies d=x-226
x+20+151 = x+x-113+d and substituting for d = x-226
we get x+20+151 = x+x-113+x-226

finally x=255

We need three divisors and we know 1 is divisor for all numbers. Hence the problem reduces to
finding two divisors.

The required integers must be a product of prime numbers of the form ‘pg’ or p* to have two
divisors.(p,q primes and p # q)

Case-1: If the integer is of the form pq then the divisors are 1,p,q
Case-2: If it is of the form p3 then the divisors are 1,p,p?.

As per the question the divisor must be less than 50 so our p,q,p?> must be less than 50 and prime.
Lets list out such primes which can be p,q,p?

Prime numbers less than 50={2,3,5,7,11,13,17,19,23,29,31,37,41,43,47} i.e there are 15 primes.
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Now Case-1: we can get two primes out of 15 primes in 1§C ways which is 105 ways. So there
are 105 such numbers .

Case-2: 1,p,p? : p?><50 we have 4 such primes (since 112>50)

To sum up our findings there are a total of 105+4 = 109 integer which have their divisors less than
50.

31=3x2x1=6and (3!)! = (6)! =720
(3NHN) = ((6))! = (720)1 =720 x 719 x 718 x 717 X X 1 =720 x 719!

Therefore given equation becomes

_ 720 % 719!

k.n! =120 x 719!

Largest possible nis 719.
Let the left most digit be a and the number n has d digits.
A can be any digit other than 0 therefore a={1,2,3,....,9}.

After deletion of ‘a’ the number ‘n’ has d-1 digits left and the place value of ‘a’ will be 1091 . the
face value of a will be a.10%1, Let the number left out after deletion of ‘a’ be m. This gives two
equations

Thenm=2n—9andn=29m and n=a10414+ m.

Combining both 29m = .10 1+ m

28m = a.10%7?

7.4.m = a.10%7!

Therefore 7 divides a

From the values of a= {1,2,3,....,9}, there is only possibility i.e a=7
Substitutinga=7in

74.m = a.10%1 we get

4.m= 10471

For the m value to be integer 1091 must be greater than 102.
Therefore least possible value of d is 3.

And least m possible is 25. (as 4.m = 10?)

Therefore required least possible n is

n=a1041+ m.

n=7.10%+ 25.
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n=725
Clearly is 3 2" odd as any power of three is odd.

S0 32" 4 1is even and is divisible by 2. That part of proof is complete. Now the task is to show
that it is not divisible by 4.

Let us write 3 2" as (32)2"" which further can be written as (9)2" " and (8 + 1)2"

Let us use some binomial theorem here.
@+ 12" = g +(2n1_1) (82" 1)(1)+
All terms of the expansion except the last one is divisible by 4. Which tells us that when divided
by4, (8 + 1)2"" or 32" gives a remainder 1 and hence
32"+1 leaves a reminder 2.
Hence proved.
X2+ x+1)=(x—w)(x—w2andP(x)=x2" +x + 1
This implies P (w)=0and P (w?) =0
w2 +w4+1=0and W) +w24+1=0
We know that 1 + w + w2 =0
This implies that w2" = w2,

3

w k — 1,W3k+1

= wand w3**2 = y?

Then, 2" must be in form of 3k+2.

If we divide 2" by 3 then remainder should be 2.

2"=8 or 32 or 128 (these numbers gives remainder 2 on division by 3)
Thus total number value of n = 49.

Given thatu>v>w

Then u=x,v = %,W ==
u0=v" = Wb then x40
from first and last x*°

x =

. X
From first two, x40 = —~
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x40 — 1
(r6)n—40 = rn
6(n-40) = n
n =48.
Let the numbers are a, ar, ar?, ar® and ar®.

ar’< 100 and a>10

100

r<1.5 anda< o)

a<18
this implies that a = 16
No are 16, 24,36,54 and 81.
Middle term is 36.
Given that P(n) = (n+1)(n+3)(n+5)(n+7)(n+9)
n=0 then P(0) = 1x3x5x7x9
n=8 then P(8) =9x11x13x15x24
n=10 then P(10) = 11x13x15x17x19
n =20 then P(20) = 21x23x25x27x29
HCF of all these = 15
thus, 15 is the largest number that divides P(n) for all even n.
E(1) +E(2)+ E(3) + + E(100) = Sum of all even digits from 1 to 100.
= Sum of all even digits in list (01, 02, 03, 04, 98, 99, 00)
= 0x20 + 2x20 + 4x20 + 6x20 + 8x20
(Since there are 2x100= 200 digits and each digit appears % = 20 times.
= (2+4+6+8) x20
=20x20
=400.
The digit in ten’s place of a%is 7,
Where a is an integer

If (i) The digit in the unit place of a is either 4 or 6 and
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(ii) The digit in the Ten’s place of a is 2 then the ten’s place of a2 is 7.
In each case, the digit in the unit place is 6.

Smallest multiple of 15, such that each digit of the multiple in either 0 or 8 are
Two & Three digit nos Four digit and Five digit nos
80 8000
880 8008
808 8080
800 8800
8880
80888
80888
88088
So only possibility for multiple of 15 i.e. divisible by 5
is last digitis Oi.e.
(i) 2 digits 80
(i) 3 digits 880, 800
(iii) 4 digits 8000, 8800, 8880, 8080
(iv) 5 digits 88880,80000, 88800, 88000, 88080
As 15 =5x3
So the number should be divisible by 3 the sum of digit should be divisible by 3.
Hence let us analyse the sum of digits in (i), (ii), (iii) and (iv),
2 digit : not possible
3 digit : not possible
4 digit : with 888
sum in 8+8+8 = 24 that is divisible by 3
But last digit should be 0 and it should contain three numbers of 8. i. e. 8880
Let p, g, r and s be any number from the question, if r in remainder.
5814 =px+r
5430=qx+r
5958 =sx+r
from (i) & (ii)
384 = (p-q) x
from (ii) & (iii)
5430 -5958 = (g -s) x
= 528 =(s-q) x
from (iii) & (i)
5814 -5958 = (p - s) x
=144 = (s - p) x
so we get three equation
384=(p-q)x
528 =(s-q) x
144 = (s - p) x
=  (p-q)x=2.2.222223
(s-q)x=22.223.11
(s-q)x=2.2.2.233
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So the HCF of these three numbers
=2.2.2.23
=48
So the required largest number is 48
Check:
48 x 121 = 5808 then + 6 = 5814
48 x 113 = 5424 then + 6 = 5430
48 x 124 = 5952 than + 6 = 5958
3124212265
(392 +(2)2—2. (3 x 2)°
(3%)% +(2°)2 - 2. (3%) x (2)°
(36_ 26)2
[(3°)%-(2%))°
[(33+23) (33-2%))
[(3+2) (32-3x2+22) (3-2) (32+ 3 x 2 + 22)]2
[(5)x(9-6+4)(1)x(9+6+4)]?
[(5) x (19) x (7)]?
[5x 19 x 7]2
52x 192 x 72
.. The largest prime factor of (32 + 212 - 2.6°) =19
311 or17 %
Sol 31" or17%
31<32
31<2°
or 311 < (23)11
or 3111 < 2%
17 > 16
or 17 > 2%
or 1714 > (2414
or 1714 > 256
. 3111 < 2%
and 17%%>2%
and 2°6>2%
1714 > 311
Letgcd (m,n)=g

Then: g + mn/g? = m+n

or, mn + g2 = g(m+n)

or,(m-g)(n-g)=0. Thus, eitherg=morg=n, meaningm |nandn |m
Assume finitely many such primes: p1, p2, ..., pn. Let N = 4(p1Xp2X...Xpn) - 1.

Then N = 3 (mod 4), and none of the p divide N. So any prime dividing N must be = 3 (mod 4),
contradicting the assumption. Hence, infinitely many such primes exist.
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Check small primes: 3, 5, 7 work -> (3,5,7). Try further, but either p+2 or p+4 becomes divisible
by 3. Only (3,5,7) works.

Just see that for any x, one of x,x - 1,...,x-(p-1) is 0 modulo p. Hence, the right side becomes 0
modulo p. What about the left side? Well, that is zero for any residue too by Fermat's Little
Theorem! Hence, if we define the polynomials f(x) = xP - x and g(x) = x(x-1)... (x - (p - 1)) then f(x)
equivalent g(x) (mod p) for any z.

If you see carefully, this doesn't say that the polynomials f(x), g(x) are the same (i.e. have the
same coefficients modulo p), it merely says it would the same value. For instance, xP -x (mod p)
is true for all z value-wise, but the polynomials x° and are obviously different.

Let us divide 100 by 5.

100/5=20and 20/5=4

Now, 4 is less than 5. So, we stop the division here.
Also, the number of trailing zeros =20+ 4 =24

If nis odd, we may choose a = 2,b = n-2. If nis even, then is either of the form 4k or 4k +2. If n =
4k, then take

a =2k +1,b = 2k -1. These two are clearly relatively prime (why?).

If n=4k +2,k > 1 take a =2k +3,b =2k -1.

Let k € N,k = 2. Then each of the numbers

k! +2,....k! +k

is composite.

Any odd integer can be represented in the form (2k + 1), where k is any integer.
(2k +1)2 = 4k? + 4k + 1 and (2j + 1)*> = 4j> + 4j + 1 (where j is another integer)
(4k>+4k+ 1)+ (42 +4j+1)=4Kk>*+ 42+ Ak + 4j + 2

2(2k% + 22 + 2k + 2j + 1)

Since the expression is a multiple of 2, the sum is divisible by 2. However, it cannot be divisible
by 4 because of the '+ 1' term.

Let odd number be of the form 2n + 1.
Square: (2n + 1) squared = 4n squared +4n+1=4n(n + 1) + 1.
One of norn+1iseven, son(n+1)iseven.

Thus, 4n(n + 1) is divisible by 8.
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So, the square is 8k + 1.

If a and b have no common divisors other than one, then any common divisor of a squared and
b squared must divide both a and b, which contradicts them being coprime.

Hence, a squared and b squared are also coprime.
Letn?+2n+2=Kk?

Then, (n+1)2+1=Kk2

So, k?-(n+1)2=1.

Difference of squares: (k-n-1)(k+n+1)=1.

Only integer solutions: k-n-1=1,k+n+1=1.

No integer n satisfies both.

Try small values:

n=0 - valueis 2

n=1->5

n=2-10

n=3->17

No perfect square.

Only value when k squared = (n + 1) squared + 1 is not possible.
So, no solution.

Suppose 4n + 3 = a% + b2,

Then a? + b>mod 4 can be 0, 1, or 2.

Never 3.

Thus, 4n + 3 cannot be a sum of two squares.
Assume there are finitely many primes: p1, p2, ..., pPn.
Let N = p1xpaX...Xpn+1.

N is not divisible by any of these primes, so it's either prime itself or divisible by a new prime.
Contradiction.

So, infinitely many primes exist.

Euler’s theorem says 74° = 1 (mod 100)

So, 7°° = (749)2 x 72° = 12 x 72° (mod 100)
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We calculate 72° mod 100, and it turns out:
Answer: 1

Tryx=1,6,11... (values =1 mod 5).

At x=11:

11=3mod 4

11=2mod 3

Answer: 11

LCM(2, 3,4,5,6) =60
Sox=1mod60 - x=60k+1

Find smallest such x divisible by 7 - Try k = 34
x=2041 - 2041 +7 =291.57

Answer: 2041

(Note: Count each prime factor only once, even if it appears multiple times.)
Try small values of x:

x=24

Prime factors=2,3 >Sum=2+3=5
x+1=25

Prime factor=5 - Sum =5

Sums match!

Answer: x =24

Prime digits: 2, 3,5, 7

Try 2357 - it's prime.

Answer: 2357

x=12

12 - divisible by 3

21 - divisible by 3

x=14>2x7

x+1=15- 3 x5, Both have two distinct primes.
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The expression (n*+4) can be factored as (n?-2n+2)(n%?+2n+2). For (n*+4) to be prime, one of
these factors must be equal to 1. However, neither as (n?-2n+2) nor as (n?+2n+2) is equal to 1
for any integer n greater than 1. Now n2-2n+2= (n-1)%+1.

When n>1,(n-1)2>0, so (n-1)?+1>1. n>+2n+2=(n+1)%+1.
Similarly, when n>0, (n+1)?>0, so (n+1)?+1>1.

Therefore, the only possible way for n* + 4 to be prime is when n=1, in which case n* + 4=1%+
22=5, which is a prime number.

To find the solutions, we first notice that15 = 3 X 5.

We can split the congruence into two separate congruence: x? = 1(mod 3)and x? = 1(mod 5).
For the first congruence x? = 1(mod 3), the solutions are x? = 1(mod 3) & x? = 2(mod 3)
For the second congruence x? = 1(mod 5),

the solutions are x? = 1(mod 5) & x? = 4(mod 5).

Find the smallest positive integer n, the number n® — n is divisible by 30

Factor the expression

n—n=nn*-1D)=nr?>-1D"*+D)=nn+1Dn-1DN*+1)

Check for divisibility by 2 and 3.

The product of three consecutive integers is (n — 1) n (n + 1) always divisible by 2 & 3. Thus
(n—1)n (n+ 1) is divisible by 6.

Check for divisibility by 5.

If n is divisible by 5, then n? — n is divisible by 5.

If n = 1(mod 5),thenn — 1 = 0(mod 5) so n?>—nis divisible by 5.

If n = 2 (mod 5), then n? = 4(mod5),so n? + 1 = 0(mod 5) so n?—nis divisible by 5.

If n = 3 (mod 5), then n? = 9 (mod5),so n? + 1 = 0(mod 5) so n?—n is divisible by 5.

If n = 4 (mod 5),then n?> = 16 (mod5),son? + 1 = 0(mod 5) so n>—n is divisible by 5.
Therefore n? — n is divisible by 5.

Check for divisibility by 30.

Since n? —n is divisible by 2, 3 & 5. It is divisible by 2 x 3 x 5 =30

Thus the smallest positive integer n, the number n° — n is divisible by 30 = 2.

There are two positive integer solutions to the equation x2+y2=100. The solutions are (6, 8) and
(8, 6).

Explanation.

Recognize the equation:

The equation x?+y?=100 represents a circle entered at the origin with a radius of 10.

Consider positive integers:

We are looking for positive integer solutions, so x and must be greater than 0.

Find possible values for x:

Since x and y are integers, we need to find perfect squares that add up to 100. We know that
62=36 and 82=64 & 36+64=100

List the solutions:

Therefore, the possible solutions are (6, 8) and (8, 6).

A prime number can be expressed as the sum of two squares if and only if it is either 2 or of the
form 4k+1, where k is a positive integer.

The primes that can be expressed as the sum of two squares are:

2=1%+17
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5=12+22

13 =22+ 32

17 =12 + 42

29=22+52

37=12+62

41 =4?+5?

53=22+72

61 = 5%+ 62

73=32+82

89=52+82

97 =42+ 92

There are 10 prime numbers less than 100 that can be expressed as the sum of two perfect
squares.

These primes are: 2, 5,13, 17, 29, 37,41, 53, 61, and 73.

Solution:

What you're solving for

Count of positive integers less than 1000 that are divisible by 3 or 5, but not both.
What's given in the problem

The range of integers is 1 to 999.

Divisibility is by 3 or 5, but not both.

How to solve

Count the integers divisible by 3 and 5 separately, subtract the intersection (divisible by both 3
and 5 ), and then subtract the intersection from the sum of the individual counts.
Step by step explanation

Step 1:

Count integers divisible by 3.

Divide 999 by 3 to find the number of multiples of 3 less than 100.

999/3=333

Step 2:

Count integers divisible by 5.

Divide 999 by 5 to find the number of multiples of 5 less than 100.
999/5=199(ignoring the remainder)

Step 3:

Count integers divisible by both 3 & 5 that is by 15..

Divide 999 by 15 to find the number of multiples of 15 less than 100.
999/15=66 (ignoring the remainder)

Step 4:

Count integers divisible by 3 or 5.

Add the numbers of multiples of 3 & 5, then subtract the multiples of 15.
333+199-2x66=532-132=400

Step 5:

Count integers divisible by 3 or 5 but not both.

Subtract the multiples of 15 from the sum of multiples of 3 & 5.

(333 -66) + (199 — 66) =267 +133=400

Therefore, the number of positive integers less than 1000 that are divisible by 3 or 5 but not
both is 400.

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




The greatest common divisor (GCD) of 2190 —-1qagnd2'?°—-1 is 220-—
1.This is because the GCD of a* —1and a” — 1is a9¢d®Y) — 1, |n this case, a=2, x=100 and
=120. The GCD of 100 and 120 is 20, therefore the answer is 220 — 1.

Solution:

What you're solving for

Find the number of positive integers less than 1000 that are divisible by 7 and leave a remainder
of 3 when divided by 5.

. What's given in the problem

The integers are less than 1000.

The integers are divisible by 7.When divided by 5, the integers leave a remainder of 3.

How to solve

Find the general form of the integers satisfying the given conditions and then find how many such
integers are less than 1000.

Step 1:

Find the general form of the integers.

Integers divisible by 7 have the form 7n, where n is a positive integer.

Integers that leave a remainder of 3 when divided by 5 have the form 5m + 35m + 3, where m is
a non-negative integer.

Equate the two expressions to find the general form: 7n=5m + 3

Solve for nin terms of m:

n=(5m+3)/7equals the fraction with numerator 5 m plus 3 and denominator 7 end-fraction
n=5m+37

Since n must be an integer, 5m + 3must be divisible by 7.

Find the smallest non-negative integer m that makes 5m + 3 divisible by 7.

If m=1,5m + 3 = 8 (not divisible by 7).

If m=2,5m + 3 =13 (not divisible by 7).

If m=3,5m + 3 = 18 (not divisible by 7).

If m=4,5m + 3 = 23(not divisible by 7).

If m=5,5m+ 3 =28(divisible by 7, n = 4).

Therefore, the smallest integer satisfying the condition is 7n =7(4) =28 and m = 5.

The general form of the integer is 7n = 35k +28, where k is a non-negative integer.

Simplify: n =5k + 4

Substituting back into 7(5k + 4) = 35k + 28

Step 2:

Find the integers less than 1000.

The integers are of the form 35k + 28, where kis a non-negative integer.

We need 35k + 28 < 1000.

Subtract from both sides: 35k < 972

Divide both sides by k < 972/35

k<27.77

The possible values fork are 0, 1, 2, ..., 270, 1, 2, ..., 27, which are 28 values in total.

There are 28 such integers.

There are 2772 ways to express 50 as a sum of distinct positive integers. The problem asks for the
number of partitions of 50 into distinct parts. This is equivalent to the partition function p(n) with
the additional constraint of distinctness. The partition function, p(n), counts the number of ways
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to write n as a sum of positive integers, where the order of the summands doesn't matter. The
distinct partition function, q(n), counts the number of partitions of n into distinct parts. There is
no simple closed-form formula for these functions, but they can be calculated using generating
functions or recurrence relations. The number of ways to express 50 as a sum of distinct positive
integers is given by g (50).

Using generating functions, the generating function for g (n) is:

[T, (1 + x%) =1+x+x2+2X3+2x%+3x5+...

The coefficient of in this expansion gives q(n). For n=50, q(50) = 2772.

Solution :

Let's consider primes less than 100:

2,3,5,7,11,13,17, 19, 23, 29, 31, 37,41, 43,47,53,59, 61, 67,71, 73, 79, 83, 89, 97.

The primes that can be expressed as the sum of two squares are:

2=12+1?

5=12+2?

13 =2%2+32

17 =12 + 42

29=22+52

37=12+62

41 =42+ 5?2

53=22+72

61 = 52+ 62

73=32+82

89=52+82

97 =42+92

There are no prime numbers less than 100 that can be written as the sum of two squares in two
different ways.

What's given in the problem

We need to find 72°23 (mod 100)

Helpful Information

Euler’s Totient Theorem states that if gcd(a,n)=1, then a®™ = 1(mod n).

The Euler’s Totient function ¢ (n) counts the number of positive integers up to a given n that are
relative prime to n.

Forn = pfip,*epsks o 0(0) =1 (1 — i) (1 — i) (1 - i)

How to Solve
We will use Euler’s Totient Theorem to simplify the exponent and then calculate the remainder.
Sep 1. Calculate ¢(100).

0(100) = ¢(22.52).

1 1
1\ /4
¢(100) = 100. (E) . (E) =40
Sep 2. Apply Euler’s Totient Theorem.
Since ged (7, 100)=1, we have 79199 = 1(mod 100) or 7*° = 1(mod 100)
Step 3.
Reduce the exponent 2023 modulo 40.
2023 + 40 = 50 with a remainder of 23.
2023 = 40.50 + 23
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S0,2023 = 23 (mod 40)

Step 4.

Calculate 72923 (mod 100)

72023 = 74—0.50+23(m0d 100)

72023 = (740)50 723 (mod 100)

72023 = 150,723 (mod 100)

72023 = 723 (mod 100)

Step 5.

Calculate 723 (mod 100)

71 = 7(mod 100)

7? = 49(mod 100)

73 = 343 = 43(mod 100)

7% =7.43 = 301 = 1(mod 100)

7% =7.43 = 301 = 1(mod 100)

Since 7* = 1(mod 100), we can simplify 7?3
723 = 745*3(mod 100)

723 = (7)5.73(mod 100)

723 = 15.73(mod 100)

723 = 73(mod 100)

723 = 43(mod 100)

Therefore, the remainder when 72923 is divided by 100 is 43.
Similarly, as per previous question, we can answer.

The remainder when 3!®is divided by 100 is 1.

Solution:

What you're solving for

You are finding the number of integers between 1 and 1000(inclusive) that are not divisible by 2,3,
or 5.

What'’s given in the problem

The range of integers is from 1 to 100.

We need to exclude numbers divisible by 2,3, or 5.

Helpful information

The Principle of Inclusion-Exclusion helps count elements in the union of sets.

The number of integers divisible by n in a range up to N is EJ
How to solve

Calculate the total numbers divisible by 2,3, or 5 using the Principle of Inclusion-Exclusion, then
subtract this from the total number of integers.

Step 1.

Calculate the number of integers divisible by 2,3, and 5 individually.

Let N, be the count of numbers divisible by 2: N, = EJ = 500

Let N5 be the count of numbers divisible by 3: N3 = EJ = 333
Let N5 be the count of numbers divisible by 5: N5 = EJ =200
Step 2.

Calculate the number of integers divisible by pairwise products.
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N3n5 — llOOOJ llOOO = 66

3X5

llOOOJ llOOO

- =1
57 |2x5 00

Step 3.

Calculate the number of integers divisible by the product of all three.
l 1000 J llOOO
2

X3X5

Step 4.

Apply the Principle of Inclusion-Exclusion to find numbers divisible by at least one of 2,3, or 5.
Ngivisipie = Np + N3 + N5 — (N2n3 + N3ns + Nans) + Nanzns

Ngivisibie = 500 + 333 + 200 — (166 + 66 + 100) + 33

Ndivisible = 1033 - 332 + 33 = 734‘

Step 5.

Subtract the count of divisible numbers from the total number of integers.

Total integers from 1 to 1000 is 1000.

Numbers not divisible by 2,3, or 5=1000 — Ngiyisipie

Numbers not divisible= 1000 — 734 = 266.

Thus, there are 266 integers between 1 and 1000 that are divisible by neither 2,3, nor 5.
Solution:

What's given in the problem

The number must be a 3-digit number.

The number leaves a remainder of 1 when divided by 2, 3, 4, 5, and 6.

Helpful information

A number leaving a remainder of 1 when divided by multiple numbers means it is 1 more than a
multiple of their Least Common Multiple (LCM).

How to solve

Find the Least Common Multiple (LCM) of the divisors, then find the largest multiple of the LCM
that is less than the greatest 3-digit number, and finally add 1 to it.

Stepl.

Find the LCM of 2,3,4,5, and 6.

Prime factorization of 2 is 2.

Prime factorization of 3 is 3.

Prime factorization of 4 is 22.

Prime factorization of 5 is 5.

Prime factorization of 6is 2 X 3.

LCM =22x3x5=4x%x3x%x5=60.

Step2.

Find the largest multiple of 60 that is a 3-digit number.

The greatest 3-digit number is 999.

Divide 999 by 60: ﬁ ~ 16.65

The largest integer multlple is 16.
Largest multiple of 60 less than 999 is 60 x 16 =960.

Step3.
Add the remainder to the multiple.

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR n




The required number is 960 + 1=961

Solution

The greatest 3-digit number that leaves a remainder 1 when divided by 2,3,4,5, and 6 is 961.

The pairs of integers (a, b) that satisfy the equation ab + 2a + 3b = 12 are (3, -1), (0, 4), (-5, 3), and
(-8, 2).

Explanation.

Rearrange the equation: Start by rearranging the given equation to factor by grouping.
ab+2a+3b=12

ab+2a+3b+6=12+6

a(b+2)+3(b+2)=18

(@+3)(b+2)=18
Find all pairs of integers that multiply to 18. These pairs will represent the possible values for
(a+3) and (b+2).
The factor pairs of 18 are: (1, 18), (2, 9), (3, 6), (6, 3), (9, 2), (18, 1), (-1, -18), (-2, -9), (-3, -6), (-6, -
3), (-9, -2), (-18, -1).

For each factor pair (x, y) where (a + 3) =x and (b + 2) =y, solve for a and b:

Ifa+3=1andb+2=18,thena=-2andb=16.
Ifa+3=2andb+2=9,thena=-1landb=7.
Ifa+3=3andb+2=6,thena=0andb =4.
Ifa+3=6andb+2=3,thena=3andb=1.
Ifa+3=9andb+2=2,thena=6andb=0.
Ifa+3=18andb+2=1,thena=15and b=-1.
Ifa+3=-1andb+2=-18,thena=-4and b =-20.
Ifa+3=-2andb+2=-9,thena=-5and b=-11.
Ifa+3=-3andb+2=-6,thena=-6and b=-8.
Ifa+3=-6andb+2=-3,thena=-9and b =-5.
Ifa+3=-9andb+2=-2,thena=-12and b =-4.
Ifa+3=-18andb+2=-1,thena=-21andb=-3
From the above solutions, the integer pairs are: (-2, 16), (-1, 7), (0, 4), (3, 1), (6, 0), (15, -1), (-4, -
20), (-5, -11), (-6, -8), (-9, -5), (-12, -4), (-21, -3).

Therefore, the integer pairs (a, b) that satisfy the equation ab + 2a + 3b = 12 are:
(31 -1)1 (OI 4)’ (-51 3)1 (-81 2)

This is a classic application of the Pigeonhole Principle. Imagine the colours (red, blue, green) as
the pigeonholes. If you draw three socks, it's possible to have one of each colours. However, if you
draw a fourth sock, it must match one of the colours already drawn, creating a pair. Therefore, the
answer is 4.

Write each integer in the form 2Xx m, where m is odd. There are 50 odd numbers between 1
and 100: {1, 3, 5, ..., 99}. Since we have 51 integers, by the Pigeonhole Principle, at least two
must have the same odd part (m). Let these integers be 22 x m and 2° x m. If a > b, then 2® x m
divides 22 x m, so one divides the other. If b > a, then 22 x m divides 2° x m.

This is a classic application of the Pigeonhole Principle combined with a bit of strategy. Let's
assume, without loss of generality, that we have ordered the players in a sequence such that
player p, defeated p, who defeated p; and so on, until p, and let p,, be the last player in that
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sequence who defeated another player py 1. This means py, is defeated by all the players before
D in that sequence, and p;, defeated all players from pj 44 to py.

Consider the remainders when each integer is divided by 10. There are 10 possible remainders: 0,
1,2, ..., 9. By PHP, among 11 integers, there exist two integers a and b with the same remainder
when divided by 10. Let a = 10q + rand b = 10p + r, where q and p are integers. Then, a - b = 10(q
- p), which is divisible by 10.

There are 2! = 2048 possible subsets of S. The sum of elements in each subset ranges from 0
(empty set) to the sum of the 11 integers. Notice that the number of possible sums is less than
2048. By PHP, there exist two subsets A and B with the same sum. If AN B # @, remove the
intersection to get two disjoint subsets with the same sum.

(xy-7)2=x+y?

(xy-6)? +13=(x+y)?

(xy-6)? - (x+y)?=13

(x+y+xy-6)(x+y—xy+6)=13

X+y+xy—-6=13,1,-1,-13

X+y—-xy+6=1,13,-13,-1

Adding : 2(x +y) = 14, 14, -14,-14
x+y=7,7,-7,-7

Subtracting : 2xy—12=12,-12,12,-12

xy=12,0,12,0

Solving : (x,y) =(3, 4), (4, 3), (0, 7), (7, 0), (-3, -4), (-4, -3), (O, -7), (-7, 0)
p/g=(1+1/3+1/5+..+1/1319)-(1/2+% +1/6 + ...+ 1/1318)

=(1+%+1/3+..+41/1319)-2(1/2+% + ...+ 1318)
=(1+%+1/3+..+1/1319) - ((1+ % +1/3 +... + 1/659)
=1/660+1/661+...+1/1318 + 1/1319

= (1/660 + 1/1319) + (1/661 + 1/1318) + ... + (1/989 + 1/990)

1

_ V989 1
_Zk=660(ﬁ+ 1979—k)

_ v'989 1979
k=660 k(1979—k)

1
=1979 ¥.72%% 60 k(1979—k)

=1979 a/b, forsomea,b € N with (a,b)=1
It is true that 1979 does not divide,

So, p must be divisible by 1979
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68  Wilson’s theorem: For integers p >0, (p - 1)! = —1 (mod p)
This implies p is prime.
(712)! = —1 (mod 713)
Now, 712 =23 x 31
714 is even
715=5x11x13
716 is even
717 =3x239
718 is even
From above, 714, 715, 716, 717, 718 are not prime
719 is prime
Using Wilson theorem, (718)! = —1 (mod 719)
(712!1)(713)(714)(715)(716)(717)(718) = —1 (mod 719)
(7221)(-6)(-5)(-4)(-3)(-2)(-1) = —1 (mod 719)
(712!) 720 = —1 (mod 719)
(712") (1) = —1 (mod 719)
(712!) +1= 0 (mod 719)
So, 712! + 1 is not a prime.

69 (a-1)(b-1)(c-1)=abc—ab—-bc—ca+a+b+c-1

abc—-1 abc a b

Notice (a-1)(b-1)(c-1) < @-Db-Dec-1 G

—) <2(3/2)(4/3)=4

[« L =1+—<14-—=2 asl<a<b<csoa>2b =3,c=>4]
a—1 a-—1 2—-1
abc-1

(a-1)(b-1)(c—-1)

=2 or 3

abc—-1

Notice that if a > 4, then @-Db-De-1

) < (4/3)(5/4)(6/3) =2
So, a = 4 can not hold

i.,e.a=2o0r3

2bc—-1

When a = Z,M

=2o0r3

2bc—1=2bc—-2b-2c+2
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2bc—1=3bc-3b-3c+3
bc-3b-3c+9=5
(b-3)(c-3)=5
b-3=1,¢c-3=5
b=4,c=8

(a, b, c)=(2,4,8)

2bc-1
Whena—3, m—20r3

3bc—-1=4bc-4b—-4c+4 or 3bc—1=6bc—6b-6c+6
bc—4b—-4c+5=0

(b-4)(c-4)=11

b-4=1,c-4=11

b=5,¢c=15

k=1: —=1<2—-=1
1 1

1 1 1 1 .
3ttt 5 < 2 — -, the statement is true
1 2 k k
i + i + + i + ; < — l ;
1222 77 k2 (k+1)2 T k (k+1)2
Since k> 1, then k2 +2k<k?+2k+1

k?+2k
(k+1)2
k(k+2)
(k+1)2
(k+1)+1

(k+1)2

Forn=k

<1/k

1
k+1+(k+1)2
-1 1
k

Tz S

1
2- 7 (k+1)2
1 1 1 1

12 22 k? (k+1)2 k+1

So, the statement is also true forn=k + 1
n 2 n+2
e F— = — Z_n

1 .
=, which is true
2 2

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR n




1 2 3 k+1 k+2 k+1
NOW,E+2—2+§+...+§+ZR+1— 2—2—k Ry
-7 —-(2k+4)+ (k+1)
-4 2k+1
-9 (k+1)+2
TET gk
So, T(k + 1) is also true.

(2n)! .
o, D€ aninteger

T(0) : % =1, an integer

Let T(k) % be an integer

Let T(n):

(2(k+1))! _ (2K)!(2k+2)(2k+1)

Now, 2k (k+1)! — 2k(k)12(k+1)

= integer. (2k+1) = integer

So, T(k+1) is also true.

g+l=a+b [~ gl=ab]
g+ab/g=a+b

g’—(a+b)g+ab=0

(g-a)(g-b)=0->So,g=a,b

For a = b, there will be 21 cases.

If a =10, b may be 20 or 30 as well and vice versa
a=11, b =22 two ways

a=12, b =24 two ways

a=13, b =26 two ways

a=14, b =28 two ways

a =15, b =30 two ways

Total =21 + 4 + 10 = 35 ways.
N=55x60x65=5x11x5x12x5x13
=5x11x13x15x20

So, the least value of largest of these integers = 20
Let M = 25.36.43,53,67 = 25.36,26,53,27.37 = 218 31353

For M to be a perfect square, M should be multiplied by 3x5 = 15
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76 3560 (32)280 9280  [(9.99,.280 times)]
8 8 8 8

[remainder for (1.1.1...280 times)]
8

=1

Remainder for the above expression =

1<2! 2<22,3<23
Let k > 4 and assume ax< 2%, k=4,5, ...,k
Then ak+1=ak+ak-1+ak-2

<2k 2k71 4 k=2

<2k 4 2k71 4 k-1

= 2K+ 2.2k =2k4 2k =22k =2k

ak+1 < 2k*1

Consider, N=ni+ny +...+ny, where N is even
Let ‘k’ numbers among ‘p’ members be odd.
Then (p — k) numbers, among them will be even.
For N to be even, ‘k’ odd numbers also must be even
This implies k is even.
But k is odd (given) which is a contradiction.
Hence the number of odd integers among them cannot be odd.
4x3—7y*=2010
Now, 2010=7x287 +1
4x3-7y3=1+7x287
4x3-1=7 (y3 +287)
As X, y are integers
x3=0, 1, 6 (mod 7)
4x3—1 % 0(mod 7)
Now, 4x3—1=7 (y3 + 287)
7 don’t divide LHS while 7 divides RHS, which is a contraction.
So, the equation has no solution in integers.

Let ‘ab’ be the 2 —digit number, wherea# 0 and b # o
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Now, ba=ab+ 11

10b+a=10a+b+11
10(b—-a)+(a—b)=11
11(b—a)-(b—a)+(a-b)=11
11(b—a)+2(a—b)=11

11(b — a) is divisible by 11

So, 2(a —b) is divisible by 11

(a—Db)is also divisible by 11

But, this is not possible, as a, b are digits.
The only possibilityisa=b=0

By reversing the digits, we get only the same number. But a and b are distinct.
Thus, there are numbers satisfying the given conditions.
(a+b)+(a-b)+ab+a/b=36
2a+ab+a/b=36

2ab +ab?+a=36b

a(b?+2b+1)=36b

a=36b/(b+1)?

So (b +1)?divides 36

b + 1 divides 6

b+1=2o0r3o0rb6
b=1,2,5thena=9,8,5

Sincea>Db, (a, b) =(9, 1), (8, 2) only.

Let V333 = d, arational

(V3¥3)2=d?

3 x 323 = d2, which is rational

3%/3 s rational

But V8 = 2 and Y27 =3

323 = {9is irrational
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So, V333 is irrational.

1079 — 76% = (1072)% — (762)*S is divisible by 1072 — 762 = (107 + 76)(107 - 76) = 183 x 31 = 1891
30%° = (-1)*° = (-1)(mod 31)

61190 = (-1)%%0 = (-1)(mod 31)

30% +6119° = (-1 + 1)(mod 31)

30% +61'9° = 0 (mod 31)

So, 30%° + 61 js divisible by 31.
2y%isevenand2y?=> 0

(x - y)?is odd as RHS is odd
(x—y)’=1o0r9or25

2y? =27 - (x—y)?
2y?=27-1,27-9,27 -25

2y? =26, 18, 2

Y2 =13,9,1
If(x—y)?’=1,x-y=43and y = +3
If (x—y)?=25,x-y=45andy = +1

Thus solutions are (0,3),(6, 3), (0, -3), (-6, -3), (6, 1), (-4, 1), (-6, -1), (4, -1).

Solution: \/6 + 22 + 2V3 + 36

=V34+2+1+2v2+2V3 +3V6

=J(x/§+ V2 +1)?

=V3+ V2 +1
1

V5 —2V6
1
=3+ V2
ThusvV3+ V2 +1-(3+ \/2) =1, a rational number.

2336=32x73=2°x73
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2%+ 2V+2%= 2°x73
25+ 295425 = 73

RHS is odd and LHS is even

x=5

1+42V>+2%5=73

295 4285=72=23x32

284 218=9

Again RHS is odd and LHS is even

2v-8=1

y—-8=0

y=8

1+2275=9

z=8

Since the equation is symmetric about x, y, z, the solutions are given by
(x,y,2)=(5, 8,11), (5,11, 8), (8, 5, 11), (8, 11, 5), (11, 5, 8) , (11, 8, 5)
Thus, there are six solutions to this problem.
x> +y?>=2000, x<y

y% <2000 < 452

y <45

Ify < 31,

x<y<31

x2 +y% < 2(31)? = 1922 < 2000

y>31

Thus 31 <y<45

x? +y? = 2000

If one of x, y is even and other is odd, then

x? + y? = even + odd
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While RHS is even.

So, this is not possible.

Let x=2m, y=2n forsome m, n

So, m? + n? =500

RHS is a multiple of 4 and m and n themselves must be even.
y must be a multiple of 4.

(a+b-5) 2+(b+2c+3) 2+(c+3a-10)2=0
Sum of squares = 0 hence each expression in square is 0
a+b-5=0
=>a+b=5
b+2c+3=0
=>b+2c =3
c+3a-10 =0
=>c + 3a=10
=>c =10-3a
b+2c =3
=>b+2(10-3a)=3
=>b+20-6a=3
=>6a-b=17
a+b=5
6a-b=17
=>7a =22
=>a=22/7

b=13/7

c =4/7
ad+b3+c® =(22/7)% +(13/7)® +(4/7)®
=(22% +123 +43)/73
= (10648 + 1728 + 64)/343
=12440/343
=36.27

integer nearest to a>+b3+c® = 36

highest power of 7 dividing n! is 8.

= [n/7]1+[n/72] + [n/73] +.4. + . +..+ =8
72 =49if n < 49 then

We get only [ n/7] where n < 49

Hence [n/7] <7

We need highest power =8

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




Lets check for 49
=[49/7] + [49/7%] + [49/73] + .+ .+ .+ .. +

=7+1+0+0+...

Hence n = 49 Satisfy this

highest power of 7 dividing 49! is 8

check for 55

= [55/7] + [55/7%] + [55/7%]+.+.+.+.+..

=7 +1+0+0+...

check for56 = [56/7] + [56/7%] + [55/7°]+.+.+.+.+ =8+1+0+0+ =9
Hence 56! has power of 7 more than 8

From 1! to 55! power of 7 is max 8

from 49! to 55! power of 7 is exactly 8

Let the nine-digit number be N. We can write N as:
N = abcabcabc

We can expand this number as follows:
N = a x 100000000 + b x 10000000 + ¢ x 1000000 + a x 100000
+ b X 10000 + ¢ X 1000 + a X 100 + b X 10 + ¢

Grouping the terms with the same digits:
N = a x (100000000 + 100000 + 100) + b x (10000000 + 10000 + 10)
+ ¢ X (1000000 + 1000 + 1)

Factor out abc:
N = (a x 100000 + b x 10000 + ¢ x 1000) * 1000 + (a x 100 + b x 10 + ¢) --
This is incorrect for the initial grouping.

Let's use a simpler algebraic approach:
abcabcabc = abc X 1000000 + abc X 1000 + abc X 1
abcabcabc = abc X (1000000 + 1000 + 1)
abcabcabc = abc X 1001001

Therefore, when abcabcabc is divided by 1001001, the quotient is simply abc.

A number n can be expressed asn = 100 X g + r, where q is the quotient and r is the
remainder when n is divided by 100.

Since n = abcde, we can writen = 10000a + 1000b + 100c + 10d + e .
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We can factor out 100 from the first three terms:

n =100(100a + 10b + ¢) + 10d + e.

Therefore, when nis divided by 100, the remainder is 10d + e, which is represented by de.
we set up the equations:a+b=k?> a+c=m? and b+ c=n2

Solving for a,b,c in terms of k?,m?,n? , we get:

k? + m? — n?

—kZ4+m?+n?
2

CcC =

We need a, b, c to be distinct positive integers, and we are looking for the minimal sum a+b+c.
By trial and error and checking combinations of perfect squares, the combination that yields
distinct positive integers with the minimal sum is found by setting k?=49, m?=16, and n?=25.

However, this leads to non-positive values for some variables. A better approach is to look for
perfect squares that satisfy the conditions after some manipulation. The smallest set of distinct
positive integers that satisfies the conditions are a=5, b=20, and c=44, leading to the sum a+b+c
=69.

Case1:N=3

If N =3,then N+2 =5, and N+4 = 7. All three numbers (3, 5, 7) are prime numbers, so N=3 is a
valid solution.

Case2: N>3

If N is any prime number greater than 3, then N can be expressed in one of two forms: 3k + 1 or
3k + 2.

If N =3k+1:

Then N+2 = (3k + 1) + 2 = 3k + 3 = 3(k+1). Since N+2 is a multiple of 3 and greater than 3 (as N >
3), N+2 cannot be a prime number.

If N=3k+2:

Then N+4 = (3k + 2) + 4 = 3k + 6 = 3(k+2). Since N+4 is a multiple of 3 and greater than 3 (as N >
3), N+4 cannot be a prime number.

Therefore, for any prime N greater than 3, at least one of (N+2) or (N+4) will be divisible by 3
and thus not prime, meaning N=3 is the only possible.

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




Factor the expression:
The expression n? + 2n - 8 can be factored as (n + 4) (n - 2). For a product to be prime:

For the product of two integers (n + 4) and (n - 2) to be a prime number, one of the factors must
be 1 and the other must be the prime number itself.

Analyse the factors:

Ifn-2=1,thenn=3.Inthiscase, (n+4)=(3+4)=7.So, the productis1 X 7 =7, whichis a
prime number.

If n+4 =1, then n =-3. This is not a natural number, so it's not a valid solution.
Observe that 62*8can be written as 248 x 3148

Or last two digits of 62#® = |ast two digits of 248 x last two digits of 3148

Last two digits of248 =(210)* x 28

=244x28

=76x56=56

And

Last two digits of 31*8=41

Therefore, the last two digits of 6248=56x41=96.

A number is divisible by 9 if the sum of its digits is divisible by 9.

The sum of the digits of 1x6y7 is1+x+6+y+7=14+x+Yy.

For 1x6y7 to be divisible by 9, 14 + x + y must be a multiple of 9.

Since x and y are single digits, the minimum value of x + y is 0 (when x=0, y=0) and the maximum
value is 18 (when x=9, y=9).

Therefore, 14 + x + y can range from 14 (when x+y=0) to 32 (when x+y=18).

The multiples of 9 within this range are 18 and 27.

Case1: 14 +x+y=18
This implies x + y = 4. The possible ordered pairs (x, y) are (0, 4), (1, 3), (2, 2), (3, 1), (4, 0). This
gives 5 pairs.

Case2: 14 +x+y=27
This implies x + y = 13. The possible ordered pairs (x, y) are (4, 9), (5, 8), (6, 7), (7, 6), (8, 5), (9,
4). This gives 6 pairs.

Total number of ordered pairs (x, y) is the sum of the pairs from both cases: 5 + 6 = 11.

The number 30a0b03 can be written as 3000000 + 100000a + 1000b + 30.
When divided by 13, the expression becomes:

30a0b03 =4 + 4a + 12b + 4 (mod 13).

Simplifying, we get:
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30a0b03= 8 + 4a + 12b (mod 13).

Since 12b = -b (mod 13), we have:

30a0b03 =8 + 4a - b (mod 13).

For the number to be divisible by 13, we need:
8 +4a—b =0 (mod 13).

This can be rewritten as:

4a—-b=-8 =5(mod 13).

Now, we need to find pairs of digits (a, b) where a and b are from 0 to 9 that satisfy this
congruence.

For example:

If a=0, then -b =5 (mod 13), so b =-5= 8 (mod 13). Thus, b = 8. So, (0, 8)
Ifa=1,then4-b=5(mod13),so-b=1(mod 13), b =-1 =12 (not a digit).

If a=2,then8-b=5(mod 13),so-b=-3,b=3(mod 13). Thus, b=3.(2, 3)

If a=3,then 12 - b =5 (mod 13), so -b =-7, b=7 (mod 13). Thus, b=7. (3, 7)

If a=4,then 16 - b =5 (mod 13), s0 3 - b =5 (mod 13), -b =2, b =-2 =11 (not a digit).
Ifa=5,then 20-b=5(mod 13),s07-b=5(mod 13),-b =-2, b =2 (mod 13). Thus, b =2. (5, 2)
If a=6,then 24 - b =5 (mod 13), so 11 - b =5 (mod 13), -b =-6, b =6 (mod 13). Thus, b = 6. (6, 6)
If a=7,then 28 -b =5 (mod 13), so 2 - b =5 (mod 13), -b =3, b =-3 =10 (not a digit).

If a=8,then 32 -b=5(mod 13),s06 -b=5(mod 13), -b =-1, b =1 (mod 13). Thus, b=1. (8, 1)
Ifa=9,then 36 -b=5(mod 13), so 10 - b =5 (mod 13), -b =-5, b =5 (mod 13). Thus, b =5. (9, 5)

Identify the modulus: To find the last two digits, we need to calculate the value modulo 100.

Apply Euler's Totient Theorem: Euler's totient function, @(n), counts the number of positive
integers up to n that are relatively prime to n.

For n=100, ¢(100)=¢(22. 5%)=¢(22)-@(52)=(22-2")(52-5")=(4-2)(25-5)=2*20=40

. Euler's theorem states that if a and nare relatively prime, then

a®™ =1(modn). In our case, 34°=1(mod100).

Simplify the exponent: We need to find the remainder of the exponent 2012 when divided by
40: 2012=40x50+12.

Calculate the power: Therefore, 32012=340x50+12(340)50% 312
Substitute the congruence: Since 3%°=1(mod100)

, we have (3%9)°°=1°9=1(mod100).

Final Calculation: So, 32°12=1-3?(mod100)

. Now we need to calculate 3'2(mod100):

3'=3(mod100)

3°=9(mod100)
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33=27(mod100)

34=81(mod100)

38=(34)2=81%=6561=61(mod100)
312=38.34261-81=4941=41(mod100)

Therefore, the last two digits of 32012 are 41.

22-1=3.If for a positive integer n the numbern2-1

is a product of three different primes, then n>2

n2-1=(n-1)(n+1). The number n must be even since otherwise
(n-1) (n + 1) will be divisible by 4. Moreover, the numbers n - 1>1
andn+1>1since n>2can not be both composite. Since in this

case (n - 1) (n+ 1) could not be a product of three different primes.
Thus, one of n - 1 and n + 1 must be a prime and the other one
must be a product of two primes. Forn=4,wegetn-1=3,n+1=5
and this condition is not satisfied.

Similarly forn=6, wegetn-1=5andn+1=7;
forn=8,wehaven-1=7,n+1=9=32

For n =10, we have n - 1=9=32 and
forn=12wehaven-1=11,n+1=13.

Forn=14, we haven-1=13,n+1=15=(3)(5).

thus, the least positive integer n for n?-1 is a product of three different primes is n = 14 for
whichn?-1=3x5x13.

Then 162-1=3x5x17
similarly202-1=3x7x19
222-1=3x7x23
Continuing in this way we find easily the fifth number to be n = 32
for which322-1=2x11x31.
Thus the first five integers n for whichn?-1 is a product of three

different primes are 14,16,20,22and32
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55 x 60 x 65
N=5x11x12x5x%x13 x5
N=5x11x13x15x20
So, least value of largest of these integers=20
Given a, b € N is a 3digit number,
a+ 1ldividesb—-1
So,b—1=k(a+1);b=k(a+1)+1
and b divides a®? +a + 2
So,k(a+ 1) + 1 dividesa?+a+2
= k(a + 1) + 1 divides k(a2 +a +2)—a(k(a+ 1) + 1))
k(a + 1) + 1 divides 2k — a
ka+k+1/2k—a
=a=2k
ka+k+1/0
b=k(2k + 1) + 1 =2k?> + k + 1 as b is 3digit number

100 <2k?+ k+1<999

60...<k<220...
k e[7,22]
So, total comes =16

Givena,b,ceZ*

=§+% ... (1) ifa=km, c=kn, then b = kr

From equation (i), we get

1 1 1 1
it Sr=nty @
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m =3, n=6,r=2is one of the solution of the equation (2)
So, a =3k, c =6k, b = 2k

Givena+ b +c<99;

(3+6+2)k<99;

k<9

So,a=27,c=54and b=18

a+b+c=27+54+18=99

Rewrite the equation:

The given equation is p?+p+q>+q=r?+r.
This can be rewritten as p(p+1) +q(g+1) =r(r+1).
Notice that n(n+1) is always an even number.

Consider parity:
Since

p(p+1), q(g+1), and r(r+1) are all even, the equation holds true for any prime numbers p, g, r.
This doesn't help much with finding specific solutions.

Consider the case when one of the primes is 2:
Case 1: p=2
The equation becomes

2(3) +q(g+1) =r(r+1), so 6+q%+q=r?+r.

Rearranging, r’-q?+r-q=6, which is (r-q) (r+q) + (r-q) =6.
Factoring, (r-q) (r+q+1) =6.

Since q and r are primes, r-q and r+g+1 must be integers.
Possible factor pairs of 6 are (1, 6), (2, 3), (-6, -1), (-3, -2).

If r-q=1 and r+q+1=6:
From r-gq=1, r=q+1
. Since q and r are primes and differ by 1, the only possibility is

q=2, r=3.
Substituting into r+q+1=6: 3+2+1=6, which is true.
So, (p,q,r) =(2,2,3) is a solution.

If r-q=2 and r+q+1=3:

Adding the two equations: 2r+1=5=2r=4=—r=2.
Then g=r-2=0, which is not a prime. So no solution here.
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Consider negative factors as well, but since r,q are primes, r+q+1
must be positive. Also, r-q can be negative if g>7.
Case 2: g=2

By symmetry with Case 1, we also get (p,q,r) =(2,2,3) and (p,q,r) = (2,2,3). (This is the same
solution as above).

Case 3: r=2

The equation becomes p(p+1) +q(q+1) =2(3) =6.
Since p, q are primes, the smallest value for p(p+1) or q(gq+1)

when p, g22is 2(3) =6.
If p=2, then 6+q(gq+1) =6=q(q+1) =0, which is not possible for a prime gq.
Thus, r cannot be 2.

Consider the case when none of the primes are 2 (i.e., all are odd primes):
If p,q,rare all odd primes, then p(p+1), q(q+1), and r(r+1)

are all even.

Consider the equation modulo 3.

If p=1(mod3), p+1=2(mod3), so p(p+1) = 2 (mod3).
If p=2(mod3), p+1=0(mod3), so p(p+1) =0 (mod3).
If p=3, p(p+1) = 3(4) =12=0(mod3).

If none of p,q,r is 3, then p,q,7=1 or 2(mod3).

p(p+1) + q(q+1) = r(r+1) (mod3).
Possible values for n(n+1) (mod3) are 0 and 2.

If p,q,r # 0(mod3), the possible combinations of p(p+1)(mod3) and g(g+1)(mod3)
are:

0+0=0

0+2=2

2+0=2

2+2=4=1(mod3). This is not possible for r(r+1)(mod3).
This implies that at least one of p,gmust be 3 if r# 0(mod3).

If p=3:
12+q(q+1) =r(r+1)

q(q+1) =r(r+1) -12.
If g=5, 5(6) =30. r(r+1) =30+12=42. r*+r-42=0.
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(r+7) (r-6) =0.

r=6(not prime).
If g=7, 7(8) = 56. r(r+1) =56+12=68. No integer solution for r.

If r=3:

p(p+1) + q(q+1) = 3(4) =12.

Since p, q are primes, the only way the n(n+1) sum to 12 is if one of themis 2.
If p=2, 2(3) + q(gq+1) =12=6+q(q+1) =12=q(q+1) =6.

This means g=2.

So, (p,q,r) =(2,2,3) is a solution.

Conclusion:
The only prime solution is (2,2,3)
and its permutations for p and g

. Since the equation is symmetric with respect to p and q, (2,2,3) is the unique set of prime
solutions.

The final prime solutions are (p,q,7)=(2,2,3) and (2,2,3)
(which is the same set of values).

The unique set of prime numbers is {2,3}.

Final Answer: The only prime solution set is p=2, q=2, r=3
(and permutations of p,q).

By division algorithm,
63= (3%20) + 3;

20 = (6x3) + 2;
3=(1x2)+1
=>1=3-2

=3 - (20— (6x3))
=(7x3)-20

=7x {63 - (3x20) - 20
= (7x63) - (22x20).
Hence we may take
1=(-22) x20 +7x63
i.e.u=(-22), v=7
Explanation:

Case p = 2: p?+8=22+8=12. 12 is not prime, so p cannot be 2.
Case p = 3: p?+8=32+8=17. Both 3 and 17 are prime numbers.

Case p = 5: p2+8=52+8=33. 33 is divisible by 3 and 11, so it is not prime.
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Case p = 7: p?+8=7%+8=57. 57 is divisible by 3 and 19, so it is not prime.
Case p = 3k + 1 (for any integer k): p?+8=(3k+1)>+8=9k?+6k+1+8=9k?*+6k+9
. This is divisible by 3 and greater than 3, so it's not prime.

Case p = 3k + 2 (for any integer k):
p2+8=(3k+2)?+8=9k?+12k+4+8=9k?+12k+12

. This is also divisible by 3 and greater than 3, so it's not prime.

Therefore, the only prime number p for which both p and p?+8

are prime is p=3.

Assume n is not prime: Let's assume that n is a composite number. This means that ncan be
written as a product of two integers, a and b, where both a and b are greater than 1.

So, n=ab where a >1 and b> 1.

Then, 2n-1=2ab-1=(2a)b-1.

Using the difference of powers factorization, we can write
(22)-1 as (29-1) ((29)071+(22)b2+...4+29+1).

Since a>1, 22-1>1

. Also, since b>1

, the second factor is greater than 1. Therefore,

271 is not prime, contradicting the initial assumption that 27-1

is prime. Thus, n must be prime.

2700=223352

Every positive divisor of 2700 is of the form 293P5Y where 0 < a < 2,0 < B<30<y<2

Therefore, each term in the product of (1+2+22)(1+3+32+33)(1+5+52) is a positive divisor of 2700
and conversely.

The odd positive divisors of 2700 are given by the terms of the product 1.(1+3+3%+33)(1+5+52)

The number of odd positive divisors are (3+1)(2+1) i.e, 12.
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COMBINATORICS

A. Permutations and Combinations
e Multiplication Principle of Counting:

The Fundamental Principle of Counting states that if one event can occur in m ways and
another in n ways, then the two events together can occur in m x n ways.
¢ Addition Principle of Counting:

If a work A can be done in a ways and work B can be done b ways, then either one of the
works can be done in (a+b) ways. This can be generalized. (But if there are common ways they
need to be subtracted)
¢ Factorial Notation:

A factorial, denoted n!, is the product of all positive integers up to n. It's used in
counting permutations. (n! = 1.2.3.........n)

n!

* Permutations are arrangements of items in a specific order. "P, = =]

. ) ' . n!
e Combinations are selections of items where order does not matter. "C, = —T'(n !

e When n is the number of objects and di, d, d3, ..... are the no of objects that repeats more
than once in the word then the total no of arrangements possible is

e Circular permutations count arrangements around a circle: (n — 1)!
e The number of ways of arranging n objects in a circle where rotations of the same

arrangement aren’t considered distinct and reflections of the same arrangement aren’t

considered distinct is Q

e Restricted permutations involve conditions like fixing or excluding elements from certain
positions.

B. Binomial Theorem and Pascal’s Triangle
* The binomial theorem provides a formula to expand expressions of the form (a + b)".
e The general term in the expansion of (a + b)" is given by T(k+1) = "Cx X a(™¥ x bk,

e The middle term depends on whether n is even or odd. For even n, it’s the (g + 1)th term.

e Pascal’s Triangle is a triangular array where each number is the sum of the two directly
above it.

e Binomial coefficients ("C;) follow identities like "C; = "C(n-r).

 Combinatorial proofs use counting principles to verify identities such as (™C, = "C, + "C(.4).
Use of Binomial theorem in Combinatorics:

(i) If p1 + p2 + p3 things are such that p; things are alike, p, things are alike and ps things all
different,

then number of selections of any r things out of p; + p2 + p3 things

= coefficient of X" in (X° + X + X% + ... + xP") x (X° + x + X% + ... + xP?)(x° + x")P3

= coefficient of X" in (1 +x +x%+ ... + XP1)(1 + x + X% + ... + xP?)(1 + x)P3

(i) If pq + p2 + ps things are such that p; things are alike of 1st kind, p, things alike of 2nd kind
and ps things alike of 3rd kind, then we have:
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(a) Number of selections of any r things out of p; + p2 + ps things containing at least one
thing from p, alike things

= coefficient of x"in (X + X2 + X3+ ..+ XP)(XO+ X + X2+ .. + XP?)(X° + x + X% + ... + xP3)

= coefficient of X" in (X + X2+ ... + XP)(1 + X + X% + ... + XP2)(1 + X + x> + ... + xP3)

(b) Number of selections of any r things containing at least one thing from p; alike and one
thing from p, alike things is given by

= coefficient of X" in (X + X2+ ... + XPY)(X + X2 + ... + XP?)(X° + x + X2 + ... + xP3)

= coefficient of X" in (X + X2+ X3+ ... + XP) (X + X2+ .. + XPE) (L + x + X2 + ... + xP?)

(c) Number of selections of any r things containing at least one thing from p, alike and two
things from p, alike things is given by

= coefficient of X" in (X + X2 + ... + XP) (X2 + 3 + ... + XPI) (1 + x + X2 + ... + xP3)

C. Principle of Inclusion-Exclusion/Casework
e Used to count the number of elements in a union of sets where there are overlaps.

* Two sets A and B:
|[AUB| =|A|+|B|-]AnNnB]

¢ Three sets A, B, and C:
[AUBUC|=|A|+|B|+]|C|-|AnB|-|BNnC|-|CnA|]+|ANnBNC|

e General formula for n sets involves adding sizes of single sets, subtracting pairwise
intersections, adding triple-wise intersections, and so on, alternately.

e Use PIE when: You're asked to count how many things satisfy at least one of several
properties, but the sets overlap.

e Casework is used when a problem can be divided into non-overlapping cases, and
each case is easier to count individually.

o Divide the problem into distinct, exhaustive cases.

o Solve each case separately.

o Add the results of all cases to get the total count.

e Use Casework when:
- Direct counting is complex.
- The problem naturally splits into cases (like different digit conditions, even/odd, etc.).

e Tip: Make sure cases do not overlap and cover all possibilities.

D. Pigeonhole Principle
If n+1 objects are distributed into n box, then atleast one box contains two or more of the objects.
For example, among 13 people there are 2 who have their birthdays in the same month.
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QUESTIONS
How many different ways can 5 books be arranged on a shelf?
In how many ways can 7 people be seated in a row?
From a group of 10 students, how many ways can a team of 4 be chosen?
How many 4-letter words can be formed from the letters of the word 'APPLE'?
How many 4-digit numbers can be formed using digits 1-9 without repetition?
In how many ways can 6 people sit around a round table?
How many ways can you arrange the letters in the word 'MISSISSIPPI'?
How many different 3-digits even numbers can be formed from the digits 1 to 7?
How many permutations of the word 'LEVEL' exist if vowels must be together?
How many committees of 3 can be formed from 6 men and 4 women with at least 1 woman?
In how many ways can a president and vice-president be selected from 10 candidates?
Find the number of permutations of the word 'BANANA'.
How many combinations of 5 cards can be selected from a deck of 527?
How many ways can you form a committee of 4 out of 8 people?
How many ways can 5 people be arranged with a specific person always at the end?
In how many ways can 3 red and 2 blue balls be arranged in a row?

How many ways can a password of 4 characters be formed from A, B, C, D if repetition is not
allowed?

How many different ways can 4 people be seated if two must sit together?
How many 3-letter combinations can be made from the word 'BRAVE'?

A class has 12 students. How many groups of 5 can be formed?

Expand (x + 2)* using the binomial theorem.

Find the coefficient of x3in (x + 1)°.

Find the general term in the expansion of (3x - 2)°.

What is the middle term in the expansion of (a + b)0?

Evaluate the 4th term of the expansion of (2x - 3)®.

Use Pascal’s Triangle to expand (a + b)%.
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In a class of 60 students, 35 like mathematics, 28 like physics, and 20 like both. How many like at
least one of the two subjects?

How many integers from 1 to 100 are divisible by 2 or 3 or 5?

In how many ways can we select 3 digits from {1,2,3,4,5,6,7,8,9} such that no two digits are
consecutive?

From the digits 1 to 9, how many 3-digit numbers can be formed such that at least one digit is
even?

In a survey, 70 people liked tea, 60 liked coffee, and 50 liked milk. 30 liked both tea and coffee, 25
liked both tea and milk, 20 liked both coffee and milk, and 10 liked all three. How many people
liked at least one drink?

How many numbers between 1 and 1000 are divisible by neither 2, 3 nor 5?

A password must be 3 letters chosen from A, B, C, D, E with repetition allowed, but it must contain
at least one A. How many such passwords exist?

In how many ways can 5 people sit in a row such that person A is not adjacent to person B?
How many integers from 1 to 1000 are divisible by 7 or 11 but not both?

How many 4-digit numbers can be formed using digits 1 to 6 such that at least one digit repeats?

There are 12 points in a plane, 5 of which are concyclic and out of remaining 7 points, no three

are collinear and none concyclic with previous 5 points. Find the number of circles passing
through at least 3 points out of 12 given points.

In a plane, a set of 8 parallel lines intersects a set of n other parallel lines, giving rise to 420
parallelograms (many of them overlap with one another). Find the value of n.

There are 6 single choice questions in an examination. How many sequences of answers are
possible, if the first three questions have 4 choices each and the next three have 5 each?

How many 5-letter words containing 3 vowels and 2 consonants can be formed using the
letters of the word EQUATIONS so that the two consonants occur together in every word?

Out of ten people, 5 are to be seated around a round table and 5 are to be seated across a
rectangular table. Find the number of ways to do so.

10 different toys are to be distributed among 10 children. Find the total number of ways of
distributing these toys so that exactly 2 children do not get any toy.

In a shooting competition a man canscore 5, 4, 3, 2 or 0 points for each shot. Find the number of
different ways in which he can score 30 in seven shots.

Find the number of ways in which two Americans, two Britishers, one Chinese, one Dutch and
one Egyptian can sit on a round table so that persons of the same nationality are separated.
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Find the number of ways of distributing 5 identical balls into three boxes so that no box is
empty and each box being large enough to accommodate all the balls.

Find the number of ways in which 14 identical toys can be distributed among three boys so that
each one gets at least one toy and no two boys get equal number of toys.

The total number of positive integral solutions for (x, y, z) such that xyz = 24 is

(a) 36 (b) 90 (c)120 (d) None of these
The total number of positive integral solutions of abc = 30 is

(a) 30 (b) 27 (c) 8 (d) None of these
The number of proper divisors of 1800 which are also divisible by 10, is

(a) 18 (b) 27 (c) 34 (d) None of these
The number of even proper divisors of 5040, is

(a) 48 (b) 47 (c) 46 (d) None of these
The number of odd proper divisors of 5040, is

(@) 12 (b) 10 (c) 11 (d) None of these
What is the GCD of 22 — 1 and2®> — 1 ?

Find the number of edges in a complete graph with 5 vertices.
Find the number of ways to express 5 as the sum of 1's and 2's.

How many 5-digit numbers can be formed using the digits 1 to 9 (no zeros), such that no digit is
repeated and the number is even?

Find the number of solutions to the equation x1 + x2 + X3 = 7, where x1, X2 , X3 are non-negative
integers

How many integer solutions are there to the equation
X1+ X2 + X3+ Xa = 20 where X1, X2, X3, Xa =2
Find the number of odd integers between 30,000 and 80,000 in which no digit is repeated

Prove that if 11 numbers are chosen from the set {1, 2, ..., 20}, then there must be two numbers
that differ by 1.

How many ways can 7 people sit around a circular table such that two particular people (say A and
B) do not sit next to each other?

In how many ways can 10 identical candies be distributed among 4 children such that each child
gets at least 1 candy and no child gets more than 5?

In how many ways can you color 5 identical boxes using 3 colors (Red, Blue, Green) such that each
color is used at least once?
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How many integers between 1 and 1000000 have the sum of the digits equal to 18.

Show that the number of rectangles of any size on a chess board is Y. %_, k>.

Find the total number of 5 digit numbers of different digits in which the digit in the middle is the
largest.

Find the number of 4 digit numbers that can be formed from the digits 5,6,7,8,9 in which at least
two digits are identical.

Find the total numbers (non-zero) not more than 20 digits that can be formed using the digits
0,1,2,3,4.

In how many ways one can select four numbers from 1 to 30 so as to exclude every selection of
four consecutive numbers.

Find the sum of the digits in unit place of all numbers formed by the numbers 3,4,5,6 taken all at a
time.

Find the number of ordered pair of integers (x, y) satisfying the equation x? + 6x + y2 = 4

In the decimal system of numeration of six-digit numbers, in how many numbers the sum of the
digits is divisible by 5.

Find the number of ways in which one can get a score of 11 by throwing three dice.
Find the total number of proper factors of the number 35700. Also find

a) sum of all these factors

b) sum of odd proper divisors

c) The number of proper divisor divisible by 10 and sum of these divisors.

A square chessboard has 16 squares (4 rows and 4 columns). One puts 4 checkers in such a way that
only one checker can be put in a square. Find the number of ways putting these checkers if there
must be exactly one checker per row and column.

Find the number of integers from 0 through 9999 that have no two equal neighbouring digits in
their decimal representation.

If a denotes the number of permutations of (x + 2) things taken all at a time, b the number of
permutations of x things taken 11 at a time and c the number of permutations of (x — 11) things
taken all at a time such that a = 182 bc, then the value of x is

(A)15 (B)12 (C)10 (D)18

In the given figure of squares, 6 A's should be written

in such a manner that every row contains at least one
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'‘A'. In how many numbers of ways is it possible?

The number of ways in which 7 girls can stand in a circle so that they do not have same
neighbours in any two arrangements?

(A) 720 (B) 380 (C) 360 (D) none of these

The numbers 1, 2, 3, ...., 19, 20 are written on a blackboard. It is allowed to erase any two numbers
'a' and 'b' and write the new number a + b —1. What number will be on the blackboard after 19 such
operations?

15 points are marked inside the area bounded by a rectangle 6 cm long and 4 cm wide. Show
that there are at least two points that are at most V2 cm apart.

A subset S of theset A={3, 11, 19, 27, ......, 147, 155} is said to '158-free’ if there are no two
elements which add up to 158. What is the maximum size of a subset that is '158-free'?

How many positive integers of n digits exist such that each digit is 1, 2 or 3? How many of these
contain all three of the digits 1, 2 and 3 at least once?

In how many ways 6 letters can be placed in 6 envelopes such that:

(i) No letter is placed in its corresponding envelope.

(i) At least 4 letters are placed in correct envelopes.

(iii) At most 3 letters are placed in wrong envelopes.

How many six-digit numbers have at least one even digit?

How many necklaces of 12 beads each can be made from 18 beads of various colours?
How many terms are there in the expansion of (a + b + ¢ + d)?*?

Find the number of ways of distributing 5 identical balls into three boxes so that no box is empty
and each box being large enough to accommodate all the balls.

Show that for any set of 10 points chosen within a square whose sides are of length 3 units, there

are two points in the set whose distance is at most V2.

A person writes letters to six friends and addresses the corresponding envelopes. In how many
ways can the letters be placed in the envelopes so that at least two of them are in the wrong
envelopes?

In how many ways can 10 identical balls be distributed into 4 distinct boxes such that no box is
empty?

All the 7-digit numbers containing each of the digits 1, 2, 3, 4, 5, 6, 7 exactly once and not divisible
by 5, are arranged in the increasing order. Find the 2000th number in this list.
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Find the number of positive integers x which satisfy the condition [%] = %

(Here, [z] denotes, for any real z, the largest integer not exceeding z; e.g., [7/4] = 1.)

. . . L1 1 2
Three non-zero real numbers a, b, c are said to be in harmonic progression, if - + - =5 Find all

three-term harmonic progressions a, b, c of strictly increasing positive integers in which a = 20 and
b divides c.

Find the number of 4-digit numbers (in base_10) having non-zero digits and which are divisible by 4
but not by 8.

Number of 4-digit numbers of the form N = abcd which satisfy following three conditions
i) 4000 < N < 6000
ii) N is a multiple of 5

i)3<bhb<c<6

is equal to M, then find the value of%

Find the number of four—digit odd numbers having digits 1,2,3,4, each occurring exactly once.

Find the number of arrangements in which g girls and b boys are to be seated around a table, b<g,
so that no two boys are together.

Find the number of odd integers between 30,000 and 80,000 in which no digit is repeated.

How many ways are there to arrange the letters of the word 'COMBINATORICS' such that all the
vowels appear in alphabetical order?

A 5x5 grid is to be filled with the numbers 1 to 25 such that each number is used exactly once. How
many ways are there to fill the grid such that each row and column contains exactly 5 numbers and
the sum of the numbers in each row is the same? (Assume rows and columns are distinguishable.)

How many permutations of the numbers 1 through 10 are there such that no number is in its
original position (i.e., a derangement), and no two consecutive numbers appear next to each other?

Consider all 10-digit numbers made using only the digits 1 and 2, with exactly six 1s and four 2s.
How many such numbers are there such that no two 2s are adjacent?

7. Let n be a positive integer. Determine the number of sequences (as, ay, ..., a,) such that each a; €
{1, 2, 3} and no two consecutive terms are equal.
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ANSWERS
5/=120
7!=5040
C (10, 4) =210
60 (by considering letter repetitions)
9x8x7x6=3024
(6-1)1=51=120
11!/ (4! x 4! x 21) = 34650
90 (only even digits in last place)
12
Total: 120, All-men: 20 = Answer: 100
10x9=90
6!/(3!x2!)=60
C (52, 5) = 2598960
C(8,4)=70
41=24
51/(3!'x21)=10
41 =24
3Ix21=12
C (5, 3) = 10 (If permutations: 60)
C(12,5) =792
(x+2)*=x*+4x32 +6x%4 + 4x-8 + 16 = x* + 8x3 + 24x? + 32x + 16
Coefficient = C(6,3) = 20
Tire1) = C(5, r)+(3x) 5 (=2)"
Middle term (6th term) = C(10,5)-a>-b® = 252 a°>-b°
T4 = C(6,3)-(2x)3-(~-3)3 = 20-8x3:(-27) = -4320x3
(a+b)*=a*+4a3b +6a2b? +4ab3+b*

IMUP| =35+28-20=43
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Using PIE(Principle of Inclusion and Exclusion): 50+ 33 +20-16-10-6+3=74
Answer: Use casework or transformation to non-consecutive selections: C(7, 3) =35
Total = 504, All odd = 60 = At least one even = 504 - 60 = 444

Using PIE: 70 + 60 + 50 -30-25-20 + 10 = 115

Using PIE: 1000 - 734 = 266

Total = 125, Without A = 64 = With at least one A=61

Total = 120, Adjacent = 48 = Not adjacent = 72

142 +90 - 2x12 =208

Total = 6% = 1296, No repeat = 360 = With repeat = 936

Consider Set A consists of 5 concyclic points. Set B consists of remaining 7 points.
Case 1: Circle passes through 3 points of set B

Number of circles = 7C;

Case 2: Circle passes through 2 points of set B and one point of set A

Number of circles =7C2 - 5C1

Case 3: Circle passes through 1 point of set B and two points of set A

Number of circles =’Cq - 5C2

Case 4: Circle passes through no point from set B.
Number of circles =1

All 4 cases are exhaustive and mutually exclusive. So, total number of circles
=7C3+7C2-5C1+7C1 -5C2+1

If two lines which are parallel to one another (in one direction) intersect another two lines
which are parallel, we get one parallelogram. Thus, we can choose C(8, 2) pairs of parallel lines
in one direction and the number of parallel lines intersecting there will be C(n, 2) pairs.

So, the number of parallelograms thus obtained is
C(n, 2) x C(8,2) =420

= n(n-1)=30

= n=6orn=-5(which is not admissible)
Here we have to perform 6 jobs of answering 6 multiple choice questions. Each one of the first
three questions can be answered in 4 ways and each one of the next three can be answered in
5 different ways.

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




So, the total number of different sequences=4 x4 x4 x5 x5 x5=38000.
Note:

1) The number of ways to select and arrange r objects from n distinct objects such that p
particular objects are always excluded in the selection = " PCr x r!

2) The number of ways to arrange n distinct objects such that p particular objects remain
together in the arrangement (n-p+ 1)! p!

There are 5 vowels and 3 consonants in EQUATION. To form the words, we will use following
steps:

Step 1: Select vowels (3 from 5) in °C, ways.
Step 2: Select consonants (2 from 3) in 3C; ways.

Step 3: Arrange the selected letters (3 vowels and 2 consonants (always together)) in 4! x 2!
ways.

Hence the number of words = °C3 3C2 4121 =10x 3 x 24 x 2 = 1440.

First select 5 people out of 10, those who sit around the table. This can be done in °Cs ways.
Number of ways in which these 5 people sit around the round table = 4!

Remaining 5 people sit across a rectangular table in 5! ways. Total number of arrangements =
10Cg x 41 x 5!

Itis possible in two mutually exclusive cases;

Case 1: 2 children get none, one child gets three and all remaining 7 children get one each.

10!
No of ways = ((01)2 213!(1!)77!) (104

Case 2: 2 children get none, 2 children get 2 each and all remaining 6 children get one each.

10!
(on2 2!(2!)22!(1!)66!) (10|)

No of ways = (

Thus, total no of ways = (10!)2 (3'71'2' + ﬁ)

Let x1, X2, X3, X4, ..., X7 be the scores in 7 shots. As total score of 30 is Sum of scores in 7 shots =
30

= X1 + X2 +X3 + X4 + X5 + xg + x7 =30 [wherexj €{0,2,3,4,5}i=1,2,..,7]
Number of solutions of above equation

Number of ways of making 30 in 7 shots to be taken, Coefficient of x3 in (x° + x2 + x3 + x* + x°)7.
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= Coefficient of x3%in {(x° + x2 + x3) + x* (x + 1)}/

= Coefficient of x3%in {x?8 (x + 1)7 + 7C1x?*.(x + 1)6.(1 + x2 + x3) + 7C2 x¥ (x + 1)° (x® + x + 1) + -}

[using Binomial theorem]
Thus, Number of ways to score 30
=7C2 +7C1 (°C3 +©C2 +°Co) + 'C2 (°C1 + 2)
= 21+ 252 + 147 = 420.
Total = 6!
n(A) = when A1 A2 together =5121 =240
n(B) = when B1 B2 together=5121 =240
=>n(AUB)=n(A)+n(B)-n(AN B)=240+ 240 - 96 = 384
Hence n(A " B) =Total - n(A U B)
=6!-384
=720 - 384
= 336.

Let x1, x2 and x3 be the number of balls into three boxes so that no box is empty and each box
being large enough to accommodate all the balls.

The number of ways of distributing 5 balls into Boxes 1, 2 and 3 is the number of integral solutions
of the equation x1 + x2 + x3 = 5 subjected to the following conditions on x,, x,, x5 (1)

Conditions on x,, x, and x;:

According to the condition that the boxes should contain at least one ball, we can find the range
of x;, x, and x;, i.e.,

Min (xj) = 1 and Max (xj) = 3 for i =1, 2, 3 [using: Max (x;) = 5 - Min (x,) - Min(x;)]
orl<xj<3fori=1,2,3
So, number of ways of distributing balls

= Number of integral solutions of (1)

= Coefficient of x° in the expansion of (x + x? + x3)3
= Coefficient of x° in x3 (1 - x3) (1 - x)3

= Coefficient of x?in (1 - x3) (1 -x)3

= Coefficient of x2in (1 - x) [as x® cannot generate x? terms]

_3+2-1¢, _4c, ¢,
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Alternate solution:

The number of ways of dividing n identical objects into r groups so that no group remains
empty

=n-1c,_4

=>-1lcz_1=%=6.

Let the boys geta, a + b and a + b + c toys respectively.
a+(a+b)+(a+b+c)=14,a21,b>21,c21

=3a+2b+c=14,a21,b>1,c2>21

~ The number of solutions

= Coefficient of t*¥in {(t3+ t6 + 2+ ..) (2 + t* + ) (t + t2 + )}

= Coefficientof t3in{(L+t3+t°+ ) (L+ 2+ t*+ ..) (1 +t+t2+ )}

= Coefficientof t2in{(1 + 2+ 3+ t* + 2+ 2t + t7 + 218) (1 + t + t2 +---+18)}

=1+1+1+1+1+2+1+2=10.

Since, three distinct numbers can be assigned to three boys in 3! ways. So, total number of ways
=10 x 3! =60.

We have, 24 =2 X4 X3
=2X2X6
=1x6x%x4
=1x3x8
=1x%x2x12
=1x1x24

Hence, the total number of positive integral solutions for (x, y, z) such that xyz = 24 is

31 3!
3145, +314+31 4314+, =6+3+6+6+6+3=30

48 Wehave,24=2X3X5
=2x15x%x1
=10x3x1
=1Xx5%x6
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=1%x1x30

Hence, the total number of positive integral solutions for (x, y, z) such that xyz = 24 is

3!
3!+3!+3!+3!+5=6+6+6+6+3=27

We have, 1800 = 23 x 32 x 52

Clearly, the required number of proper divisors is same as the number of ways of selecting at least
one 2 and at least one 5 out of 3 identical 2's, 2 identical 3's and 2 identical 5's.

Required number of proper divisors =3 X (2+ 1) X 2 = 18
We have, 5040 = 2* x 32 x5 x 7

Number of even proper divisors = Number of ways of selecting at least one 2 and any number of
3's,5sand7=4x2+1)x1+1)x(A+1)—1=47

We have, 5040 = 2# x 32 x5 X 7

Number of odd proper divisors = Number of ways of selecting any number of 3’s out of two 3's,
any numberof5’'sand 7’s = Q2+ 1) x(1+1)x(1+1)—-1=11

We know, gcd(2™ — 1,2" — 1) = 28¢dmn) _ 1
gcd(220 — 1,215 — 1) = 28¢d(2015) _ 1
=25-1=32-1=31
A complete graph with n vertices has n(n-1)/2 edges.
For n =5, the number of edges is 5(5-1)/2 = 10.
The possible combinations are:
1+1+1+1+1=5(andits permutations) =1 ways
1+1+1+2=05(and its permutations) = 4 ways
1+ 2+ 2 =5 (and its permutations) = 3 ways
Totalways=1+4+3=8
For a number to be even, its last digit must be even.
From 1to 9, the even digits are: 2, 4, 6, 8 = 4 choices

We fix the last digit (even), then choose 4 more digits from the remaining 8 digits (excluding the
one used at the end):

e Choose 4 digits from remaining 8 > C (8 4).
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e Arrange them in 4! ways.
So total =4-C (8 4) - 4! =4-70-24=6720.
Solution: 6720
The number of non-negative integer solutions to the equation:
Xy + x; ++++ x, = n isgiven by:
C(n+k-1,k-1)where:
e nisthe total sum,
e kis the number of variables.
Solution: C(7+3-1,3-1)=C(9,2)=36
Lety; = x;,—2 =2 y; =20
Then:
y1+y2+ystys=20-8=12
Now use stars and bars:
Number of solutions = C (12+4-1 4-1)=C (15 3) =455

: Let abcde be the required odd integers. a can be chosen from 3, 4, 5, 6 and 7 and e can be chosen
from1,3,5,7,09.

Note that 3, 5 and 7 can occupy both the positions a and e.
So, let us consider the case where one of 3, 5, 7 occupies the position a.

Case 1: If a gets one of the values 3, 5, 7, then there are 3 choices for a, but then, e has just four
choices as repetition is not allowed.

Thus, a and e can be chosen in this case in 3 x 4 = 12 ways.

The 3 positions b, ¢, d can be filled from among the remaining 8 digits in 8 x 7 x 6 ways.

Total number of ways in this case =12 x 8 x 7 x 6 = 4,032.

Case 2: If a takes the values 4 or 6, then there are two choices for a and there are five choices for e.
There are again eight choices altogether for the digits b, ¢, d which could be done in

8 x 7 x 6 ways.

Therefore, in this case, the total numbersare 2 x5 x 8 x 7 x 6 = 3,360.

Hence, total number of odd numbers between 30,000 to 80,000, without repetition of digits is
4032 + 3360 =7392
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59 Step 1: Construct subsets of S that avoid consecutive numbers
To avoid choosing two numbers that differ by 1, we must not pick any two consecutive integers.

Let’s try to construct the largest possible subset of {1, 2, ..., 20} that contains no two consecutive
numbers.

Suppose we pick every second number. That is, pick:
{1,3,5,7,9,11,13,15,17,19}
This gives us 10 numbers, and none of them are consecutive.

So this is the largest possible subset of {1, ..., 20} with no two numbers that differ by 1. You can’t
add an 11th number without causing at least one pair to differ by 1.

Step 2: Use the Pigeonhole Principle
Now suppose we try to select 11 numbers from {1, 2, ..., 20}.

e We know that it’s only possible to pick 10 numbers at most that are non-consecutive (as
shown above).

So, picking 11 numbers must force at least one pair to be consecutive, i.e., to differ by 1.
Total circular permutations of 7 people: (7-1)! =6!

Ways in which A and B sit together:
Treat A and B as a single unit - now we have 6 units to arrange in a circle:

(6-1)! x 21 =51x2 .

(Multiply by 2 for A and B order within the pair.)

Hence, number of ways in which A and B do not sit together:
6!-5! x2 = 720-120x2 = 720-240 = 480.

We need number of integer solutions to:
X1+ X2+ X3+ Xa= 10
where 1<x<5.

Letyl-=xl-—1$ Vi =0

Then:
yi+ya+ystys=6
.and y; <4 (becausex; <5 =y; <4)

Now count non-negative integer solutionstoy1 +y> +ys+ya=6 withy;, <4
This is done via inclusion-exclusion:

e Total unrestricted solutions = C (6+4-1 4-1)= C(9 3)=84
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e Subtract cases where any variable > 4
Let’s compute number of solutions where any y; 25
Let’s say y125 =y1’' = y1— 520.

Then:
yi'+y2+ystya=1=> C(1+4-1 3)=C(4 3)=4

There are 4 such variables, so subtract 4 x 4 = 16
e No overlaps possible (because total is 6)
Solution: 84-16= 68
Total colorings (each box can be one of 3 colors):
=35=243
Subtract cases where some color is missing.
e Only 2 colors used: C(3 2)-(25-2)=3+(32-2)=3-30=90
e Only 1 color used: 3 ways
So total invalid =90 + 3 =93
Valid = 243-93=150

Integers between 1 and 1000000 will be, 1,2, 3, 4, 5 or 6-digits numbers, and given sum of digits =
18

Thus we need to obtain the number of solutions of the equation
X1+ X2+ X3+ Xa+ X5+ Xe= 18
Where 0<xi<9,i=1, 2, 3, 4,5, 6 Therefore, the number of solutions of the Eq. (1), will be

= Coefficient of x8 in (xO+x+x2+x3+

_ 1046
= Coefficient of x8in (1 al )
1

—-X
= Coefficient of x*8 in (1-x10)® (1-x)®
= Coefficient of x8 in (1-6x%°) (1-x)®

= 6+18-1C18 - 6. 8+8-1C8

= 25927
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A rectangle can be fixed on the chess board if and only if we fix two points on x- 123456738«
axis and two points on y-axis. For example, in order to fix the rectangle in red
colour, we have to choose two lines horizontally and two lines vertically. There
are 9 vertical and 9 horizontal lines.

<00 N B W N e

Hence total number of rectangles on the chess board is the number of ways of
choosing two points on x-axis (which can be done in °C; ways) and two points on y-axis (which can
also be done is °C, ways). Hence require number is (°C;)2= Y% _, k®

Middle Digit available for remaining four Number of ways of filling remaining four
digit places places

0,1,2,3 3% P(3,3)
0,1,2,3,4 4 X P(4,3)
0,1,2,3,4,5 5% P(5,3)
0,1,2,3,4,5,6 6 X P(6,3)
0,1,2,3,4,5,6,7 7 X P(7,3)
0,1,2,3,4,5,6,7,8 8 X P(8,3)

Adding we get,

18+96+300+720+1470+2688=5292

Total numbers when repetitions are allowed=5*

Total numbers when repetitions are not allowed=5 X 4 X 3 X 2

So, total numbers when at least one digit is repeated=5* — 120 = 625 — 120 = 505

Total number of one digit number=4

Total number of two-digit numbers=4 X 5

Total number of three-digit numbers =4 x 52

Total number of twenty-digit numbers=4 x 5°
Hence, total numbers =4 + 4 X 5 + 4 X 524+--—-+4 x 51°

=520 — 1

The number of ways of selecting 4 numbers from 30 numbers without any restriction=C(30,4)
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The number of ways of selecting 4 consecutive numbers=27 [eg: (1,2,3,4),(2,3,4,5)
Required number= C (30,4)-27

Required sum=4! (3+4+ 5+ 6) = 24 X 18 = 432
x2+6x+y2=4
= (x+3)2+y2=13
= x+3)=+42,y=430r (x+3) =43,y =12
So, there are 8 possibilities
Considering different possibilities-

Sum of the digits in first five places Digit in unit place

5k Oor5

5k+1 4o0r9

5k+2 3or8

5k+3 2or7

5k+4 lor6
The last place can be filled always in 2 ways
Hence, total numbers=9 X 10 X 10 X 10 X 10 x 2 = 180000
The possibilities are(1,4,6),(2,3,6),(2,4,5),(1,5,5),(3,3,5),(3,4,4)
Hence, required numbers =3! + 3! + 3! + z—: + z—: +z—i =27

35700 = 22 x 31 x 52 x 71 x 171

Hence, a) number of proper factors=3 X 2 X3 X 2Xx2—-2=70
Sum of these proper factors=
(1+2+22)(1+5+5)1+3)(1+7)(1+17) —1—35700 = 89291
b) sum of odd proper divisors
=(1+3)1+5+5)A+7)(1+17)—1=17855
c) Number of proper divisor divisible by 10=2 X 2 X2 x2 X2 -1 =31
sum of proper divisors divisible by 10

=(2+4+22)(5+5%)(1+3)(1+7)(1+17) — 35700 = 67980
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Choose one square from last row, say numbered 1, in 4 ways. Then, delete the column
corresponding to square numbered 1.

1019187
11|16|15|6
12113145
1123 |4
Next, choose second square from square numbered 13, 14, 15 in 3 ways and delete the column
accordingly. Continuing this, we have total no. of ways =4 x3x2x1=24

There are 10 one-digit integers satisfying the condition. The first digit (from left) of a two-digit
integer can be any digit but 0. The second digit can be any of 9 digits which differ from the first one.
Therefore, there are 92 two-digit integers with two different digits.

There are 93 three-digits integers which satisfy the condition, because there are 9 digits (any digit
but the one used as the second one) to choose from for the third place. Continuing in the same
way, we get the required number of integers: 10 + 9% + 93 + 94

*2po=a =a=(x+2)!

x!

Xp11 =b —b=
(x=11)!

“1px-11=c = c=(x—-11)!

a=182bc

x!

I =
= (x+2)!=182. =T

L(x=11)!

= (x+2)(x+1) =182 =14 x 13

Xx+1=13=x=12
There are 8 squares and 6 ‘A’ in given figure. First, we can put 6 ‘A’ in these 8 squares by 2Cs
number of ways.

@ [alala]a] I |a Al
AlA

According to question, atleast one ‘A’ should be included in each row. So after subtracting these
two cases, number of ways are = (83C6—2) =28 -2 = 26.

Seven girls can stand in a circle by %=360 number of ways, because there is no difference in

anticlockwise and clockwise order of their standing in a circle.

For any collection of n numbers on the blackboard we consider the following quantity X: the sum of
all the numbers minus n.
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If the sum of all the numbers except ‘a’ and ‘b’ equals s, then before transformation,
X =s+a+b-n, and after transformation,
X=s+(@+b-1)-(n-1)=s+a+b-n.

So the value of X is same : it is invariant.

Initially, we have X=(1+2+....+19+20)—20=190

After 19 operations, when there will be only one number on the blackboard, X will be equal to 190
The last number =X+ 1=191

Mark out |x| (cm) squares in the area of rectangle as shown below:

There will be 24 of these ‘pigeonholes’ i.e. boxes and we take points to be the objects. By | x |
square. These can be separated by at most the length of diagonal
VIZTF 12 = VZem
Consider the pairing of elements as follows: (3, 155), (11, 147), ......, (75, 83)
Each element of A appears just once, and we have to such pairs.
If we take all the left-hand members or all the right-hand members our set will be 158 free.

But by the Pigeonhole Principle, if we extract 10 + 1 =11 element of A we have atleast two
belonging to one such pair. Hence largest possible membership is 10.

There are three digits: 1, 2, 3, and an n-digit number is to be formed, repetitions allowed.
Thus, the number of possibilities is:

3x3x3x--x3=3"

For the second part of the question:

In (1), we include the possibility that all the n digits consist of:

(a) 1 only,

(b) 2 only,

(c) 3 only,

and again in (2), we include the possibility that the n digits consist of only:
(i)1and 2,

(ii) 2 and 3,

(i) 1 and 3.
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The number of n-digit numbers all of whose digits are 1 or 2 or 3 is: 3"

i) The number of n-digit numbers all of whose digits are 1 and 2 (each of 1 and 2 occurring at least
once)is: 2" -2

ii) The number of n-digit numbers all of whose digits are 2 and 3 (each of 2 and 3 occurring at least
once) is again: 2" - 2

iii) The number of n-digit numbers all of whose digits are 1 and 3 (each of 1 and 3 occurring at least
once)is: 2" -2

Thus, the total numbers made up of the digits 1, 2 and 3 is:

3"-3(2"-2)-3

=3"-3x2"+6-3

=3"-3x2"+3,

The required count is:

3"-3x2"+3.

(i) Using derangement formulae:

Number of ways to place 6 letters in 6 envelopes such that all are placed in wrong envelopes:

=

=6l x[l—T4+2 -2 ++
=720x[1—-1+1/2 -1/6 + 1/24 — 1/120 + 1/720]
= 720 X [0 + 0.5 — 0.1667 + 0.0417 — 0.0083 + 0.0014 = 720 x 0.3681 =~ 265.
(ii) Number of ways to place letters such that at least 4 letters are placed in correct envelopes:
= (4 letters correct and 2 wrong) + (5 letters correct and 1 wrong) + (All 6 letters correct)
=C(6,4) xD(2) + C(6,5)xD(1) + 1
=15x1+6x0+1=16.

(iii) Number of ways to place 6 letters in 6 envelopes such that at most 3 letters are placed in wrong
envelopes:

= (All correct) + (1 letter wrong) + (2 letters wrong) + (3 letters wrong)

=1+ C(6,1) x D(1) + C(6,2) x D(2) + C(6,3) x D(3)

=1+6x0+15x1+20x%x2

=1+0+15+40=>56.

Required numbers = Total no of six-digit numbers — No of six digit numbers with all digits odd

=9 x10°-5°
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assuming all 18 beads are distinct (each bead has a unique colour), the number of possible ways to
choose 12 beads is= C(18 12)

For 12 distinct beads, the number of unique arrangements around a necklace is:
(12-1)! /2=11! /2
11! Accounts for circular permutations (rotations).

Divide by 2 because flipping the necklace over doesn’t produce a new necklace (reflection
symmetry).

So, total number of distinct 12-bead necklaces you can make from 18 distinct beads is
=C(18 12).11!/2
A typical termis ak! ,a*? a3 ,ak* where ki, k», k3, ks are non-negative integers whose sum = 24.

The number of terms is the same as the number of distributions of 24 identical balls in four
distinguishable cells, empty cell allowed. This is C( 24+4-1, 24)= C(27 , 24).

The number of ways of dividing n identical objects into r groups so that no group remains empty =
(=€ (-1 =®"UCz-1)=%C2 = 6.

Divide the square into 9-unit squares as given in the figure.
Out of the 10 points distributed in the big square, at least
one of the small squares must have at least two points by

the Pigeon hole principle. These two points being in a unit

square, are at the most V2. Units distance apart as V2. 1s

the length of the diagonal of the unit square.

The number of all the possible ways of putting 6 letters into 6 envelopes is 6!.

There is only one way of putting all the letters correctly into the corresponding envelopes.
Hence if there is a mistake, at least 2 letters will be in the wrong envelope.

Hence the required answer is 6! —1 =719.

This is a classic integer partition problem with positive integers. The number of integer solutions to
x1 +x2 +x3 +x4 =10 with xi 2 1is C(9, 3) = 84.

The number of 7-digit numbers with 1 in the left most place and containing each of the digits 1, 2,
3,4,5, 6,7 exactly once is 6! =720.

But 120 of these end in 5 and hence are divisible by 5. Thus, the number of 7-digit numbers with 1
in the left most place and containing each of the digits 1, 2, 3, 4, 5, 6, 7 exactly once but not
divisible by 5 is 720-120=600.
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Similarly, the number of 7-digits numbers with 2 and 3 in the left most place and containing each of
the digits 1, 2, 3, 4, 5, 6, 7 exactly once but not divisible by 5 is also 600 each.

These account for 1800 numbers.

Hence, 2000t" number must have 4 in the left most place.

Again the number of such 7-digit numbers beginning with 41, 42 and not divisible by 5 is
120 -24= 96 each and these account for 192 numbers. This shows that 2000 number in
the list must begin with 43.

The next 8 numbers in the list are 4312567, 4312576, 4312657, 4312756, 4315267,
4315276, 4315627 and 4315672.

Thus, 2000 number in the list is 4315672.

We observe that [ ] [E = 0,if andonlyif x € {1,2,3, ,98} and there are 98 such

numbers.

If we want [99] [E] = 1, then x should lie in the set {101, 102,...,197}, which accounts for 97

numbers.

In general, if we require [—] [ﬁ k, where k = 1, then x must be in the set

{101k,101k + 1, .......,99(k + 1) — 1} and there are 99 -2k such numbers.

Observes that this set is not empty only if 99(k + 1) — 1 > 101k and this requirement is met only
if k < 49.

Thus, the total number of positive integers x for which [99] = [ﬁ is given by

49

98 + 2(99 — 2k) = 2499

Since 20,b,c are in the harmonic progression, we have

1 1 2

207¢7 D
which reduces to bc + 20b — 40c = 0.
This may also be written in the form (40 — b)(c + 20) = 800
Thus, we must have 20 < b < 40 or equivalently, 0 < 40 — b < 20.

Let us consider the factorization of 800 in which one term is less than 20
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(40— b)(c+20)=800=1x%x800=2x%x400=4x%x200=5x%x160=38x 100
=10%x80=16 x50

We thus get the pairs

(b,c) = (39, 780) (38, 380), (36, 180), (35, 140),(32, 80), (30, 60), (24, 30).

Among these 7 pairs, we see that only 5 pairs (39, 780), (38, 380), (36, 180), (35, 140),

(30. 60) fulfill the condition of divisibility: b divides c. Thus, there are 5 triples satisfying

the requirement of the problem.

We divide the even 4-digit numbers having non-zero digits into 4 classes those endingin 2, 4, 6, 8.

(A) Suppose a 4-digit number ends in 2. Then the second right digit must be odd in order to be
divisible by 4. Thus the last 2 digits must be of the form 12, 32, 52, 72 or 92. If a number ends in 12,
52 or 92, then the previous digits must be even in order not to be divisible by 8 and we have 4
admissible even digits. Now the left most digit of such a 4-digit number can be any non-zero digit

and there are 9 such ways and we get 9 X 4 X 3 = 108 such numbers. If a number ends in 32 or
72, then the previous digit must be odd in order not to be divisible by 8 and we have 5 admissible
odd digits. Here again the left most digit of such a 4-digit number can be any non-zero digit and
there are 9 such ways, and we get 9 x 5 x 2= 90 such numbers.

Thus, the number of 4-digit numbers having non-zero digits, ending in 2, divisible by 4 but not by 8
is 108 + 90 = 198.

(B) If the number ends in 4, then the previous digit must be even for divisibility by 4.

Thus the last two digits must be of the form 24, 44, 54, 84. If we take numbers ending with 24 and

64, then the previous digit must be odd for non-divisibility by 8 and the left most digit can be any

non-zero digit. Here we get 9 X 5 X 2 = 90 such numbers. If the last two digits are of the form 44
and 84, then previous digit must be even for non-divisibility by 8. And the left most digit can take 9
possible values. We thus get 9 X 4 X 2 = 72 numbers.

Thus the admissible numbers ending in 4is 90 + 72 = 162.

| If a number ends with 6, then the last two digits must be of the form 16, 36, 56, 76, 96

For numbers ending with 16, 56, 76 the previous digit must be odd. For numbers ending with 36,
76, the previous digit must be even. Thus we get here (9 X5 X 3)+(9%x4x2)=135+72 =
207 numbers.

(D) If a number ends with 8, then the last two digits must be of the form 28, 48, 68, 88.

For numbers ending with 28, 68, the previous digit must be even. For numbers ending with 48, 88,
the previous digit must be odd. Thus we get(9 X 4 X 2) + (9 X 5 X 2) = 72 + 90 = 162 numbers.
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Thus the number of 4-digit numbers, having non-zero digits, and divisible by 4 but not by 8 is 198 +
162 + 207 + 162 = 729.

We have N=abcd

First place a can be filled in 2 ways(i.e.4,5)

For b and c total possibilitiesare 6 (3 < b < c < 6) (i.e.34,35,36,45,46,56)
Last place d can be filled in 2 ways i.e. 0,5

Hence,total numbers=2 X 6 X 2 = 24. So, M/3=8

Let, abcd be the odd number.

Therefore d can take values as 1 or 3

=> 2 posibility
a can take 3 values
b can take 2 values
c can take 1 value
Total values =2 X 3 X 2 X 1 = 12 numbers
1. a,=2a,_,+a,1

a,=1,a,=3

a; =2a;+a,=5

a, = 2a, +az =11

as =2az +a, =21

as =43,a, =85
g girls can be seated around a table in (g — 1)!
This positioning of g girls create g gaps for b boys to be seated.
B boys in those g gaps can be seated in C (g, b). b! ways.
Total number of arrangements = (g—1)! x C (g, b). b!
Let abcde be the required odd integers.

A can be chosen from 3, 4, 5, 6 and 7 and e can be chosen from 1, 3, 5, 7, 9. Note that 3, 5 and
7 can occupy both the positions a and e.

So, let us consider the case where one of 3, 5, 7 occupies the position a.
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Case 1: If a gets one of the values 3, 5, 7, then there are 3 choices for a, but then, e has just
four choices as repetition is not allowed. Thus, a and e can be chosen in this case in 3 x4 =12
ways.

The 3 positions b, ¢, d can be filled from among the remaining 8 digits in 8 x 7 x 6 ways. Total
number of ways in this case =12 x 8 x 7 x 6 = 4,032.

Case 2: If a takes the values 4 or 6, then there are two choices for a and there are five choices

for e.

There are again eight choices altogether for the digits b, ¢, d which could be donein8 x7 x 6
ways.

Therefore in this case, the total numbersare 2 x5 x 8 x 7 x 6 = 3,360.

Hence, total number of odd numbers between 30,000 to 80,000, without repetition of digits is
4,032 + 3,360 =7,392.

The vowels in ‘COMBINATORICS are O, |, A, O, | (i.e., A, I, 1, O, O). After arranging them
alphabetically as A, |, 1, O, O and choosing positions for vowels, the answer is (13 choose 5) x (5! /
(21x21)) x (8!), accounting for vowel positions, vowel arrangement, and consonant permutations.

Since we are using numbers from 1 to 25 once, the total sum is (25%26)/2 = 325. Each row must
sum to 65 (325 + 5). The number of such magic square-type arrangements is highly nontrivial and
requires enumeration techniques, typically handled via computational methods. Exact count not
known in closed form.

This is a constrained derangement problem.
First, total derangements D(10) = 10!/e = 1,334,961.

Then subtract arrangements where any two consecutive numbers appear next to each other. This is
very complex; approximate count is difficult without recursion or programmatic inclusion-exclusion.

Place 6 ones first; there are 7 gaps between them. Choose 4 gaps to place 2s so that no two are
adjacent. The number of such arrangements is C(7, 4) = 35.

7. Answer: This is a recurrence relation. Let f(n) be the number of such sequences. Then f(1) = 3,
f(2)=6,and f(n) = 2Xf(n—1) + 2Xf(n—2) forn = 3.
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INEQUALITY

A. Order in the real numbers

Property : Every real number x has one and only one of the following properties:
(i) x=0
(ii) x€eP(thatis, x>0),
(iii) -x € P (thatis, -x>0).
Property :If x, y € P, then x+y € P (in symbols x >0, y >0 = x+y > 0).
Property :Ifx, y € P, then xy € P (in symbols x>0, y >0 = xy > 0).
Ex 1.(i) If a < b and c is any number, thena +c< b + c.
(i) Ifa<band c >0, then ac < bc.
In fact, to prove (i) we seethata+ c<b+ce (b+c)—(a+c)>0b—a>
0ea<b
To prove (ii), we proceed as follows: a < b =>b-a > 0
and since ¢ >0, then (b — a)c > 0, therefore bc- ac > 0 andthen ac < bc.
Ex 2. Prove the following assertions.

(i) a<0b<0=
ab >0
(ii)a<0,b>0=
ab < 0
(iila < bbb < c=>a <c
(ivia < bc <d=>a+c<b+d
(Vya<b=>-b< —-a

(ma>0:§>0

(vii) a<0==<0.

(viii) a>Qb>O$%>O

(ix)0 <a<h0<c<d=ac<bd

x)a>1=a’>a
xj0<a<l=>da?’<a
Property:(i)a>0,b>0anda? <b?=>a<b.
(ii) If b > 0,2 > 1if and only if a > b
Q. N. 4. For any real numbers x, a and b, the following hold.
(i) Ix| =0, and is equal to zero only when x = 0.
(i) [|—x]=Ix|.
(iii) |x|? = x2.
(iv) lab| = |allb|

w |4 =2 pxo

bl ~ b’
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Property (Triangle inequality): The triangle inequality states that for any pair of real
numbers a and b,

la + b| < |a| + |b]
Moreover, the equality holds if and only if ab > 0.

Property 7. Let x, y, a, b be real numbers, prove that
(i) x| <be —-b<x<bh,

(i) |lal = Ibl| < la— bl

(i) x*+xy+y2=0,

(iv) x>0,y>0=>x?>—xy+y2>0.

B. The Quadratic Function ax? +2bx+c

One very useful inequality for the real numbers is x2 > 0, which is valid for any real
number. The use of this inequality leads to deducing many other inequalities. In particular,
we can use it to find the maximum or minimum of a Quadratic function ax?+ 2bx + c. These
Quadratic functions appear frequently in optimization problems or in inequalities.

One common question consists in proving that if a > 0, the Quadratic function ax? +2bx+c

. . - -b - . b?
will have its minimum at x = - and the minimum value is ¢ — - In fact, ax? + 2bx +c =

2 2 2 2
a(x2+22x+b—2)+c—b—=a(x+2) +c-2
a a a a a

. b2 . . . . .
Since (x + Z) > 0] and the minimum value of this expression, zero, is attained when x =

-b . . .. b?
—we conclude that the minimum value of the Quadratic function is ¢ — -

. . . . -b , .
If a<0, the Quadratic function ax?+2bx+c will have a maximum at x = — and its value at this

b2 b\? b2 b\?
pointis ¢ — - In fact, since ax? + 2bx + c = a (x + E) +c— ” and since a (x + ;) <

0 (because a < 0), the greatest value of this last expression is zero, thus the Quadratic
L b? . . -
function is always less than or equal to ¢ — - and assumes this value at the point x = —

Ex 3. If x, y are positive numbers with x + y = 2 a, then the product xy is maximal when
xX=y=a.

If x+y = 2a,then y = 2a- x.Hence, xy = x(2a — x) = —x% + 2ax =
—(x — a)? + a? has a maximum value when x =g, and theny = x = a.

This can be interpreted geometrically as “of all the rectangles with fixed perimeter,
the one with the greatest area is the square”. In fact, if x, y are the lengths of the sides of
the rectangle, the perimeter is 2(x + y) = 4a, and its area is xy, which is maximized when x =
y=a.

Ex 4. If x, y are positive numbers with xy = 1, the sum x+y is minimal when x =y = 1.
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2
fxy = 1,theny=i. It follows that x+y=x+§:(\/§_\/i;) +2,

1

(\/E — ﬁ)=0 and then x + y is minimal when =0, that is, when x = 1. Therefore, x =y = 1.

This can also be interpreted geometrically in the following way, “of all the rectangles with
area 1, the square has the smallest perimeter”. In fact, if x, y are the lengths of the sides of
the rectangle, its area is xy = 1 and its perimeteris 2(x + y) = 2 (x + %) =
Y
2{(Vx v +2}>4.
Moreover, the perimeter is 4 if and only if vx — \/% = =0, thatis, whenx=y=1.
Ex5.Ifa, b>0, then % + g > 2, and the equality holds if and only if a = b.

It is enough to consider the previous Ex 4 with x = %

C. A fundamental inequality

Arithmetic Mean-Geometric Mean

The first inequality that we consider, fundamental in optimization problemes, is the
inequality between the arithmetic mean and the geometric mean of two nonnegative

numbers a and b, which is expressed as
2 2 Vab (AM=GM).
Moreover, the equality holds if and only if a = b.
The numbers aZLb and Vab is known as the arithmetic mean and the geometric mean

of a and b, respectively. To prove the inequality, we only need to observe that

%b_\/a—=a+b—22\/ﬁ=%(\/a_\/g)220

And the equality holds if and only if Va = Vb, that is, when a = b.
D. (The AM-GM inequality)

ajt+az+--+an n
—— 2= {may - ay.

E. A Wonderful Inequality :

The rearrangement inequality consider two collections of real numbers in increasing order,

a1Sa2S"'San and b1Sb2SSbn
For any permutation (a3, a3, as,, -, a,) of (al,azl - an)., it happens that
a1b1 + azbz + b + anbn 2 aibl + alzbz + cee + a-;lbn 2 anb1 + an_lbz + cee + albn (1.4)

Ex 6. (IMO, 1964) Suppose that a, b, c are the lengths of the sides of a triangle. Prove that
a’(b+c—a)+b?(@a+c—b)+c?(a+b—c) < 3abc.
Since the expression is a symmetric function of a, b and ¢, we can assume, without
loss of generality, that b(a + c - b) < c(a + b -c).. In this case,a(b+c-a)<cla+ b -c).
For instance, the first inequality is proved in the following way: a(b + ¢ — a) <
b(a+c—b)<cla+b—-c)
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& ab +ac —a? < ab + bc — b?

s(a—b)c<(a+b)(a—-Db)

o(a—b)(a+b—c)=0.

By (1.3) of the rearrangement inequality, we have

a’(b+c—a)+b*(c+a—-b)+c*(a+b—c)
<ba(b+c—a)+cb(c+a—b)+ac(a+b—c)a’(b+c—a)
+b%(c+a—b)+c?*(a+b—c)
<ca(b+c—a)+ab(ct+a—-—b)+bc(a+b—c)
2[a’(b+c—a) +b*(c+a—b)+c*(a+b—c)] < 6abc
Therefore, [a?(b+ ¢ —a) + b?>(c+a—b) + c?(a+ b — ¢)] < 3abc]

Ex 7. (IMO, 1983) Let a, b and c be the lengths of the sides of a triangle.
Prove that a’b(a — b) + b?c(b — ¢) + c?a(c — a) = 0.
Consider the case c £ b < a (the other cases are similar).
As in the previous Q. N., we have that a(b+c-a) < b(a+c-b) < c(a+ b — ) and

. 1 _1 _1 . .
since — <-< — using Inequality (1.2) leads us to

1 1 1
Ea(b+c—a)+Eb(c+a—b)+zc(a+b—c)

1 1 1
Zza(b+c—a)+ab(c+a—b)+Ec(a+b—c)
Therefore,
b—a) b(c—b) cla—c
( )+ ( )+ (a—c)
a b
< 0. Multiplying by abc, we obtain

+a+b+c

a
a+b+c>

It follows that a(bc_a) 4 blezh) | C(ab_c)

a’b(a - b) + b%c(b - ¢) + c2a(c - a) > 0.

F. (Cauchy-Schwarz inequality ):

For real numbers x1, ..., Xn, V1, ..., ¥n, the following inequality holds:
Qe xy)? < QG xR v
The equality holds if and only if there exists some A € R with x; = Ayi forall i=1,2,...,n.

G. Nesbitt’s inequality: For a, b, c € R*, we have

a b c 3
—t—t—2>-
b+c c+a a+ 2

Ex 8. (IMO, 1995) Let a, b, c be positive real numbers with abc = 1
Prove that

1 1 1.3
a3(b+c)  b3(c+a) c3(a+b) — 2

Without loss of generality, we can assume thatc<b<a.letx==y= % and z = % thus
1 1

- a3(b+c) + b3(c + a)
1

c3(a+b)

S

+
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. 23 ~ 52 . 2 . 72
1. 171 171 1 y+z z+x x+y
Yy Z Z X X Yy

Since x<y <z, we can deducethatx+y<z+x<y+zand also that

—~ <X < _Z_ Using the rearrangement inequality (1.2), we show that
y+z — z+x T x+y

2 2 2
X z X, V4 zx
y S Xy Y

y+z  z+x  x+y  y+z z+x x+Y
2 2 2
X z Xz X Z
+ Y + = + 24 + 4
y+z z+x x+y y+z z+x x+Yy
which inturn leadsto 25 = x + y + z = 3%/xyz = 3. Therefore, S> ;
H.TchebysheV’s inequality : Leta1< a2< - <anand b1< b2 < -+ < by, then

a1b1+a2b2+~~~+anbn > aitaz+-+an b1+b2 +"'+bn
n - n n ’

I.Holder’s inequality
Let x1, X2, ..., Xn, V1, V2, ..., Yn be positive numbers and a, b > 0 such that % +% =1, then

1/b
Yy v < By xHYAER, v
J. Bernoulli’s inequality
(i) For any real number x > -1 and for every positive integer n, we have (1 +x)" >1+

nx
(ii) Use this inequality to provide another proof of the AM-GM inequality.

K. Schur’s inequality :

If x, y, z are positive real numbers and n is a positive integer, we have
x"x—y)x—2)+y"(y-2)(y-x)+z"(z-x)(z—-y) =0

For the case n = 1, the inequality can take one of the following forms:

(@) x*+y3+z23+3xyz=xy(x+y)+yz(y+2z)+ zx(z + x)

b) xyz=(x+y-2)(y+z—x)z+x—-y)

() x+y+z=1, 9xyz+1=4(xy+yz+zx)

L. Power mean inequality:

Let x1, X2, ..., Xn be positive real numbers and let t1, ty, ..., tn be positive real numbers adding

up to 1. Let r and s be two nonzero real numbers such that r > s. then (t;x] + -+ +

1 1
taxp)r = (tix7 + -+ tyxs)s with equality if and only if x1=x2= -+ = x,.

Ex 9. (IMO, 1995) Let a, b, c be positive real numbers such that a b c = 1. Prove that
1 1 1 3

a3(b+c)  b3(c+a) c3(a+b) — 2

1 1 1
1 1 1Tz B z
Observe that a3(b+c) t b3(c+a) = c3(a+b)  a(b+c) b(c+a) c(a+b)

1.1 1\2
(E+E+E) __ab+bc+ca > 33/(abc)? =3

= 2(ab+bctca) ~ 2(abc) — 2 2"
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M. The AM-GM inequality:
For real positive numbers y1, ya, ..., Yn,

yit+y, +-+y n
- 2>y,

Note that the AM-GM inequality is equivalent to Zl 1 X" = X1X X, Where x; =

N. Popoviciu’s inequality: If / is an interval and f : | = R is a convex function, then for g, b, ¢

€ I the following inequality holds:

[f (a+b) (b+c) ( )] f(a)+fgb)+f(c) + f (a+:+c) '

Property : For any positive number x, we have x + - = 2

Observe that x + % = (\/f - \/%) + 2 = 2. Moreover, the equality holds if and only

if VX — — = 0, that is, when x = 1.
Vx

Ex 10.If x > 0,prove that x +i2 2.

Sol: By AM — GM inequality x +§2 2 /x ><§= 2.

Ex 11. Prove that for real numbers a, b: a? + b%? > 2ab.
Sol:a* + b?> — 2ab = (a- b)?

Ex 12. If a, b, c are positive reals such that abc = 1,prove thata + b + ¢ = ab +
bc + ca.
Sol: Use symmetry and standard inequality techniques like AM
— GM and substitution

Ex13.Ifa + b + ¢ = 1anda,b,c > O,provethatt—ll+%+%2

a+ b+ c 3

T

Sol: By AM — HM inequality:

1
G+5+e

1+119
a b ¢ 7

Ex14.1f x,y,z > 0,prove that x*> + y*> + z> > xy + yz + zx.

Sol:x?2+ y24+ 22— xy —yz — zx = %[(x — y)?*+ (y — 22+ (z — x)?]= 0
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Ex 15. If a, b ,c are positive integers and % + % + 2 = 3, then find the value of
a® + b3 + 3.
Sol : Using AM> GM , we get
ab ¢ b
Sbea>1524245>3
3 b c a
Given, E+2+5= 3 occurs when 2 b_c¢
b c a b c a
Hence a=b=c= k=1
Therefore, least value of a® + b3 + ¢3 is 3.

X 1 — 1
@y+1) - x+1)  @y+1
Find the value of x + 2y.

Ex16. It is given that

Sol: Adding (i) and (ii):
x+1) @y+1)
Qy + 1)+ x+1)
Using AM = GM:
x+1) +(2y + 1)
Cy+D "+ DI x+1) @Qy+1)
2 - Ry +1) (+1) —
x+1) @y+1
Cy+1 (x+1
From equation (ii):
y+1 1
GrD @rD
Substitute x = 2y:
(y+1)+ 1 =1=>(y+2)=
Ry +1) @y +1) 2y + 1)

=1=>x+1=2y+1=>x =2y

2b 1 1 1

. . a _ .
Ex 17. Given: It is given that 2b+1+3c+1+ = a+1+2b+1+36+1— 2, Find

Sol:
a N 2b N 3c B
2b+1 3c+1 a+1

1 1 1 ..
= 2ueeennnn(ii)
a+1 2b+1 3c+1

Adding the given two equations, we get:
3c+1 a+1 2b+1

a+1+2b+1+36+1_
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Using AM = GM inequality:
3c+1+a+1+2b+1]
a +1'2p +1 3¢l 3¢+t a+l 2b+1

3 - a+1 2b+1 3c+ 1"

= Equality holds, so:
3c+1 a+1 2b+1

a+1 2b+1 3c+1

From above:
3c+1=a+1=2b+1

From equation (ii):
LS SR S
a+1 2b+1 3c+1

Solving for a, b, c:

+1—3=>
a =5;=a

Final Value:

Ex 18. Solve: 2x?+x-120

Sol: Step 1: Factor the Quadratic expression
2x*+x-120.> (2x-1)(x+1)=0

Casel: (2x-1)>20and (x+1)20
=>x>1/2andx>-1
S Xx2% 2 XE[1/2, )

Casell: (2x-1)<0and (x+1)<0
=>x<1/2andx<-1
> X<-1= X € (-0, -1]

So the final solutionis, x € (-eo, -1] U [1/2, o=).

Ex 19. Solve |x? - 4x + 3|<2.
Sol: [x?2-4x+3|<2=>-2<x?>-4x+3<2
(Compound Quadratic Inequality )
Case-l: -2<x*-4x+3
=>x2-4x+5>0
= (x-2)2+1>0
=>x€ER
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Case-ll: x?-4x+3<2

=>x*-4x+1<0

=S xE(2-V3,2+V3)
So, solutionis x € (2-V3, 2 +V3).
Ex 20: Solve |x*-9]| + |x*- 16| <47
Sol: This expression changes sign at x = 3, 4
Breaking the number line into intervals, we get:
(-o°, -4), [-4,-3), [-3, 3), [3, 4), [4, =)
Case-l: x<-4

[x2-9] + |x*-16] <47

= (x2-9) + (x2-16) < 47

= 2x2-25<47 = 2x*< 72

=>x2<36 =>xE€E(-6,6)
Since x< -4 = x € (-6, -4)
Case-ll: -4 <x< -3

(x*-9) + (16 - x?) = 7 < 47 which is always true.

=X € [-4, -3)
Case-lll: 3<x<3
-(x2-9)-(x*>-16) = 25 - 2x2 < 47
= -2x*< 22 = x*>-11, which is always true
=X € [-3, 3)
Case-IV:3<x<4
(x2-9)+(16-x2) = 7 < 47 which is Always true
= X € [3, 4)
Case-V:x 24
[x2-9| + |x*>-16| <47
= (x2-9)+(x2-16) < 47
= 2x*-25<47 = 2x*< 72
= x2<36 =>x € (-6, 6).Since x> 4
= X €[4, 6)
From all cases we get solutions are:
X € (-6,-4),x€[-4,-3),x€[-3,3),xE[3,4),xE[4,6)
Hence the solution is x € (-6,6).

n+1

n
Ex 21. Prove that n! < (T) , forn=2
Sol: Using A.M > G.M (Arithmetic Mean > Geometric Mean):

1 1
it D 2D M = (123 .= (n)n

AM =

n+1 " n+1)

-
) n=mn >
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Ex 22. Let,y = ,x # 0. Find the maximum and minimum value of y.

(x +%+ 5)
1

Sol: Given,y = m

1
Using A M = G.M: x +;2 2,forx >0
= Minimum value of x +;+ S5is2+5=7

1 1
= Maximum value ofyis; Whenx < 0,then —x,—;> 0

1 1
Againusing A M = G.M:—x —;2 2 > x +;S -2

.. . 1 1
= Minimum value o IS = -
f y (-2+5) 3

Ex 23. For any positive x and y, find the minimum value of

(ol o

Sol: Given x and y are positive Using A.M = G.M we get,

CEERY) ere

2

ey o]

Adding 2 on both sides:
2

1 1\2
[(x +3) + (v +§) ]
= > 4
2
1\2 1\2
:><x+—) +(y+—) = 8
X y
Hence, the minimum value of the expression is 8.
Ex 24.1f a,b,and c are positive real numbers such thata + b + ¢ =

3, find the minimum value of the expression:S = % + % + %

Sol:

Given: a,b,and c are positive real numbers,and a + b + ¢ = 3
Using the inequality A M > H.M,we get:
a+b+c - 3 - 3
CR PO L= e
a b c a b c
Hence, the minimum value of the expression S is 3.
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Ex 25.If x,y,and z are positive such that: x*> + y?> + z? = 12&x + y + z =
6 .Then find the value of x> + y3 + z3.

Sol:

Usingp = 2 and q = 1 in the power mean inequality for x,y,and z, we get:

((x2+ y? + zz)>%> <(x + vy +z)>

3 3

(x + y + 2)?
3

= x24+ y2+ 22 >

(6)®

=> x4+ y* + ZZZT:x2+y2+ z* > 12

But given,x* + y? + z? = 12
Hence,power mean equality holds = x =y = z = 2.

Ex 26. Find the minimum value of V(a% + b?) where 3a + 4b = 15.
Sol: Using Cauchy-Schwarz inequality

13a + 4b| < a2 + b2 x /32 + 425 15 < 5/a2 + b2

= 3 < +Ja?+ b2= a%+ b*=>9

Hence, minimum value = 3.
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QUESTIONS

Q. N. 1. For real numbers a, b, c, prove that
lal + |b]| + |c| —|la+b]|—|b+c|—|c+al+|a+b+c|=0.

Q. N. 2. Let g, b be real numbers such that 0 < a < b < 1. Prove that
b—a
)0 < <1
@ 1—ab
.. a b
(iiyo < o + Tia <1
(i) 0 < ab? — ba® <+

Q. N. 3. Prove that ififn, — m are positive integers,

m+ 2n

m
— 21 f V2
n<\/_lfandonlylf\/_<m+n

Q.N.4.Ifa 2b,x 2y =2ax + by =2ay + bx.

x2 y2
Q. N.5. Ifx,y>0,then\/;+\];2\/§+ﬁ.

Q.N.6.If a,b,c > 0Oanda + b + ¢ = 1,prove that ab + bc + ca <§.

Q. N. 7. (IMO, 1960) For which real values of x the following inequality holds:
4x?

(1-Vitzx)’

Q. N. 8. Prove that for any positive integer n, the fractional part of V4n? + n < %.

<2x+9

Q. N. 9. (Short list IMO, 1996) Let a, b, ¢ be positive real numbers such that abc = 1. Prove
that

a5+Zl;+ab + b5+lc)§+bc + c5+(c1(:+ca =
Q. N.10.If a,b,c are positive reals such that abc = 1,prove thata + b +
c = ab + bc + ca.
Q. N. 11. Suppose the polynomial ax?+ bx + ¢ satisfies the following:a > 0,a + b + ¢ =
0,a—b+c=>0, a—c=>0, b>—4ac > 0. Prove that the roots are real and that they
belong to the interval =1 <x < 1.

Q. N. 12.If a, b, c are positive numbers, prove that it is not possible for the
inequalities a(1 — b) > %, b(1—-c¢)> % ,c(l—a)> ito hold at the same time.
Q. N.13. For x>0, prove that 1 + x > 2+/x.
Q. N. 14. For x > 0, prove that x +% > 2.
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. 15. For x, y € R*, prove that x2 + y2 > 2xy.
. 16. For x, y € R*, prove that 2(x2 + yz) > (x +y)2.

.17. For x, y € R*, prove that —+ > —
x+y

.18. For a, b, x € R, prove that ax + ; > 2+ ab.

.19.Ifa,b>0,then2+2>2

AV
.20.If0< b < q, then L(a=b)® _Lb—\/absl(a b).
8 a 2 8 b
.21.Forx,y,z€R, (x + y)(y + 2)(z + x) = 8xyz.

.22.Forx,y,z€R, x? +y? + z2 > xy + yz + zx.
.23.Forx,y,z€R", xy +yz + zx = x\/yzZ + yVzx + z,/xY.

. 24. For x, yER x2+y2+12xy+x+y.
1 1 1
. 25. FOI‘—+ +— \/__+E+\/__X'

. 26. For—+ Z+ = >x+y+z

.27.For x2 +y2 + 722 > x\/y% + 22 + yVxZ + 72,
.28.Forx,y €ER, x* + y* + 8 > 8xy
29.For (a+b+c+d)(z+2+2+2)216
e a b ¢ adJ—
30.For2+ 2454254
b c d a
. 31. Find the maximum value of x(1 - x3) for 0 < x< 1.
.32. Let x;>0,i=1,...,n. Prove that
[( +x, + 0 4 )(1+1+ +1)> 2]
x x cee x — — see — = n
1 2 n X1 X, Xy
. 33.If {a4,...,an} is a permutation of {b,...,bn} C R*, then
e S >]
— —>n
by b, by

and[ + L +">n
1

an

Q. N.34.1fa>1, then [a” —1>n (anTH - anTl)]

Q.N.35.Ifag,b,c>0and [(1 4+ a)(1+b)(1+c¢c) =8],then abc < 1.
3 3 3
Q. N. 36. Ifa,b,c>0,then%+b?+% = ab + bc + ca.
Q. N. 37. For non-negative real numbers a, b, ¢, prove that a®?b? + b%c? + c%?a? >

abc(a+ b + c).

Q.N.38.1fa, b, c >0, then (a?b + b%c + c?a)(ab? + bc? + ca?) = 9a?b?c?.

Q. N. 39.If a, b, c > 0 satisfy that abc = 1, prove that 1+ab + Ltbe 4 rac = 3.

1+b 1+c
Q.N.40.Ifa, b, c >0, prove that
l+l+122(L+L+L)Z 2
a b c

a+b b+c c+a a+b+c

1
Q. N.41.IfH, = 1+§+ ---+%, prove that n(n + 1)» <n + H,, forn > 2.
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Q. N. 42. Let x3, X2, ..., Xn> 0 such tha = 1. Prove that x1x5 -+ xp,

1+xp
(n—1)™.

Q. N. 43. (Short list IMO, 1998) Let a3, a2, ..., a, be positive numbers witha; +a, + -+ +
aa;ap[1—(a;+az+--+ap)] 1
(a1 +az+-+ap)(1-a;)(1-az)(1-ay) — nt+t’

a, <1, prove that

Q. N.44. Letay, a, ..., an

\/a_1+---+,/an = (Tl—l)(ﬁ'f‘”‘*'\/?n).
Q. N. 45. (APMO, 1991) Let a1, a2, ..., an, b1, by, ..., by be positive numbers with a; + a, +
~++a, = by + b, + -+ b,. Prove that

it i ~(ay + -+ ap).
e - a a
a1+b1 an+bn 1 n
1 1 1

.46. Let g, b, c be positive numbers, prove that <
re P P a3+b3+abc = b3+c3+abc = c3+a3+abc

.47. Let g, b, c be positive numbers witha + b + ¢ 1, prove that

C+1)(G+1)(E+1) 264

Q. N. 48. Let g, b, c be positive numbers witha + b + ¢ = 1, prove that

G-)G-)E-1=e
Q. N. 49. (Czech and Slovak Republics, 2005) Let a, b, ¢ be positive numbers that satisfy
abc = 1, provethat
a b c > 3
(a+1)(b+1)  (b+1)(c+1) (c+1)(a+1) — 4

Q. N. 50. Let a, b, c be positive numbers for which L + L + f =1

1+a 1+b
Provethata b c > 8.

Q. N. 51. Let g, b, c be positive numbers, prove that
2ab 2bc 2ca
+ + <a+b+c
a+b b+c c+a
Q. N. 52. Let a4, ay, ..., an, b1, by, ..., by be positive numbers, prove that

?11 l(al+b)2>4n

Q. N. 53. (Ru55|a, 1991) For all non-negative real numbers x, y, z, prove that

(x+y+z)2>x\/_+y\/5+z\/—

Q. N. 54. (Russia, 1992) For all positive real numbers x, y, z, prove that

x* + y* + 22 > V/8xyz
Q. N. 55. (Russia, 1992) For any real numbers x, y > 1, prove that

2 2
X
+—=2_>38
y—1 x-1
Q. N. 56. Any three positive real numbers a, b and c satisfy the following inequality :

a® 4+ b3 +c3>a®b+b%c+ c?a
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Q. N. 57. Any three positive real numbers a, b and ¢, with a b c = 1, satisfy
a3+ b3 + c3 + (ab)? + (bc)® + (ca)® = 2(a?b + b%c + c?a).

Q. N. 58. Any three positive real numbers a, b and c satisfy
2 2
e+ Z 4522ty
a
Q. N. 59. Any three p05|t|ve real numbers a, b and c satisfy
a+b+c
abc *
Q. N. 60. If a, b and c are the lengths of the sides of a triangle, prove that
a b c > 3
b+c—a c+a-b a+b-c

az

Q.N.61.Ifa1, @z, ...,an € R*and s = a; + a, + -+ + a,, then S“; + =t
- —u2

1

-4

an_ o n
s—an, ~ n-1

Q.N.62.1fay, az,...,an€ER*and s =a; +a, + -+ a,, then

s s S n?

+ 4+t >
s—a; S—a, s—a, n-—1
Q. N. 63. If a3, Gz, ey Gn € R"and a, +a; +--+a, =1then

aq n

2—-aq 2—a2 - 2n 1
Q. N. 64. (Quadratic mean—arithmetic mean inequality ) Let x1, ..., Xn €

R*, then

x24x2++x2 S XitXp+txp
n - n ’

Q. N. 65. For positive real numbers a, b, csuchthat a + b + ¢ = 1, prove that

ab + bc + ca < %
Q. N. 66. (Harmonic, geometric and arithmetic mean) Let xj, ...,

n n x1+x2+-~~+xn
EEES < UX1Xp X, < —

—t—tt
X1 X2 Xn

And the equalities hold if and only if x1=x2~ -+ = xs.
Q. N.67. Letay, ay, ..., anbe positive numbers with a;a,---a, = 1. Prove that

Xn € R*, prove that

a11+a21+ +al Tl +a+ +—
a

2 an

Q. N. 68. (China, 1989) Let a1, a, ..., an be positive numbers such that a; +a, + -+ a, =
1. Prove that

a1 an 1
=ttt s (Vai + -+ Jay,).
Q. N. 69. Let a, b and ¢ be positive numbers suchthat a + b + ¢ = 1. Prove that

iNda+1+V4b+1++V4c+1<5,

ii.vV4a + 1 ++V4b + 1 +V4c + 1 <+21.
Q.N.70.Leta,b,c,deR*with ab + bc + cd + da = 1, prove that
a3 b3 c3 d3
b+c+d a+c+d a+b+d a+b+c —
Q. N. 71. Let a, b, c be positive numbers with a b ¢ 1, prove that
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a b c
—+—+—>a+b+c
b ¢ a

Q. N. 72. Show that 1993 > 13 without using tables/calculation. .(10QM 2019-20)
Q. N.73.(i)) Fora, b € R*, with a + b = 1, prove that

(a+%)2+(b+%)22275.

(ii) Fora, b,c €R*, with a + b + ¢ = 1, prove that

(a+§)2+(b+%)2+(c+%)22%.

Q.N.74.For0<a, b, c<1, prove that
a

b+c+1+c+a+1+a+b+1

+(1-a)(1-b)(1-c)<1

Q. N. 75. Let a, b be positive integers satisfying a® — b3 — ab = 25. Find the largest possible
value of a? + b3.(l0QM 2022-23)

Q. N. 76. Prove that the function f(x) = sinx is concave in the interval [0, r].

Use this to verify that the angles A,B,C of a triangle satisfy sinA +sinB+sinC <3 \/2_5

Q. N.77.If A, B, C, D are angles belonging to the interval [0,7t], then
(i) sinA sin B sin? (A%B) and the equality holds if and only if A = B,
)%,

A+B+C+D

4
A+B+C

)P,
Moreover, if A, B,C are the internal angles of a triangle, then
(iv) sinAsinBsinC < 2\/5,

(ii) sinAsinBsinCsin D < (sin(

(iii) sinAsinBsinC < (sin(

(v) singsingsing < %,
(vi) sinA + sinB +sinC = 4cos§cos§cosg.
Q. N. 78. (Canada, 1992) For any three non-negative real numbers x, y and z we have
X(x=2+yly-20°2 (x-2)(y - 2)(x +y - 2).
Q. N. 79.If a, b, c are positive real numbers, prove that
a b c 9
b+o? C+al  @+b2>2@tb+0

Q. N. 80. Let a, b and c be positive real numbers, prove that
14— >
ab+bc+ca a+b+c
Moreover, if abc = 1, prove that
L
a+b+c ab+bc+ca
Q. N. 81. (Kazakhstan, 2008) Let x, y, z be positive real numbers such that xyz = 1. Prove

1 1 1 3
that + ==
yz+z = zx+x = xy+y 2

Q. N. 82. Let q, b, c be positive real numbers. Prove that
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a b c
> L TR T
) - 4-(b+c + c+a + a+b) ’

Q. N. 83. For real numbers x, y, z, prove that
x2+y%+2z% = |xy + yz + zx|
Q. N. 84. For positive real numbers a, b, ¢, prove that
a?+b?+c?
abc
. 85. If x, y, z are real numbers such that x <y < z, prove that

x—=y)32+@-22+EZ—-x)2>0
. 86. Let g, b, c be the side lengths of a triangle. Prove that

3 la3+b3+c3+3abc
/f >a,b,c.

. 87. (Romania, 2007) For non-negative real numbers x, y, z, prove that
O > xyz + 2=y - Dz = 1)),
Q. N. 88. (UK, 2008) Find the minimum of x? + y? + 72, where x, y, z are real numbers such
that x> +y3+2z3—3xyz=1
Q. N. 89. (South Africa, 1995) For a, b, ¢, d positive real numbers, prove that
1.1 4 16 64
PR
Q. N. 90. Let a and b be positive real numbers. Prove that
8(a* +b*) = (a+ b)*
Q. N. 91. Let x, y, z be positive real numbers. Prove that
I I N
x+y y+z @ z+x x+y+z

Q. N.92. Let g, b, x, y, z be positive real numbers. Prove that
X y z 3

1 1 1
R
a b c

ay+bz = az+bx  ax+by — a+b’
Q. N. 93. Let a, b, c be positive real numbers. Prove that
a’?+b? b% +c? c?+a?
+ +
a+b b+c c+a

Q. N. 94. (i) Let x, y, z be positive real numbers. Prove that
x y z

>a+b+c

x+2y+3z  y+2z+3x  z+2x+3y 2

(ii) (Moldova, 2007) Let w, x, y, z be positive real numbers. Prove that
w x y z 2

x+2y+3z  y+2z+3w  z+2w4+3x  w4+2x+3y 3
2

. . X
Q. N. 95. (Croatia, 2004) Let x, y, z be positive real numbers. Prove that oY

y2 ZZ E
+2)(y+x)  (z+x)(z+y) — 4
Q. N. 96. For g, b, c, d positive real numbers, prove that
a b c d

—_ 3 — >

b+c T c+d T d+a T a+b — 2.
Q. N.97. Leta, b, c, d, e be positive real numbers. Prove that

e b ¢ a + - > E.
b+c c+d d+e e+a a+b 2
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Q. N. 98. (i) Prove that, for all positive real numbers a, b, ¢, x,y, zwitha>2b>candz>y > x,

the following inequality holds:

3 3 3 3
Ll sy g
x y z 3(x+y+z)
(i) (Belarus, 2000) Prove that, for all positive real numbers g, b, ¢, x, y, z, the following
inequality holds:
a®> b3 3 - (a+b+c)d
x vy z 3x+y+z)
Q. N. 99. Prove that any three positive real numbers a, b and c satisfy
a® + b% + ¢® = a3bc + b3ca + c3ab.
Q. N. 100. Let x, y, z be positive real numbers. Prove that
x3 y3 Z3
+ + =>1
x34+2y3  y342z3 234 2x3

SOLUTIONS

Solution 1. If a, b or c is zero, the equality follows. Then, we can assume |a| 2 |b| = |c| >0.
Dividing by |a|, the inequality is equivalent to
b c b b ¢ b ¢
1+F—+FL—1+—+¢—+—%¢1+—++20.
a a a a a a a

Since|2| <1 and ‘<1
a a

— )

Wecandeducethat|1+2| =1+2 and |1+£ =1+=
a a a a
o o b c b ¢ b ¢ b ¢
Thus, it is suf ficient to prove: |—| + |—| - |— +—| — (1 + - +—) + |1 +—-+ —| = 0.
a a a a a a a a

Solution 2. (i) Use that 0 < b <1 and 1 + a >0 in order to see that
b—-a

0Sb(1+a)Sl+a:0<b—a§1—ab=>0£1_ab31.

(ii)  The inequality on the left-hand side is clear. Since 1 + a < 1 + b, it follows that ﬁ <
;, and then prove that

1+ab
a N b < a N b _a+b<1
14b 14+a 14a 14+4a 14a”

(iii)  For the inequality on the left-hand side, use that ab®- ba?= ab(b - a) is the product of
non-negative real numbers. For the inequality on the right-hand side, note that b< 1 = b?<
b = -b < -b?, and then

ab®-ba’<ab?*-b’a*=b?(a-0?) <a-a’>=1/4 — (1/2 — a)? < 1/4.
Solution 3. Prove in general that x<v2 = 1 + 1-1+_x >A2.

Solution 4. ax+ by 2 ay + bxe (a - b)(x-y) 2 0.

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




Solution 5. We can assume that x 2 y. Then, use the previous Q. N.4 substituting with and
) z 1 L
x2, 4/ ,ﬁand =
Solution 6.
(@+b+c)? 17

1
(ab + bc + ca) < 3 3 =3

Solution 7. In order for the expressions in the inequality to be well defined, it is necessary
that x> — % and x# 0. Multiply the numerator and the denominator by (1 +v2x + 1)2.

Perform some simplifications and show that v2x + 1 <7; then solve for x.
Solution 8. Since 4n%<4n*+ n <4n’+ 4n + 1, we can deduce that 2n <v4n? + n < 2n + 1.
Hence, its integer part is 2n and then we have to prove thatv4n? + n < 2n + %

, this follows immediately after squaring both sides of the
inequality.

Solution 9. Since (a3 - b3)(a?- b?) > 0, we have that a®+ b> > a?b?(a + b), then

ab ab abc?

< = = :
aS+b5+ab — a?bZ(a+b)+ab a2bZc?(a+b)+abc? a+b+c

.. bc a ac b
Similarly, < and < .
¢5+b5+bc ~ a+b+c c5+a5+bc a+b+c
ab bc bc c a b a+b+c
Hence, +, 4 < f t = =
aS5+b5+ab ’ c3+b5+bc c5+b5+bc a+b+c a+b+c at+b+c atb+c

c

Solution 10. Use symmetry and standard inequality techniques like AM —
GM and substitution.
Solution 11. Consider p(x) = ax? + bx + c, using the hypothesis, p(1) =a + b + c and

. . - . . b
p(—1) = a — b + c are not negative. Since a >0, the minimum value of p is attained at ~ o

. . 4ac-b? b
and its value is aza < 0.If xq,x, are the roots of p, we can deduce that - =-(x1 + x3)

c
and ~=X1X, Therefore

atbe =(1-x1)(1—x3), a_2+c =(1 +x41)(1 + x,) and % =1- x1x,.

Observe that, (1 -x;)(1—x5) =0, (1 +x7)(1 +x,) =0and 1 - x;x, = 0implythat —1 <
xX,%, <1

Solution 12. If the inequalities are true, then a, b and c are less than 1. On the other hand,
since x(1 —x) Si for0<x<1

Solution 13. Use the AM-GM inequality witha =1, b = x.

Solution 14. Use the AM-GM inequality with a = x,b = oy

Solution 15. Use the AM-GM inequality with a = x%, b = y2.

Solution 16. In the previous Q. N. add x?+ y? to both sides.

Solution 17. Use the AM-GM inequality with a=% , b= a=x;—y and also use the AM-GM

inequality for x and y.
Solution 18. Use the AM-GM inequality with ax and b/x.
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Solution 19.
Solution 20.

Solution 21. — —

Solution 22.
Solution 23.
Solution 24.

Solution 25.

Solution 26.

Solution 27.

Solution 28.

Solution 29.

Solution 30.

Solution 31.

Use the AM-GM inequality with a/b and b/a
simplify and find the bounds using 0 < b <a.

2
ab = (\/E_\/B) andx +y = 2.[xy.

a+b
2
X2+ y? > 2xy.

xy+ zx = 2x,/yz.
See Solution 22.

>_
Use + 75

yz _
+ =2 ’ = —Zy.
2
WZW—WHZ-

xt+yt+8=x*+y*+4+4 > [x?y*16=8x

4 1
abcd’

(a+b+c+d)> 4Vabcd, (l TR l) =4
a b ¢ d

a b c d 4labcd
4232400 > ’____
(b+c+d+a)_4 bc da4

The idea of the proof is to exchange the product for another one in such a way

that the sum of the elements involved in the new product is constant. If y = x(1 — x3), it is
clear that the right side of 3y3 = 3x3(1 — x3)(1 — x3)(1 — x3) , expressed as the product
of four numbers 3x3, (1-x3), (1-x3) and (1-x3), has a constant sum equal to 3. The AM-GM

inequality for four numbers tells us that 3y3 <

Thusy <

%.

Solution 32.

Solution 33.

Solution 34.

a*~l>n (a 2

Solution 35.

Solution 36.

\/_

3 AN
() = ()

Moreover, the maximum value is reached using 3x3 = 1 — x3, that is, ifx =

X1+ X + +x, =0l x1.x;5 xn,( + - +—)>n/

Xn

a
2—n.

aq an n[aq
— e —_—) >
(b1 teet bn) =n by

n-1

n+1

)@ @-1) (@ 1+ +1) >ndz (a-1)

n-1

cegh— nl nn-1)
1+a+--a™ 1>. ’aT:aT
n
1=(=7) (59 (59).2 Vavbve=Vabe

Using the AM-GM inequality , we obtain

3 3 3 3
a—+b—+bc > 33/a—.b—bc =3ab.
b [ b ¢
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S|m|IarIy,—+ +ca>3 /— —.ca 3bcand—+ +ab>
3[c3 a3
3 ’— —.ab =3ac.

a b

a® b3 3
2(—~+—+—)+(ab + bc+ ca) 2 3(ab + bc + ca).

Solution 37. If abc = 0, the result is clear. If abc>0, then we have
(ab)/c + (bc)/a + (ca)/b

- Qe G+i)ve G+ e G2

1
> <E> (2a + 2b + 20),

Therefore,

and the result is evident.
Solution 38. Apply the AM-GM inequality twice over, a®b + b%c + c*a > 3abc, ab?+ bc? + ca® >
3abc.

Solution 39.

14+ ab abc + ab
= =ab(

1+4a 1+4+a 1+a>

1+ab+1+bc+1+ca
1+ a 1+ b 1+c

b (1+C)+b (1+a>+ (1+b>
= % * £
R Iy e U AL R

> 3 /(abc)? = 3.

Solution 40. (— + E + —)(a +b+c) =9

is equivalent to

(m m+—)(a+b+b+c+c+a)>9

4

which follows from Q. N. 32. For the other inequality use - +% = Py

Solution 41. Note that

1 1 1
n+Hn 1+2+§+"'+(1+H)
n n '
Evaluate the expression.
Now, apply the AM-GM inequality .

Solution 42. Setting y; = ,then x = — — 1. Observe that y; + y,+ys+..+y,=1

i
1

implies that 1-y;=Y; ¥ then X2y, = (n = D( Il 2py;)" " and
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H (Z{] #i} y])}
[T yi

1
{I1; (T 25 }’j)n_l}

ULy}
(n — D"

Solution 43. Define an+1= 1-(a1++ay) and xi = % fori=11,23,..,n+ 1Apply Solution
Q. N. 42 directly.
Solution 44. 7" ;

1 n aj

(1+ay) =1= =11+ a) =n-1

Observe that
n n

Xf—@l—lZ 11+al)zf Z(1+al)z\/—

=]_ i=

— 2
n (a; - a)) n (( ai\/aj_ 1)(\/Ei_ \/Ej) (\/EH— \/E])>
1 =1 '
i= ((1 + a,)\/_) t ((1 +a)(1+a) aiﬁ)

1 _ (2+ai+a,-)

Since1 > Qra) + A+a) (1+a+a+aa)

, we can deduce that agig;> 1. Hence the terms of the last sum are positive.

2
Solution 45. Let S, = Y1~ a-:- ~ ands, =

_\n (a. b) n _
Sa-Sb=j=1 @t b, =1ai-Xi=1bi=0,

thus S;= Sp=S. Hence, we have

25 — = (ai® + bi%) > (1) c (a; + by)? _ ia_
a + bi —\2 a; + bi !

i=1 i=1 i=
where the inequality follows after using Solution of Q. N. 16.
Solution 46. Since the inequality is homogeneous'® we can assume that abc= 1. Setting x =
a3,y =b3and z = ¢, the inequality is equivalent to

1 1
<1
(x+y+1)+(y+z+1)+(z+x+1)_

letA=x+y+1,B=y+z+1and C=z+x+ 1, then
%+ %+ %slﬁ(A—1)(B—1)(C—1)—(A+B+C)+120
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S x+y)ly+2)(z+x)-2(x+y+2)=2

S (x+y+2)(xy+ yz+ zx- 2) 2 3.
+y+z xXy+yz+zx 3 1 1
>3 RARLARL Y 2 ___ - > S
Now, use that, 3 XYz, 3 - (xyz) " a3+b3+abc — abc(a+b+c)
1

3
Solution 47. Note that abc < (%b”) =

<1+1)<1+1>(1+1> 1+1+1+1+1+1+ —+
a b c - b ab bc
3 3 1

> 1+ + +
Yabc e{/(abc)z abc

1 3

= {1+ —) > 43,

( Vabc

Solution 48. The inequality is equivalent to (ﬂ) ( C+a) (#) >8.

Now, we use the AM-GM inequality for each term of the product and the inequality follows

immediately.

a + b . c
(a+1)(b+1) (Bb+1)(c+1) (c+1)(a+1)
_ (a+1)(b+1)(c+1)-2 _1_ 2 > 3

(a+1)(b+1)(c+1) (a+1)(b+1)(c+1) — 4

Solution 49. Notice that.

if and only if (a+1)(b+1)(c+1) 2 8, and this last inequality follows immediately from the

inequality (—) ( b+1) (C:—l) > vavbvc=1
Solution 50. Observe that this Solution is similar to Q. N. 48.
Solution 51. Apply the inequality between the arithmetic mean and the harmonic mean to
get
(2ab) B (a + b)

(a+b)_(_+5_ 2
a

We can conclude that equality holds whena=b =c.

Solution 52. First use the fact that (a + b)? > 4ab, and then consider that

1 1
n n
ic1— =4 =
=1 aibi =1 (ai + bi)Z

Now, use Q. N. 32 to prove that
n n
Z(a- + by)? Z—l > n?
. 1 Yo Li(a + b)? T
i=1 i=1

Solution 53. Using the AM-GM inequality leads to xy + yz > 2y+xz. Adding similar
results we get 2(xy + yz + zx) = Z(x NYZ+ yWzx + z 1/xy). Once again, using AM-

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




GM inequality, we get x2 + x2 + y% + z2 > 4x \[yz .Adding similar results once more, we
obtain x>+ y2+ 22 >x \[yz + y \zx + z | [xy.

Now adding both results, we reach the conclusion w >X.JyzZ+y Vzx +z \/x_y .
Solution 54. Using the AM-GM inequality takes us to x*+y*> 2x?y?

Applying AM-GM inequality once again shows that 2x%y+z?> \/§xyx. .
Or, directly we have that

2 2 444—
x4+y4+27+z7244x = = /Bxyx..

Solution 55. Use the AM-GM inequality to obtain
x* y xy

+ > >
A o O

The last inequality follows from—— =2, since (x — 2)?> 0.

\/_
Second solution. Let a =x -1 and b =y - 1, which are positive numbers, then the inequality

. . 1)? b+1)?
we need to prove is equivalent to (a; ) + ( J; ) =>8.

Now, by the AM-GM inequality we have (a + 1)>>4ag and (b + 1)?> 4b.

2
Then, @0 O 5 4@ 4 b 8,

The last inequality follows from Solution of Q. N. 19.
Solution 56. Observe that (a,b,¢) and (a%b?% c?) have the same order, then use Wonderful
Inequality .
Solution 57. By the previous Question.
a3+ b3+ c3 2 a’b + b’c + c?a.
Observe that (l 1 l) nd (—— — ) can be ordered in the same way.

2b2' 2

Then, use mequahty (1.2) to get (ab)? + (bc)? + (ca)d=— +— + — > iz % +

a3 b3 3T a

1

>2 4 S4 820 2p 4 b2c+cla
a b c
Adding these two inequalities leads to the result.

Solution 58. Use Wonderful Inequality with (a1, az, as)= (b, ba, b3)=(% , g , 2) and

< E)
a’b”
Solution 59. Use Wonderful Inequality with and

(a1, 3z, a3)= (1 l l)

b
(ar, a2, 33')=(Z ’

Solution 60. Assume that a < b < ¢, and consider (a1,a2,a3) = (a,b,c), then use the
rearrangement Wonderful Inequality twice over with (a1,a2,a3) = (b,c,a) and
(c,a,b), respectively.
Note that we are also using

1 1 1
(b1; bZ; b3) = (

(b+c-a)’ (c+a-b)’a+b-c

)

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




Solution 61. Use the same idea as in the previous Solution, but with n variables.
1
=1+ o
Solution 63. Apply Solution 61 to the sequenceasy, ..., an, a1, ..., an.
Solution 64. Apply Solution Tchebyshev’s inequality.

Solution 65. Note that 1 = (a? +b? +c?)+2(ab+bc+ca), and use the previous Q. N. as follows:

1 a+b+c Vaz + b2 + ¢2

=——)—=<
3 3 3

Therefore% < (a? + b? + c?). Hence, 2(ab+bc+ca)< %, and the result is evident.

Second solution. The inequality is equivalentto 3(ab + bc+ ca) < (a + b + ¢)?
which can be simplified to ab + bc+ ca < a*+ b* + 2.

Solution 66. Let G = 1/x!-x2- .. x,

be the geometric mean of the given numbers and

(ay, Az o, @n) = (x1/G, X1 X2 /G, oy Xq * X+ oo X/ G™)

Using Corollary 1.4.2, we can establish that
Sﬂ+ﬂ+...+@+ﬂ=£+£+ _|_ _|__
a; as 2 X3 Xn

a, a; x

Also, using Corollary 1.4.2,

al  a? a,
n<—+—-+--+ =
a, a

n

Then G < @t 4 x)

n

The equalities hold if and only if a1=a2= - = ap, that is, if and only if x1=x2= - = x.
Solution 67. The inequality is equivalent to
aln_1 + azn_l + . + ann_1 2 ai-az-...ay + ai-az-....ay + . + ai-as-....ay

al a? a,

which can be verified using the rearrangement inequality several times over.
1
Solution 68. Y1 =2 J1—a

i=1 / 1-q;
Use the AM-GM mequallty to obtain
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1 _ n

. (n—-1)
RN .

Moreover,the Cauchy-Schwarz inequality serves to show that
' J1—a, <Y, (1 —ad)Vvn={nn-1) andZﬁ-zl}\/a_i < Vn
Solution 69.(i)) V4a + 1 < ——— fat+l — 2q + 1.

(ii) Use the Cauchy-Schwarz mequality withu =+v4a+1, V4b+1, V4c+1landv=
(1,1,1).

Solution 70. Suppose that a > b > ¢ 2 d (the other cases are similar). Then, if
A=b+c+d,B=a+c+d,C=a+b+dand D=a+b + ¢, we can deduce that

Apply the Tchebyshev inequality twice over to show that

(1)( + b3+ +d3)( +1+1 1)
@ ¢ ATBTCTD

1 1 1
2( )(a + b% + ¢? +d2)(a+b+c+d)<A+B+C+D)

A+B+C+D)(1

(116)(a + b2+ (2 +d2)( 3 +1+1)

.1
A'B C'D

Now, use the Cauchy-Schwarz inequality to derive the result
a’+ b2+ c?>+d?*2ab+bctcd+da=1

and the inequality (A + B + C + D)( % + % + % + %) > 16.

Solution 71. Apply the rearrangement inequality to

And the permutation
/ ’ ’ b 3 2 3//p\2 3 2 .
(ai',az',a3") = < i/;:i/g;i/%),(bl,bz,b3) = (J(%) ’\/(Z) ,\/G) )to derive
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b 3 a2 3 b2 3 c2
c bc ca

Finally, use the fact that abc = 1.
Second solution. The AM-GM inequality and the fact that abc = 1 imply that

1,a a b 3laab 3[a? 3| a3
3Gt \/;;z-\g = Ja =2
. 1,b b c 1,c c a
Similarly, 3 (; +t-+ Z) >b, and 3 (Z +-+ ;) >c
and the result follows.
2 8
solution 72 () =252, () >2¢>13,
13 169 13
198 > 13°,1988 > 1399,
and Thus 193 > 13%°
Solution 73. The function f(x)=(x + %)2 is convex in R*,

Solution 74. The function

b
F(a,b c)_b+c+1 a+c+1  b+a+1 +(1-a)(1-b)(1-c)
is convex in each variable, therefore its maximum is attained at the endpoints.
Solution 75. a® — b3 —ab = 25fora = 4,b = 3.
Because for, any greater number a® — b3 — ab > 25
To prove thisif a > b, then a® — b3 — ab
=b+t)>-b3-bb+1t),t>0
= (3t — 1)b%? + (3t2 — t)b + t3 is always > 4,
Thenb = 3
So, a’ + b3 = 42 + 33 = 43.
Answer: 43
Solution 76. Find f”’(x)

Solution 77. Use log(sinx) or the fact that

SinAsinB= Sm(ﬂ+—)s (ﬂ__)

Solution 78. Notice that x(x-z)2+y(y-z)?-(x-z)(y-z)(x+y-z) = 0 if and only if x(x-z)(x-y)+y(y
-z)(y —x)+z(x-z)(y -z) 2 0. The inequality now follows from Schur’s inequality . Alternatively,
we can see that the last expression is symmetric in x, y and z, then we can assume x>z 2>y,
and if we return to the original inequality , it becomes clear that
xX(x-2)2+yly-2?202(x-2)ly-2)(x +y - 2).

Solution 79. The inequality is homogeneous, therefore we can assume thata+ b +c=1.

Now, the terms on the left-hand side are of the form X_ and the function f(x)= X s
(1-x)? (1-x)?
convex, since f(x)= sz >0.

(1-x)*
, . . . a b at+b+cy l _ E 2
By Jensen’s inequality it follows that oy + D) + . c)Z 23f( ) = 3f (3) = (2) .
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Solution 80. Since (a+b+c)? > 3(ab+bc+ca), we can deduce that 1+—— >
ab+bc+ca

9 6
(a+b+c)2 — (a+b+co)l ’

Thus, the inequality will hold if 1 +

2
But this last inequality follows from ( 1- a+z+c) =0

Now, if abc = 1, consider x = i y= %and Z =%; it follows immediately that xyz = 1. Thus, the

6
xy+yz+zx — (x+y+z)l

inequality is equivalent to 1+

which is the first part of this solution.

Solution 81: . With the substitution x = %,_y =—Zz= 2 the inequality takes the form

a N b N c >3
b+c c+a a+b 2

which is Nesbitt’s inequality.

Solution 82 Apply Popoviciu’s inequality to the convex function f(x) = x +i

. . L1011 9 4 4 4 . .
We will get the mequallty; + 5 + - + P = P + p + P Then multiply both sides by
(a + b + ¢) to finish the proof.

Solution 83 Observe that by using (1.8), we obtain x% + y2 + z2 — |x||y| — |v]|z| —
|zl = > (1l = lyD? + 5 (y] = 121)? +5 (1] - 1x])?
which is clearly greater than or equal to zero. Hence
|xy+ yz+ zx| < |x| |ly| + ly||z] + |z| | x| £ X2+ y?+ 2%
Second solution. Apply Cauchy-Schwarz inequality to (x,y,z) and (y,z,x).
Solution 84 The inequality is equivalent to ab + bc+ ca < a?+ b? + ¢?, which we know is true.
See solution 22.
Solution 85. Observe that if a + b + ¢ = 0, then it follows from (1.7) that a®>+ b3+ ¢ = 3abc.
Since (x —y) + (y - z) + (z- x) = 0, we can derive the following factorization:
(x=yP+(y-2P+(z-x>=3(x-y)y-2)(z-x)
Solution 86. Assume, without loss of generality, that a 2 b > c. We need to prove that
-a*+ b3+ 3+ 3abc > 0.

Since —a3+ b3+ 3+ 3abc = (-a)? + b3+ 3 - 3(-a)bc,
the latter expression factors into% (—a+b+c)((a+b)*+(a+c)*+ (b—c)?)
The conclusion now follows from the triangle inequality, b + ¢ > a.
Solution 87. Let p = | (x - ¥)(y - 2)(z — x)|. Using AM-GM inequality on the right-hand side of
identity (1.8), we get x? + y2 + z%2 —xy — yz — xz > ;3\/? (87.1)
Now, since |x-y| <x+y, |[y-z| <y+z |z-x]| <z+x, it follows that

2x+y+2z)2 |x-y| +|y-z| + |z-x|. (87.2)
Applying again the AM-GM inequality leads to

2(x+y4_rz)23 %,
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and the result follows from inequalities(87.1) and (87.2).

Solution 88. Using identity (1.7), the condition x3+ y3+ z3- 3xyz = 1 can be factorized as
(x+y+2)(x*+y*+ 22- xy- yz- zx) = 1. (4.3)

Let A=x%*+y?+z2and B=x+y + z. Notice that B%2- A = 2(xy+ yz+ zx).

By identity of Helpful Inequality , we have that B >0. Equation (4.3) now becomes

B%-A
B(A 2 )_1’
therefore 3A=B2+ % , Since B >0, we may apply the AM-GM inequality to obtain
3A=B2+2.82+11> 3
B B B
thatis, A 2 1. For instance, the minimum A = 1 is attained when (x,y,z) =(1,0,0).

Solution 89. Cauchy-Schwarz Inequality helps to establish

1 1 4 16 (1+1+2+4)? 64
—t—t—t+—== =
a b ¢ d a+b+c+d a+b+c+d

Solution 90. Apply inequality (1.11) twice over to get
(a? + b?)?

2
a*  b*  (a%+ b?)? (f) (a + b)*
4 N — > > =
(a+ b=+ 7= 2 = 2 8

2 2 2
Solution 91. Express the left-hand side as£ + V2 + V2
x+y y+z @ z+x

and use Cauchy-Schwarz Inequality.

Solution 92. Express the left-hand side as

XZ yZ ZZ

axy + bxz * ayz + byx * azx + bzy

and then use Cauchy-Schwarz Inequality to get
2 2 2 2
X N y N z > x+y+2) > 3
axy + bxz ayz+byx azx+bzy (a+b)(xy+yz+xz) a+b

where the last inequality follows from Helpful inequality.
Solution 93. Rewrite the left-hand side as
a2+ +cz+b2+cz+a2
a+b b+c a+c a+b b+c a+c

and then apply Cauchy-Schwarz Inequality.
Solution 94 (i) Express the left-hand side as
X2 y? 72

xz+2xy+3xz+y2+2yz+3yx+22+sz+3yz
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and apply Cauchy-Schwarz Inequality to get

x N y N z - (x +y + 2)?
Xx+2y+3z y+2z+3x z+4+2x+3y x24+y?+2z24+5(xy+yz+zx)

Now it suffices to prove that
(x +y + 2)?
x?2+y2+ 272 +5(xy+yz+zx)

1
2_
2

but this is equivalent to x>+ y? + 22 > xy+ yz+ zx.
(ii) Proceed as in part (i), expressing the left-hand side as
w2 x2 y2 72
+ + +
xw +2yw +3zw  xy +2xz+3xw  yz+2yx+3yz zx +2zy + 3xz
then use Cauchy-Schwarz Inequality to get
w X y z
+ + +
x+2y+3z y+2z+3w z+2x+3y w+2x+3y
- wW+x+y+2)>?
T 4d(wx+xy+yz+zw +wy + xz)
Then, the inequality we have to prove becomes
(W+x+y+z)? > 2

4(Wx+xy+yz+zw+wy+xz) — 3
which is equivalent to 3(w? +x? +y? +z2) 2 2(wx + xy + yz + zw + wy + xz). This follows by

7

using the AM-GM inequality six times under the form x?+ y? > 2xy.
Solution 95. We again apply Cauchy-Schwarz Inequality to get
2 y2 72 (x+y+z)?
x+y)(x+z)  (+2)(y+x)  (z+x)(z+y) — x2+4y2+z2+3(xy+yz+zx)
Also, the inequality

(x+y+2)>?
x?+y2+ 22+ 3(xy +yz+ zx)

3
2 —_

4
is equivalent to

X2+ Y2+ 222 xy+ yz+ zx.
Solution 96. We express the left-hand side as

a? b? c? d?
@b +9) b+ d) (cd+a) @ax+b)
and apply inequality (1.11) to get
a? b? c? d?
@b +9) (b t+d) d+a) @artb)
- (a +b + c + d)?
“(a(b + 2c+ A+ blc + )+ d(b + ©))
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On the other hand, observe that

(a+b+c+d)?

(ac+ bd) + (ab + ac + ad + bc + bd + cd)
a? + b% + c? +d? + 2ab + 2ac + 2bc + 2cd

~ (ac+ bd) + (ab + ac + ad + bc + bd + cd)’
To prove that this last expression is greater than 2 is equivalent to showing that a%+c?> 2ac
and b?+d? > 2bd, which can be done using the AM-GM inequality .
Solution 97. We express the left-hand side as

a? b? c? d? e?
ab+ac+bc+bd+cd+ce+de+da+ae+be

and apply inequality (1.11) to get

2 bZ

a c? d? e? >(a+b+c+d+e)2
ab+ac bc+bd cd+ce de+da ae+be ~ >ab
Since,(a+b+c+d+e) =Xa*+2Yab

we have to prove that

2Ya?+4Yab>5Y ab,

ZZaZZZab

The last inequality follows from Y, a? > Y. ab.

which is equivalent to

2 2
Solution 98(i) Using Tchebyshev’s inequality with the collections (a 2 b = ¢) and (a? > % >

c? .
;), we obtain

a’? b? c?
1{a® c3 (7+7+7) a+b+c
(=+=+D))= .
3\x y z 3 3

then by Cauchy-Schwarz Inequality , we can deduce that
a’> b? > (a+b+c)?
—_—t—_> 7

x y z x+ty+z

3 3 3 2
Therefore (a; + % + C_)) S (a+b+0)? a+b+c

z x+y+z = 3

3 3 3
(ii) wehave(a;+b7+c;)1/3(1+1+1)1/3 x+y+2Y3>a+b+c

Raising to the cubic power both sides and then dividing both sides by 3(x+y+z) we obtain the
result.
Solution 99. Using Cauchy-Schwarz Inequality , we obtain

(7 + xZ 4 - + x4%)

O+ x24 -+ xp)
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x2 x2 Xn?

= —+ + e+
(g4 x4+ +x,) (g +x2+ - +xp) (e14 x4 - +xy)

o+ x5+ =+ x)? (g + X+ o+ xn)
T (ne+ xp+ o+ x) n
Thus, it is enough to prove that

kn

T
) = X1.Xp.%"" . Xp

(x1 + xz + A + xn)
n

. . kn .
Since k = max {x1,x2,...,Xn} 2 min {x1,x2,...,xa} = t, we have that TZ n and since

(14 x4 -+ xy)

- > 1, because all the x;are positive integers, it is enough to prove that

(x1+ XZ + + Xn)
n

n
1
2 xl.xZ. "‘.xn

which is equivalent to the AM-GM inequality.
Because all the intermediate inequalities are valid as equalities when x1=x2= - = xp, we
conclude that equality happens when x1=x2 =+ = x;.

Solution 100. Using the substitution a = %, b = %, c = ,Z? the inequality becomes:
a® b3 c3
+ + >
@2+ 2) (Bb3+2) (c3+ 2)

and with the extra condition, abc = 1.

1

In order to prove this last inequality, the extra condition is used as follows:
al b3 c3
@+2 B+ @12
al N b3 N c3
(a® + 2abc) (b3 + 2abc) (c3®+ 2abc)
a? b? c?
= + +
(a?+ 2bc) (b%?+ 2ca) (c?+ 2ab)
- (a + b + ¢)? 3
~ (a2 + b2+ c2+ 2bc + 2ca + 2ab)

The inequality above follows from Cauchy-Schwarz Inequality.
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EUCLIDEAN GEOMETRY

1. Stewart’s Theorem

Let D be a point on side BC such that BD = m and DC = n and AD = d. Then
a(d* + mn) =b*m+c*n.

Lemma:

Let 4, B, P, O be four distinct points on a plane. Then 4B | PQ if and only 1f P4* - PB?
= 04> - OB~

. Carnot’s Theorem
Let points D, £, and F be located on the sides BC, AC, and respectively AB of AABC.
The perpendiculars to the sides of the triangle at points D, E, and F are concurrent if
and only if
BD* ~DC* + CE* ~EA* + AF* —~FB* =0

3. Ceva’s Theorem

If points D, E, F are taken on the sides BC, CA, AB of AABC so that the lines AD, BE,
CF are concurrent at a point P, then

BD CE AF
Z=.==.“~ -1 (OR) BD-CE-AF=DC-EA-FB
DC EA FB

4. Trigonometric Form of Ceva’s Theorem

Let X, Y, Z be the points taken respectively on the sides BC, CA, AB of AABC. Then
the lines AX, BY, CZ are concurrent if only if

sin ZCAX sin ZABY sin /BCZ 3
sin /XAB sin/YBC sin /ZCA

5. Converse of Ceva’s Theorem

B
If three cevian AX, BY, CZ satisfy = +1, then they are concurrent

6. Menelaus Theorem

[f a transversal cuts the sides BC, C4, AB of a triangle ABC at X, Y, Z respectively then
BX CY AZ

XC YA 7B

7. Converse of Menelaus Theorem
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If X, ¥, Z are three points on each of the sides BC, CA, AB, of AABC or on their exten-

BX CY AZ
sions such that ————=—1, then X, ¥, Z are collinear.
XC YA ZB

8. Pappus Theorem

If A, C, E are three points on one straight line. 5, D, F on another and if the three lines
AB, CD, EF meet respectively DE, FA and BC at L, M, N, then these three points L, M,
N are collinear.

. Intersecting Chords Theorem

If a line L through P intersects a circle @ at two points A and B, the product PA - PB (of
signed lengths) is equal to the power of P with respect to the circle.

More over if there are two lines through P one meets circle w at points 4 and B, and
let another line meets circle @ at points C and D. Then

PA - PB=PC-PD.
. Ptolemy’s Theorem

In a cyclic quadrilateral the product of the diagonals is equal to the sum of the products
of the pairs of opposite sides.

. m-n Theorem

Let D be a point on the side BC of a AABC suchthat BD : DC=m: nand LADC = 6,
ZBAD = arand £DAC = JB. Prove that

(1) (m+n)cotd =mcota —ncot 3

(11) (m+n)cotd =ncot B—mcotC

12. Bramhagupta's Theorem

In any triangle product of any two sides is equal to the product of the perpendicular
drawn to the third side with circum-diameter
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QUESTIONS

. Prove that the in-radius of a right-angled triangle with integer sides is an integer.

. ABCD is a cyclic quadrilateral with AC L BD and AC meets BD at E.
Prove that: EA2+EB2+EC2+ED%=4R? where R is the radius of the circumscribed circle.

. The internal bisector of ZA in a AABC with AC > AB, meets the circumcircle I' of the triangle in
D. Join D to the center O of the circle ' and suppose DO meets AC in E, possibly when
extended. Given that BE L AD, show that AO || BD.

. Let BE and CF be the altitudes of an acute AABC, with E on AC and F on AB. Let O be the point
of intersection of BE and CF. Take any line KL through O with K on AB and L on AC. Suppose M
and N are located on BE and CF respectively, such that KM L BE and LN L CF. Prove that FM
|| EN.

. Let ABCD be a convex quadrilateral; P, Q, R, S be the midpoints of sides AB, BC, CD, DA
respectively such that AAQR and ACSP are equilateral. Prove that ABCD is a rhombus.
Determine its angles.

. Let ABC be an acute-angled triangle; AD be bisector of BAC with D on BC, and BE be the
altitude from B on AC. Show that 2CED > 45°.

. Let ABC be an acute-angled triangle; let D, F be the midpoints of BC, AB respectively. Let the
1 from F to AC and the L at B to BC meet in N. Prove that ND is equal to the circumradius of
ABC.

. Let ABC be a triangle in which AB = AC and | be its in-center. Suppose BC = AB + Al. Find £BAC.

. Let ABCDEF be a convex hexagon in which the diagonals AD, BE, CF are concurrent at O.
Suppose the area of AOAF is the geometric mean of those of OAB and OEF, and the area of
AOBC is the geometric mean of those of OAB and OCD. Prove that the area of AOED is the
geometric mean of those of OCD and OEF.

10. Acircle passes through the vertex C of a rectangle ABCD and touches its sides AB and AD at
M and N respectively. If the distance from C to the line segment MN is equal to 5 units, find
the area of the rectangle ABCD.

11. In an acute-angled AABC, 2A = 30, H is the orthocentre, and M is the mid - point of BC. On
the line HM, take a point T such that HM = MT. Show that AT =2BC.

12. The inscribed circumference in the AABC is tangent to BC, CAand ABat D, Eand F
respectively. Suppose that this circumference meets AD again at its mid-point X; that is,
AX = XD. The lines XB and XC meet the inscribed circumference again at Y and Z,
respectively. Show that EY = FZ.

13. Tiis an isosceles triangle with circumcircle K. Let T, be another isosceles triangle inscribed
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in K whose base is one of the equal sides of T1 and which overlaps the interior of T;.
Similarly create isosceles triangles T3 from T, T4 from T3 and so on. Do the triangles T,
approach an equilateral triangle as n — oo?

. The incircle of AABC touches the sides BC, CA and AB in K, L and M respectively. The line
through A and parallel to LK meets MK in P and the line through A and parallel to MK
meets LK in Q. Show that the line PQ bisects the sides AB and AC of AABC.

. Let ABC be a triangle and let P be interior point such that £BPC= 90°,2BAP = 2BCP. Let M.
N be the mid points of AC, BC respectively. Suppose, BP =2 PM. Prove that A, P, N are
collinear.

. Let ABC be an acute angles triangle and let H be its orthocentre. Let hmax denote the
largest altitude of the AABC. Prove that AH + BH + CH < 2hmax.

. Let ABC be an acute-angled triangle with altitude AK. Let H be its orthocentre and O be its
circumcentre. Suppose KOH is an acute-angled triangle and P its circumcentre. Let Q be
the reflection of P in the line HO. Show that Q lies on the line joining the mid points of AB
and AC.

. A square ABCD is inscribed in a circle and a point P is on arc BC then prove that PAYPC ED

PB+PD  PA

. ABCD is a convex quadrilateral in which AD=2\/3; £A =60° £D =120° and AB + CD = 2AD.
M is the mid-point of BC. Find DM.

. Ina AABC, AB = AC. A circle is internally drawn touching the circum circle of AABC, and
also touching the sides AB and AC at P and Q, respectively. Prove that the mid-point of PQ
is the incentre of AABC.

. A ball of diameter 13 cm is floating so that the top of the ball is 4 cm above the smooth
surface of the pond. What is the circumference in centimeters of the circle formed by the
contact of the water surface with the ball?

. Let ABCD be a square, and k be the circle with centre B passing through A and C. Let, |
be the semi-circle inside the square with diameter AB. Let, E be a point on |, and the
extension of BE meets the circle k at F. Prove that ZDAF = LEAF.

. OPQ s a quadrant of a circle, and semicircles are drawn on OP and OQ. Show that the
shaded areas a and b are equal.

. Acircle AOB, passing through the centre O of another circle, cuts the latter circle at A and

B. A straight line APQ is drawn meeting the circle AOB in P and the other circle in Q. Prove
that PB = PQ

. Let, A and B be two points inside a given circle k. Prove that there exist infinitely many circles
through A and B which lies entirely in k.

. If the altitude AD meets the circumcircle of the AABC at P and, if H is the orthocentre, show
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that HD = PD.

. ABCis atriangle. O, | and H are its circumcentre, in-centre and ortho- centre. Show that £0AIl =
£HAI.

. Let ABCD be a square. P and Q are any two points on BC and CD respectively.
Such that AP =4 cm, PQ =3 cm, AQ =5 cm. Find the side of the square

. ABCis a triangle that is inscribed in a circle. The angle bisectors of A, B, C meet the circle
at D, E, F. Show that AD is perpendicular to EF.

. Given a circle and two points A and B inside the circle. If possible, con- struct a right-
angled triangle inscribed in the circle, such that one leg of the right- angled triangle

contains A and another leg contains B

. ABCis a triangle, the bisector of A, meets BC in D. Show that AD is less than the
geometric mean of AB and AC.

. Suppose, ABCD is a cyclic quadrilateral. The diagonals AC and BD intersect at P. Let, O be
The circumcentre of 4AAPB and H, the orthocentre of ACPD. Show that O, P, H are collinear.

. In 4 ABC, in the usual notation, the area is %bc sg. units. AD is the median to BC. Prove
that ZABC =~ £ADC.

. Oiis the circumcentre of 4 ABC and M is the mid-point of the median through A. Join OM

and produce it to N so that OM = MN. Show that N lies on the altitude through A.

. . . . . PA .
. A, B are two fixed points and P is a moving point, such that o5 IS constant. then prove
that the locus of P is a circle.

. The incircle of AABC touch BC at D. Show that the circles inscribed in triangles ABD and
CAD touch each other.

. If His the orthocentre of DABC and S is the circumcentre and D is a mid-point of BC then
prove that AH = 2SD.

. In AABC, prove that—+—+—+ =12
Ta Tp T r

c

. If lis the incentre of a A ABC and if Al meets the circumcircle in K prove that Kl = KB.

. If His the orthocentre of AABC and AH produced meets BC at X and the circumcircle of
AABC at K then prove that HX = XK.

In ABC, BM and CN are perpendiculars from B and C respectively on any line passing
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through A. If L is the mid-point of BC prove that ML = NL.

42. Inscribe a square in a given triangle, so that, one side of the square may lie along a side of
the triangle and the other two vertices lie on the other two sides (one in each) of the triangle.
Justify your construction.

43. Lis a point on the side QR of DPQR. LM, LN are drawn parallel to PR and QP meeting QP, PR
at M and N respectively. MN produced meets QR produced in T. Prove that LT is the
geometric mean between RT and QT

44. L and M are the mid-points of the diagonals BD and AC respectively of the quadrilateral
ABCD. Through D draw DE equal and parallel to AB. Show that EC is parallel to LM and is
double of it.

45. The side AB of parallelogram is produced both ways to F and G, so that AF = AD and BG = BC.
Prove that FD and GC produced intersect at right angles.

46. PSis the bisector of ZQPR and PT L QR show that £ TPS = %( £Q- £R), Where £Q < £R.

47. Prove that the angle between internal bisector of one base angle and the external bisector
of the other base angle of a triangle is equal to one half of the vertical angle.

48. The given figure shows a five point star. Find sum of the angle £ZA +
/B+24C+ 2D + £E.

49. Inthe figure AC= AE, AB=AD, and £BAD = £ EAC, prove
that BC = DE.

50. In the figure AD is a median and BL, CM are perpendiculars
drawn from B and C respectively on AD and AD produced.
Prove that BL = CM.
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51. In the figure ABCD is a square of side ‘a’ units. Find the radius ‘r’ of a smaller

circle. Where arc DB and arc AC has centres at A and B respectively

52. Two sides of a triangle are 10 cm and 5 cm in length and the length of the median
to the

third side is 6.5 cm. If the area of the triangle is 6 vVPcm?, find the value of p.

53. In an equilateral AABC, a point P is taken in the interior of AABC such that PA%2 = PB? + PC?
,+ Find £BPC.

. Stewart’s Theorem ; Let D be a point on side BC such that BD = m and DC =n and AD =d.
Thena(d’+mn)= (b?’m +c?n).

. In the figure bisectors of £B and 4D of quadrilateral ABCD meets CD
and AB produced at P and Q respectively. Prove that £P+2£Q =

21 (LABC +£ADC)

. ABC s an isosceles triangle in which AB = AC. The bisector of £B
meets AC at D. Also BC = BD + AD Find the size of ZA.

. Show that there is a unique triangle, whose side lengths are consecutive integers and one
of whose angles is twice the other.

. The sides of a triangle are in AP and the greatest angle of the triangle is double the least.
Prove that, this triangle is acute angled triangle.

. AABC has incentre I. Let points X, Y be located on the line segments AB, AC respectively, so
that, BX - AB =IB2 and CY - CA = IC2. Given that the points X, |, Y. are collinear, find the
possible values of ZA.

. In the given question if PM is the circum-diameter of DPQR then, P_

prove that PS bisects ZTPM.
ar A

| TS O\\

.

g
di
¢
S
#
N

Y

61. In the quadrilateral ABCD, point E is on side DC, AD=AB, 2DAB =
LAEC = £BCE = 90° and AE=5. Find the area of the quadrilateral ABCD.

62. Given that D is an inner point of the equilateral triangle ABC, such that PA=2, PB=2+/3,
PC=4. Find the length of the sides of triangle ABC.
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. Isosceles triangle has a right angle at point C. point D is inside triangle ABC, such that DA=11,

DB=7, DC=6. legs AC and BC have length v a + b2, where a and b are positive integers.
What is a + b?

. Suppose that ABC is an equilateral triangle of side length s, with the property that there is a
unique point D inside the triangle such that AD=1, BD=v/3 and CD=2. Find s.

. Three concentric circles have radius 3,4,5. An equilateral triangle with one vertex on each

. . . . . b
circle has side length s. The largest possible area of the triangle can be written as a + ;\/H,

where a, b, ¢, d are positive integers, b and c are relatively prime and d is not divisible by the
square of any prime.Finda+b +c+d

. ABCD is a square and E is a point inside with |[ED| = 1, |EA| = 2,|EB| = 3. Find £AED

. In triangle ABC, £A = 90°, AB=AC and M, N are points on side BC. Show that
BM? + CN? = MN? and ZMAN = 45°

. As in figure, in triangle ABC, D is the mid-point of BC. ZEDF = 90°,DE intersects AB at E and
DF intersect AC at F . Prove that BE+CF>EF (x +y > z)

. Let P be a point inside a given square ABCD. Prove that centroid of triangles ABP, CDP, BCP
and DAP forms a square.

. Two circles C1 and C2 of radii 10 cm and 8 cm respectively are tangent to each other
internally at a point A. AD is diameter of C1 and P and M are points on C1 and C2 respectively,
such that PM is tangent to C2. As shown in the figure below. If PM = +/20 and £ZPAD = x°,
find x.

. In a scalene triangle ABC with centroid G and circumcircle w centred at O, the extension of AG
meet w at M and lines AB and CM intersect at P, and line AC and BM intersect at Q. Suppose
the circumcentre S of triangle APQ lies on w and A, O, S are collinear. Prove that LAGO = 90°

. In a given acute angled triangle ABC find a point P for which the sum AP + BP + CP of
segment lengths is minimal.

. Let P be a point inside a triangle ABC and let ABD be an equilateral triangle erected externally
on side AB. Then PA+ PB + PC = CD

. Three circles of equal radii have a common point O and lie inside a given triangle. Each circle
touches a pair of sides of the triangle. Prove that the incentre and the circumcentre of the
triangle are collinear with the point O.
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. In a triangle ABC we have AB=AC a circle which is internally tangent with the circumcircle of
the triangle is also tangent to the sides AB, AC in the point P and Q respectively. Prove that
the mid-point of PQ is the centre of incircle of the triangle ABC.

. Let A be one point of the two distinct points of intersection of two unequal coplanar circles C;
and C; with centres O1 and O3 respectively. One of the common tangents to the circles
touches C; at P;and C; at P2, while the other touches C1 at Q1 and C2 at Q2. Let M1 be the
mid-point of P1Q1 and M is the midpoint of P,Q, . prove that 20,40, = £M;AM,

. (Diameter of the incircle lemma) Let the incircle of triangle ABC touch side BC at D, and let DT
be a diameter of the incircle. If line AT meets BC at X, then show that BD = CX.

. Chord AB is given in a circle Q. Let w be a circle tangent to chord AB at K and internally
tangent to w at T. Then show that ray TK passes through the midpoint M of arc AB of ), not
containing T.

. Triangle ABC has orthocentre H, incentre | and circumcentre O. Let K be the point where the
incircle touches BC. If 10 is parallel to BC, then prove that AO is parallel to HK

. In the plane let C be a circle, | aline tangent to the circle C, and M a point on I. Find the locus
of all points P with the following property: there exists two points Q, R on | such that M is the
midpoint of QR and C is the inscribed circle of triangle PQR.

81. If points D, E, F are taken on the sides BC, CA, AB of AABC so that the lines AD, BE, CF are

concurrent at a point P,

BD CE AF _
DC EA FB

(OR) BD-CE-AF=DC-FEA-FB

. Ina A ABC, £A = 2B, if and only if, a> = b(b + c).

. Suppose, ABCD is a cyclic quadrilateral. The diagonals AC and BD inter sect at P. Let, O be
the circumcenter of D APB and H, the orthocenter of DCPD. Show that O, P, H are
collinear.

. Prove that the diagonals of a (convex) quadrilateral are perpendicular, if and only if the
sum of the squares of one pair of opposite sides equals that of the other

. ABCis a triangle, the bisector of A, meets BC in D. Show that AD is less than the
geometric mean of AB and AC
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. let C4, be any point on side AB of AABC. Draw Ci1C meeting AB at C1. The lines through A

and B parallel to CC1 meet BC produced and AC produced at A; and B1 respectively. Prove
1 1 1

that A_Al + B_Bl = C_C1

. Let O be an arbitrary point situated in the segment AB. Construct equilateral A AOC and

ABOD. Let, E be the point of intersection of AC and BD. Show that CODE is a parallelogram.

When will it be a rhombus?

. ABCDE is a convex pentagon inscribed in a circle of radius 1 units with AE as diameter. It AB =
a, BC=b, CD =c, DE =d, then prove that a2 + b? + ¢ + d2 + abc + bcd < 4

. Oiis the circumcentre of AABC and M is the mid-point of the median through A. Join OM
and produce it to N so that OM = MN. Show that N lies on the altitude through A.

. Prove that the mid-point of the hypotenuse of a right angled triangle is equidistant from
all its vertices

. Prove that the line segment joining the mid-points of the diagonals of a trapezium is
parallel to each of the parallel sides and is equal to half the difference of these sides.

. In the figure BE L AC. AD is any line from A to BC intersecting BE in H. P, Q and R are
respectively the mid-points of AH, AB and BC. Prove that ZPQR = 90°.

. Inatriangle ABC, points D and E respectively divide the sides BC and CA in the ratio % =m

and 2£ =n. The segment in a point X. Find the ratio .
EC XD

. On the sides, BC,CA and AB of AABC, points D,E,F are taken in such a way that % = g—i = ‘;—g

= % Show that the area of the triangle determined by the lines AD,BE,CF is % th of the area
of AABC.
. Lis a point on the side QR of DPQR. LM, LN are drawn parallel to PR and QP meeting QP,

PR at M and N respectively. MN produced meets QR produced in T. Prove that LT is the
geometric mean between RT and QT

. Given a parallelogram OBCA, a straight line is constructed such that, It cuts off% part of OB

and i part of OA. Find the fraction of length this line cuts off from the diagonals OC.

. Let A, B, C be an acute angled triangle in which, D, E, F are points on BC, CA, AB respectively,

such that AD 1 BC, AE = EC, CF bisects £C internally. Sup pose CF meets AD and DE in M and N
respectively. If FM =2, MN =1, NC = 3, show that the perimeter and area of this triangle are
equal numerically.
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SOLUTIONS

Solution 1:

Let ABC be a right triangle with £B =90 °. Let O be its
incenter and L, M, N the points of contact of the in circle
with the a, b, c respectively.

Suppose the in radiusisr. now as £ ABC =90 °, the
quadrilateral NBLO is a square. So NB = BL =r. also, as the
two tangents drawn from an external point to a circle are
equal, we have AM=AN=AB-NB=c—-randCM=CL=BC-
CL=a-r

So,b=AC=AM+CM=c-r+a-r=c+a-2r,

b—c—a

Therefore, r =
As 2B =90 = b%=c?+a?, we have
i) Ifcand aare both odd or even, ¢ + ais even =b?iseven=biseven = b—(c+a)is
even
ii) If one of c and a is even and other is odd. C*> + a? is odd =b?isodd = bisodd = b—-(c+a
) is even

. . . b—c—a .
So, in any case, if a,b,c are integers, we have, r = S an integer

Solution 2:

let O be the centre of the circle,
LAOB + £COD =2 ( £ACD + £CBD)=2X90=180,
SO, £AOB =6,
Then,
AB? + CD? = 2( R — R%cosf) + 2(R? — R? cos(t — 0)) = 4R?
Similarly, BC? + AD? = 4R? = AE? + EB + EC? + ED? =~ £ (AB + BC? +
CD2+ DA? ) = 4R?

Solution 3:
We consider here the case when ABC is an acute angled triangle; the case when £A is obtuse or
one of the B and 4C is obtuse may be handled similarly.

Let M be the point of intersection of DE and BC; let AD
intersect BE in N.

Since, ME is the perpendicular bisector of BC, we have BE
= CE. Since AN is the internal bisector of £A and 1 BE, it
must bisect BE. This in turn implies that DN bisects ZBDE.

But, £ZBDA = 4BCA = «C.

Thus £ODA = «C.Since OD = OA, we get £OAD = £C.

It follows that ZBDA = £C = £0AD.

This implies that OA || BD
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Solution 4:
Observe that KMOF and ONLE are cyclic quadrilaterals.
Hence, ZFMO = 4FKO and ZOEN = £OLN
However,
we see that LOLN =~ — £NOL = ~— £KOF =

LOKF
It follows that ZFMO = 20EN = FM| |EN

Solution 5:

We have QR = BD/2 = PS. Since AQR and CSP are
both equilateral and QR = PS, they must be
congruent triangles. This implies that AQ = QR =RA
=CS=SP=PC.

Also £CEF = 60° = ZRQA.

Hence, CS || QA. that Now, CS = QA implies that
CSQAis a | |gm. In particular SA || CQ and SA = CQ.
This shows that AD | | BC and AD= BC. Hence, ABCD 2]
isa||gm.

Let the diagonal AC and BD bisect each other at W. Then, DW = DB/2 = QR = CS = AR. Thus, in
A ADC, the medians AR, DW, CS are all equal. Thus, ADC is equilateral. This implies ABCD is a
rhombus. Moreover, the angles are 60 and 120

Solution 6:
Draw DL 1 AB; DK 1L AC; and DM L BE. Then EM = DK. Since
AD bisects angle A, we observe that £BAD = £ZKAD.

Thus, in A ALD and AAKD, we see that ZLAD =£KAD;
£AKD =90° = £ALD and AD is common.

Hence AALD and AAKD are congruent, giving DL = DK.

But DL > DM, since BE lies inside the A (by acuteness
property). Thus EM > DM. This implies that ZEDM > £ZDEM =
90 -£EDM. We conclude that ZEDM > 45. Since £CED =
£EDM. the result follows.
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Solution 7:
We can also get the conclusion using
trigonometry.

Observe that ZNFB = ZAFK =90° -£A and
£BNF = 180° - £B since BCKN is a cyclic
guadrilateral.

Using the sine rule in the ABFN,

NB BF
sinzNFB ~ sinZBFN

This reduces to NB = ccosd _ RcosA

2 sinC
But BD = a/2 =R sin A.
Thus ND? = NBZ + BD? = R?

This gives ND =R

Solution 8:

We observe that ZAIB = 90° + (C/2).

Extend CA to D such that AD= Al.

Then, CD = CB by the hypothesis.

Hence £CDB = £CBD =90° - (C/2)

Thus £AIB + £ADB=90° + C/2 + 90 — C/2 = 180
Hence, ADBI is a cyclic quadrilateral. This implies that
2ADI=2ABI=B /2

But ADI is isosceles, since AD= Al,

This gives DAl = 180° -2(£ADI) =180 - B

Thus, £CAI = B and this gives A= 2B.

Since C= B, we obtain 4B = 180° and hence B= 45°: We thus get A=2B =90°

A

D

Solution 9:

LetOA=3,0B=b,0C=c,0OD=d,0E=¢,OF=f

[OAB] = x, [OCD ] =y, [OEF] = Z, [ODE]=u, [OFA] = v and [OBC] = w.
We are given that v2 = zx, w? = xy and we have to prove that u? = yz.
Since, 2ZAOB = £DOE, we have

1 de sinZDOE (e

2 bl
%ab sin2zAOB ab

SimiIarIy,% = i_Z ,% = Z—;

Multiplying these three equalities, we get uvw = xyz
Hence x%y?z2 = u?v?w? = u?(zx)(xy)

This gives, u? = yz as desired

u
X
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Solution 10:

Let O be the centre of the circle and P be the foot of
perpendicular from C to MN.

Then, OM L AB, ON L AD and OM = ON = the radius of the
circle. So, AMON is a square.

£ZMCN =1/22£MON = 45°

£CMP + £CNP=135° = ZCMP + £CMB = £CNP+ 2CND.
Hence, ZCNP = ZCMB and £ZCMP = 2CND.

Thus, we see that the right ACNP and ACMB are similar,

and £CMP and £CND are similar.
N _cPcM _ cP

CP?
CB.CD
Hence, the area of the rectangle is CB.CD= CP?=52=25

Multiplying, 1 =

Solution 11:
We can assume that the circumcentre of AABC is at the
origin. If R is the circumradius. BC= 2R sin A = R.

Also, if Z1, Z, Z3 are complex numbers representing A, B, C

. . 22+23
respectively than Z1 + Z, + Z3 represents H and M is zrz

t+Z1422473 _ Z2+73
- 2

If t represents T, then
= t=-Z1=>AT=2T=2BC

Solution 12:

Since £BFY = £BXF and £FBY = £ZXBF, we have ABFY and
ABXF are similar, so that FY: FX= BF: BX are ...i)

Similarly, we get DY: DX = BD: BX ...(ii)

As BF = BD, we have from Eqgs. (i) and (ii) that

FY: FX = DY: DX

Since AX = DX, we get FY: FX= DY:AX .......... (iii)

Since, X, F, Y, D are concyclic we have £FYD= £AXF .... (iv)
Thus, we get from Eqs. (iii) and (iv) that AFYD ~ AFXA.
Hence, £YFD= £XFA = £ZXDF So that FY | | XD.

Similarly, we have EZ || XD. Thus, FY|| EZ.

Therefore, FYZE is an isosceles trapezoid and then EY= FZ.

Solution 13:
Note that the base angle of Ty is equal to the angle opposite the base of
Tn+1(as the figure + indicates). Therefore if 8 is the base angle for Ty, then

180—-6 6
= 90 - E

the base angle for the next triangle (Tn+1) is >

Suppose now that 8 is the base angle for T;.
Then, the base angle for T, =
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20, % _ 2% 220 L _qyn-1 O
90- -+ T e+ ()P + (D S

n-1

Note that the limit as n — oo of the above is % = 60° by the formula for the sum of an infinite

2
geometric series. Since each Ty is isosceles, the angles of T, do approach 60° as n— oo

Solution 14:

Let AP, AQ produced meet BC in D, E respectively. Since MK | | AE, we
have £AEK = ZMKB.

Since both BK = BM, being tangents to circle the from B, ZMKB = ZBMK.
This with the fact that MK | | AE gives us ZAEK = ZMAE. This shows that
MAEK is an isosceles trapezoid. We concude that MA = KE. Similarly, we
can prove that AL = DK. But AM = AL We get that DK = KE. Since KP | | AE,

we get DP = PA and similarly EQ= QA. This implies that PQ | | DE and
hence bisects AB, AC when produced. [The same argument holds even if
one or both of P and Q lie outside triangle ABC].

Solution 15:

Extend CP to D. Now, CP=PD

Let £BCP = £BAP = a, BC = BD (: BP is perpendicular bisector of CD)
Therefore, BCD is an isosceles triangle.

Thus,2BDP = «

Then, £BDP = ZBAP =«

Hence, B, P, A, D all lie on a circle.

2DAB = £DPB =90° (P is mid - point of CD and M is mid - point of CA)
PM | | DA where DA = 2PM = BP

Thus, DBPA is an isosceles trapezium

And DB| | PA

Hence, we get £ZDPA = £ZBAP= 2BCP= ZNPC ( because £BPC =90° and N is mid point of CB.
.. NP = NC = NB for right angled triangle BPC.

Hence, A, P and N are collinear

Solution 16:

Let £C be the smallest angle. So that CA > AB and CB > AB A

meets AB in D. Let H be the orthocentre of triangle ABC. Let CD extended

Here, the altitude through Cis the longest one. Let the altitude through C A
meet the circumcircle of ABCin K. K \\

We have CD = hmax

Using CD=CH + HD

Which reduced to AH + BH < CD + HD

But AH = AK
BH = BK (because triangle DEK =triangle DBH )
DH = DK
Apply Ptolemy's theorem quadrilateral BCAK.

Vi
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We get, AB- CK= AC.BK+ BC. AK
= AB. BK + AB. AK
= CK = AK + BK

Solution 17:
Let D be the mid-point of BC; M that of HK; and T that of OH.
Then, PM is perpendicular to HK and PT is perpendicular to OH.
Since, Q is the reflection of P in HO, we observe that P, T, Q are
colinear and PT =TQ.
Let QL, TN and OS be the perpendiculars drawn respectively
from Q, T and O on to the altitude AK, (See the figure).
We have LN = NM, since T is the mid - point of OP: HN = NS,
since T is the mid - point of OH; and HM = MK, as P is the
circumcentre of triangle KHO, we obtain,
LH + HN =LN =NM = NS + SM
which gives LH= SM. We know that,
AH =20D
Thus, AL= AH - LH=20D - LH =2SK - SM
= SK + (SK - SM) = SK+ MK
=SK+ HM =SK + HS + SM
=SK+HS +LH=SK+ LS =LK
This shows that L is the mid -point of AK and hence lies on the line joining the mid points of
the AB and AC.
We observe that the line joining mid points of AB and AC is also perpendicular to AK.
Since QL is perpendicular to AK, we conclude that Q also lies on the line joining the mid points
of AB and AC.

Solution 18:
Since in a square ABCD, AB = BC = CD = DA = a (Say) and AC = BD = aV/2
In cyclic quadrilateral APCD, by Ptolemy’s theorem
PA-CD+AD-PC=PD-AC
= (PA+PC)a=PD-aV2
= PA +PC=PDV2 (1)
In cyclic quadrilateral ABPD, by using Ptolemy’s theorem
PD-AB+PB-AD=PA-BD
= (PD + PB)a = PA - aV/2
= PB +PD = PA -2 (2)

PA+PC _ PD
From Eq. (1)/ Eq. (2) we get, -——=—

Solution 19:
Since £A + £D =180°, AB || CD. Draw ME || BA to meet AD at E. As M is the mid- point of BC, E is the

mid-point of AD. Also, EM =%(AB +CD)=AD
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Therefore, EM = AD

From triangle EDM, using cosine rule,

DM? = DE? + EM? — 2.DE.EM.cos60

ie.DM? = (; DA)? + (AD)? — 2(5)(AD)(3)
ie.DM?=2DA% + AD? — ~AD? = 2 AD?
Therefore, DM? = Z (2V/3)?=9

Which implies: DM =3

Solution 20:
Let, £ABC=2ACB=".
AT is the angle bisector of £A. | is the mid-point of PQ. Now, AP = AQ as the smaller circle
touches AB and AC at P and Q, respectively. The centre of the circle PQT lies on the angle
bisector of £ A, namely, AT, since PQ is the chord of contact of the circle PQT. PQ L AT and
the mid-point | of PQ lies on AT.
Now, to prove that | is the incentre of AABC, it is enough to prove that Bl is the angle bisector
of «B and Cl is the angle bisector of £C, respectively.
By symmetry, £PTl = 2£QTl = a
Now, <2 ABT - 90° (~ AT is diameter of (OABC)
~ £PBT =90°
Also, £PIT =90°
~ PBTI is cyclic.
~ LPBl=£PTl=qa (Angle in the same segment)
£IBD = £ABD - £ZABI =B - a
£TBC=«£TAC=90°-B
~ £IBT=2IBD+ 4DBT=B-a+90°-B=90°-a
Since, PBTI is cyclic,
ZIPT =£IBT =90° - a
£BPT =180° - £TPA = 180° - £ZAPI - £IPT
=180°-B-90°+a=90°+a-PB
But, APT is a tangent to circle PQT.
~ £LBPT =4£PQT - £I1QT
From Egs. (1) and (2), we get
90°+a-B=90°-a
2=
~ ZIBD=B-4PBl=2a-a=a
~ £IBD = £PBI
~ Bl is the angle bisector of £B.
Hence, the result.

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




Solution 21

We should find the circumference of the circle on the diameter .
CD=4 cm.

0C=0B=13/2 =6.5cm

SoOD=6.5cm-4cm=2.5cm.

So, the

Circumference of the circleis 2t X 6 cm = 12w cm.

Solution 22:

(i) BA = BF (Radius of the circle k.)
(ii) 2AEB =90°
(iii) £EAF =90° - £AFE (Angle in the semi-circle.)

=90° -2AFB

=90° - £BAF ( BA =BF by step (i) )
= £BAD -£BAF
= £FAD or £DAF.

Solution 23 :

Area of the quadrant = areas of the two semicircles + b — a [Since the sum of the areas of the two
semicircles include the area shaded ‘a’ twice)

1
The area of quadrant = errz

ie 1z =102 4102 _
e, Smr —271(2) +2Tl,’(2) +b—a

:%nrz =%nr2+b—a
>0=b—a
= a=h.
Solution 24:
£PQB = £AQB
~£AOB = ~2APB
%(APQB + 2PBQ) = 2PQB — %APQB = %LPBQ = +/PQB = £PBQ

= PB
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Solution 25:

Join A and B to the centre (O) of the circle k.

If P is a point on OA, any circle with centre P and radius PA lies entirely inside k, since A is an interior
point of k.

Similarly, if Qis a point on OB and the circle with its centre Q and radius QB lies entirely inside k.

Since, OA is less than the radius of the circle k, and the circle with O as centre and radius OA lies
inside circle k.

(It is the concentric circle with k) and the circle with centre P and radius PA is a circle touching the
concentric circle of k with radius OA internally, and hence, this circle lies entirely inside k. Similarly,
for the point Q on OB, the following explanation can be given.

Let the perpendicular bisector of AB meet OA at C (or, this perpendicular bisector may meet OB).

Now, the set of centres of the set of circles passing through A and B are the points on this
perpendicular bisector.

Taking any point P on line segment DC as centre and radius PA = PB, an infinite number of circles
can be constructed. All those would lie entirely on k. This is because there are an infinite number
of points as P on line segment DC.

Solution 26:

£CPD = £CPA

= LCBA = £CBF = 90° — £FCB = 90° — £HCD =
¢DHC = «CHD +~ CP = CH

-~ CD is the perpendicular bisector of PH ~ DH = DP or HD =
PD. (~+ 4£CDH = 90°)

Solution:27

Let Al meet the circumcircle at Q. OA = 0Q (radii of the
circumcircle)

£0Al =20Ql
O is the circumcentre and AQ bisects 2BAC .. arc BQ = arc QC
~ 0Q s perpendicular to chord of arc BC

~ 0Q || AH (both being perpendicular to the same line BC).

~ £ZHAl = ZHAQ = £AQO = £O0AQ = 20Al
~ Al bisect £HAO.
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Solution 28:

Since 5% =37 +47

ie, 224 73=180°

£14 £4 <180° By converse of Baudhayana (Or Pythagoras) theorem
ZAPQ =90°

Let £PAB=0

= ZAPB =90°-0

ZOPC=0.

LetdAB=a

In A4PE cosl) = ;—: = ga=4cosl
. . PEB .
Alsoin A4PRB, sinf) = T = PB =4sind)

In APCQ, cosfl = % = PC =3cosl

Since ABCD is a square
AB=BC

AB=BP+PC

Codcost =4sinfl + 3cost

cocosl =4sind

— [anﬂ:% == cusﬂzi

J17
4 1617

LAB=a=dcosl =dx—= CIn.

J7 1

Solution 29:
Let AD intersect EF at M.

Consider the ADIMF
/LMFI = ¢2EFC

= ¢EBC

A C
=B/2 «MIF = 180°—«MIC = 180° —[180° _E_E] (In AAI
A C

= 180° — [180° —
[ 5> 5]

= - (180° — B)
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= 180° — (Z+90°—3)] = 90°
i.e., AD is perpendicular to EF. Similarly, we can prove that BE and CF are perpendiculars to FD and
ED.

Solution 30:

On AB as diameter, draw a semi-circle to cut the given circle at, say, C
and C'. Join CA and CB. Extend them to meet the circle at P, Q.

Then, APCQ is the required triangle. Since, ZACB = £PCQ = 90°, PQ will
be the diameter.

Similarly, if the other point C' is joined to A and B and extended to meet
the given circle at P/, Q’, then AP'C'Q’ is the A satisfying the given
condition.

The semi-circle on AB, as diameter, may cut the circle at two points or touch the circle, or the full
circle itself may be in the interior of the given circle. Accordingly, there are two right angled
triangles, or one right angled triangle , or no right angled triangle satisfying the hypothesis.

SOLUTION 31:
Draw the circumcircle of AABC and let the bisector AD of ZA meet the circumcircle again at E.

A ABD is similar to AAEC
AD _ AB

AC AE

= AD X AC = AD.AE > AD? (AE > AD)
= AD < ABX AC

which was to be proved.

Solution 32:
Given, ABCD is a cyclic quadrilateral.
‘O’ is the circumcentre of AAPB.

To explain, if M is the mid-point of PB, then OM is perpendicular to
PBin Fig. 3.12, H is the orthocentre of ACPD.

Let, OP produced meet DCin L.

To prove: O, P and H, are collinear.
To prove that H lies on OP or OP produced. A Or, in other words,
OP produced is perpendicular to DC.
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Proof: Since quadrilateral ABCD is cyclic,
£CDB = £CAB = 4PAB = % £POB (Since, O is the circumcentre of 4 PAB)

£LPOM (= £BOM ) as OM is the perpendicular bisector of PB.

In ALDP and AMOP, £LDP = 2POM
2DPL = 20OPM (Vertically opp.)
~ ZPLD = £PMO = 90° and hence the result.

Solution 33 :
A= lbc sind = lbc
2 2
= sind =1

= ZA = 90°

Since AD is the medianand £A = 90° , D, the mid-point of BC is
the centre of the circumcircle of AABC.

So AD =BD =DC
1
£ABC > 2ADC. (Angle subtended by AC at the circumfere

1
— (angle subtended by AC at the centre.)
2

Solution 34:

Let AD be the median through A, and M be the mid-point of AD. Join
OD. Since, D is the mid-point of BC and O is the circumcentre, OD is
perpendicular to BC.

In4 DMO and 4 AMN,

DM = AM (M is the mid point of AD)

OM = NM (given)

£DMO = £AMN (vertically opposite angles)

So, the triangles are congruent,

£MDO = £MAN

So,AN || OD. (4£MDO and £MAN are alternate interior angles and are equal)

But, OD is perpendicular to BC and hence, AN produced is perpendicular to BC,

i.e., N lies on the perpendicular through A to BC, i.e., N lies on the altitude through A).
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Solution 35:

Produce AP to Q.

Divide AB, internally and externally in the ratio % = AatH
and K, respectively .

AH PA AK
_—/'{ = — =

HB PB~ BK'
So, PH and PK are the internal and external bisectors of ZAPB

hence,HPK = 90°.

So, P lies on a circle on HK as diameter.

Solution 36:
To proof: AD' = AD,
We know that, BD= s-b

__C+s—-b+AD ct+b—s +AD

= ADy =2 — (s —b) =

c+s —c+AD c+b—s +AD
and AD' = ————— (s —¢) = ————

= AD' = AD,

Hence we can say DO and D’ are the same points.

Solution 37:

Join CS and produce it to cut the circumcircle at F. Join FB and FA. Since CF is
a diameter

~ LFBC= £FAC=90°
Since FB 1 BC and AX L BC

~FB| | AX| | AH

also FA L AC, BY L AC

~FA||BY||BH

~ In quadrilateral AFBH

AF || HBand FB | | AH

~ AFBH is a parallelogram

~AH=FB

also in D CFB, S and D are the mid-points of CF and CB respectively

= By mid-point theorem.

SD||FBand SD = %FB = SD = 1/2 AH [~AH=FB]
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= AH = 25D.

Solution 38:

1, 1,1_(6 (), (59
Ta Tp Te A A A

1 1 +i _ (s—a)+(s—b)+(s—c)

Ta Tp Te A

l+i+l — 3s—(a+b+c)

Ta Tc A

1 1 1 _ 3s-2s

Ta Tp T¢

Solution:39

| is the incentre of AABC,
ZIAB = (1/2)£A
2IBA = (1/2) ¢B 2

¢KBC = ¢KAC = (1/2) 2A (1) &

~ £LIBK = £IBC + £CBK = 12 (£A + 4B)

Also In AABI by exterior £ property
¢BIK = ¢IAB + «4IBA = A/2 + B/2 (2)

In DIBK,
2IBK = ¢#BIK = 1/2(4A + 4£B) (From Egs. (1) and (2))
= KB

Solution 40: 3

In ABXH and ABYC

¢/BXH = «BYC = 90°

¢/XBH = ¢£YBC -
BNX

=~ By AA similarly
ABXH ~ ABYC
o LBHX = £BCY = £C K
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Also ZACB = 2£AKB=«£C
In ABXH and ABXK
/BHX = #«BKX = «C

BXH = «BXK = 90°
BX = BX
.- By AAS Congruence ABXH = ABXK .. HX = KX.

Solution 41:

Given: AABC, XAY is any line passes through A. BM L XY and CN L XY.
And BL = CL, L is mid-point of BC. To prove: LM = LN Construction: Draw
LK L XAY

Proof: Since perpendiculars drawn on the same line are parallel to each
other BM || LK | | CN Also by proportional intercept property

BL/LC = MK /KN

1= MK /KN * (BL= LC)

= MK = KN

In AMKL and ANKL

MK = NK

£MKL = £NKL = 90°

KL = KL ( By SAS congruence),
AMKL = ADNK

= LM = LN.

Solution 42:

Let ABC be the triangle in which a square is to be inscribed as desired.

Construct a square BCDE on the opposite side of £ZA. Join AE and AD to cut
BC at P and Q respectively.

Erect perpendiculars at P and Q to cut AB at Sand AC at R, join SR. Then
PQRS is the square inscribed in AABC as desired.
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Solution43 :

In AMLT, NR || ML

T2 - 2 (BYBPT)
TL ™

In ATQM,

— -7 (ByBPT)
TQ TM

By equating Egs. (1) and (2) we get,
TL2=TR.TQ
That is, is the geometric mean between TR and TQ.

Solution 44

Given quadrilateral ABCD, L and M are the mid-points of diagonals BD and AC
respectively.

To prove: LM || ECand LM = %EC

Proof: Since DE = AB, DE || AB and in a quadrilateral if one pair of opposite
side is equal and parallel then it is a parallelogram

~ABED is a parallelogram.
Its diagonals bisect each other so L is also the midpoint of AE

In - AAEC, L and M are the midpoint of AE and AC respectively
By midpoint theorem LM | |EC = and LM = % EC

Solution 45.

Given: ABCD is a parallelogram AB is produced both ways AF = AD and BG = BC.
To prove: FD and GC produced cut at right angles

Proof: Since in AAFD, AF = AD ..£AFD =£ADF = x (Say)

£ DAB =2x (Exterior angle theorem)

AD||CB =4£CBG =4 DAB = x

In ABCG, BC= BG, £ BCG = 4£BGC=vy,

And, 2x+y+z = 108°
Y +z=90°

Therefore, 21 = 90°
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Solution 46 :
Let £QPS = 2SPR =a and £ZTPS = x
~ZQPT=a- x

In APTR, by using exterior angle property,

£ QTP =90%=a+x + £R.

In APTQ, by using exterior angle property,
£PTR=90°=a—x+ Q.

a+x+sR.=a—-x+2£Q.

2x=2Q- 4R

that x = (£Q- ZR)

Solution 47

Proof: In AABC, by using exterior angle property of a triangle
£ACD=£ABC +£A

2y=2x+2£A .. (1)

In ATBC, by using exterior angle property,

LYy=4X+2T..(2)

From 1 and 2 we get,

/BTC = % ZA

Solution 48 :
Let BE intersects AC and AD at L and M respectively
Now, in AMBD, by using exterior angle property 22 =£B+2 D

Similarly, in ALCE CE ,£1=£C+£E

In AALM ZA +£1+2£2 =180°
=>/LA+£C+£LE +4B +4 D =1800
Or A +£C+£E +£B +2 D = 180°
Solution 49 :

Construction: Join DE
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Proof: In AABC and AADE
AB = AD (Given) ...1
Also 21 =122

=>2£1+£43 =£2+£3

=>4 BAC=24 DAE .2

Also AC = AE (Given)....3
Using equation 1, and 3 we get
A ABC = AADE

= BC= DE, (by CPCT)

A

Solution 50 :

Proof: In ABDL and ACDM, ,

£BLD =£CMD =90 ° = 'D%a/c
M

£ BLD =£CDM (VOA—Vertically Opposite Angle)

BD =CD

By AAS congruences
ABDL = ACDM

= BL =CM (CPCT)

Note: In this figure BLCM will be a parallelogram

Solution51 :

Proof: Since if two circles are touching then the line segment joining their centres passes
through their point of contact.

BO=a+r

MO=a-r

And BM =% by symmetry

In right angle AOMB,

BO? = MO%+ BM?

(a+r)? = (a—r)? + (2)?
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Solution 52 :

Let D be the mid-point of BC. By Apollonius theorem
AB%+ AC?=2(BD?+ AD?) (By Apollonius Theorem)
4 AD? = 2AB? + 2AC? —-BC?

BC2 = 2AB? + 2AC? — 4AD?
=2(10)° +2(5)° -4 (3)? =81

BC=9cm.

_9+10+5 _
=— =

S 12

Area=./s(s—a)(s—b)(s—c) = 6,/pcm?

P=14
Solution 53. :
Construct £BCD = £ACP and CD = CP
In AACP and A BCD
CP=CD

By SAS Congruency

AACP = ABCD,

AP =BD

Also 21+ 2£3 =242+ £3=60°

And PC=CD

APCD is an equilateral D with PC = PD = CD and £DPC = 60°
Since PA? = PB% + PC?

BD2= PB2 + PD2 (As PA = BD, PC = PD)

By converse of Baudhayna (or Pythagoras) theorem
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£BPD =90°
£BPC = £BPD + £DPC
==90°+60°
£BPC =150°.
Solution 54.
Proof: Let ZADB < £ADC
=£ADB is acute and £ADC is obtuse.
In AABD, by using acute angle theorem, we
AB%2= AD?+ BD?-2BD MD. ...1
=c2= d?+ m?-2 mx

In AADC, by using obtuse angle theorem, we get

AC?= AD?+ DC?-2DC.DM ...2

= b? = d2+ n?-2nx

On solving equation 1 and 2 we get
nc2+mb? = d>( m+ n)+mn?2+m?n

a(d2+mn)= (b2m +c?n).

Solution 55.
Let 2 ABP = ZPBC =y = /B
And £ ADQ=2QDC= x=3 £D

=/PDQ =180-xand £PBQ =180 -y.

In quadrilateral PDQB, 2P + £PDQ + 2£Q + QBP =360°

=>/P +180°-x +2£Q + 180°-y = 360°.

=/P+2Q = Zl(LABC +2ADC)

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




Solution 56. :
Let «DBC =6, so that ZACB = 26 and «BDC = it - 36, also 2BAC =t - 46.

Now by sine rule, in ABDC and AABD respectively, we get

BC __BD _ ., AD _ BD
sin30  sin20 sind ~ sin4@

It is given that BC = BD + AD.

BC AD
- = 1 + —
BD BD

sin360 sin46
=1+

sin20 sin@
On solving
Sin40 = Sin50
40 =50 or 40+ 560 = 180°,
40 + 560, 96 = 180°,
6 =20°.
Solution 57.

Let #B =2

i F ' Ii '
The bisector of ZB intersects AC at &', so that, CB' = L and AR = e
i+ a+o

Now A4BC ~ABB'C
_BC AC

L——="—BCr=AC-BC
BC BC

L. " ah
ﬂmtlS.u‘:HﬁJL— or

a+c)

ie,ala+c)=b

According to our assumption of the angles, b > a holds.

. Either b={a+Dorb=(a+2) (as a, b, ¢ are consecutive)

In the first case, ie., b=a+ 1= b =ala +¢)

=(a+1)F =ala+c), ie., @ +2a+=d +ac
=litl=ac=zallza=l=c=3andbh=2

Which is impossible, thus b= a+1.

Then, leth=a+2thenc=a+ 1, now(a+2)¥ =ala+a+1)=2a" +a
=al-3a-4=0

sa=-lord, buta=-Il (reject)
sa=4thush=6and ¢ =5,

- There is only one triangle satisfying the conditions of the problem, i.e., the tri-
angle whose measures are 4, 5, and 6.
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Solution 58.
Let the sidesbea-d,a,a+d(a>0,d>0)

Let a be the smallest angle of the triangle opposite to (a — d); then the
greatest angle 2a is opposite to (a + d).

Applying sine rule for AABC,

a _ a+d

- sin(m—-3a) "~ sin2a
1
a+d  2cosa

2, _ (a=dyo
4 cos’a = (a+d) w1

a-d sina .
Also —=— on solving 4 cos’a =
a sin3a

2a—d
ad

Fron equation 1 and 2

a=5d

Ratio of the sidesis(a—-d):a:(a+d)=4d:5d:6d,i.e.,4:5:6.
Solution 59. :

Let ABC be the triangle with incentre I. Let X, Y be points on AB, AC
respectively such that, BX - BA = BI? and CY - CA = CI?,

Hence by secant tangent theorem we can conclude that there are
circles passing through AlX and AlY respectively, so that, Bl is a

tangent and BXA is secant in the first circle

and Cl is a tangent and CYA is a secant to the second circle.

Thus £BIX = £BAIl and £ClY = £CAl (Alternate segment theorem)
£BIX= A/2 and 2ClIY= A /2 £ BIC =180 - £A (Alternate segment theorem)
Thus B/2 + (180° — A) + C/2 = 180°

=90°-A/2-A=0

A =60°

Solution 60 :

Construction: Join QM, RM

Proof: Since POM is a diameter, ZPRM =90°
= £QRM =90°- «R

= £QPM =2£QRM = 90°— £R
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= £LTPM = £QPM - £QTP
=(90°- £R)-(90°- 2Q)

=£Q- 4R

Since £TPS = %(LQ— ZR)

So, 2 SPM =%(LQ— ZR) = PS bisects ZTPM.

Solution 61:.

Rotate triangle ADE about A by 90°, so that D—» B
ar(AADE) = ar(AABE")

ar(ABCD) = ar(AADE) + ar(AECB)
ar(ABCD) = ar(AABE") + ar(AECB)

= ar(AECE'") = ar(square) = 25

D
L =

Solution 62:

Rotate triangle ABD about A at 60° so that B —» C
Now, 2DAD' = 60°

ADAD' is an equilateral triangle ,

So,DD" =2

Now, ADD'C is a right angled triangle

As, (DD")? + (D'C)? = DC?,S0, «£DD’'C = 90°
And £AD'D = 60°

£AD'C = 60° + 90° = 150°

Using cosine formula in triangle AD’C

2 2_2p,2
cos 150° = 22+(2V3)?-Ac?
2x2x24/3

AC? =28, AC = 27
Sum of all sides=6v7

Solution 63:

Rotate triangle ABC about Cat 90°, 4 - B
2D'CD = 90°
DD'=V6Z + 62 = V72 = 6V2
Now, in triangle DD’B, DB=7; D’B=11
and DD’== 6+/2,
so triangle DD’B is a right-angled triangle
and zD'DA' = 90°
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Now in triangle CDB,
2CDB =90° + 45° = 135°
Using cosine formula in triangle CDB,

72+(6)*—BC?

cos 135° =
2X7X6

BC? = 85 + 42v2; BC = /85 + 42+/2,

by comparing with v a + bv/2; we get a = 85 and b = 42
a+b=85+42 =127

Solution 64:

Rotate triangle ADB about Aat 60°, B = C
AADD', .DAD' = 60°,

so AADD'an equilateral triangle with DD’=1
ACDD'is a right-angled triangle,

as DD’=1,DC=2and D'C =+/3

,2DD'C =90°and,«DD'A = 60°

Using cosine formula in triangle AD’C,

we get AC as

AC = J12 + (v/3)%2 — 2.1.4/3 cos 150°
AC=\1+3+3=+7

Solution 65:

Rotate triangle AOB about B at 60°
A->C
In ABOO', LOBO' = 60°
ABOO' is an equilateral triangle, 00’ = 4
ACOO' is a right angled triangle (as sides are 3,4,5)
So, £C00' = 90°
In ACBO', £BOC = 90° + 60° = 150°
Using cosine formula in triangle CBO, we get BC as
BC? = 32 + 42 — 2.3.4 cos(150°)
BC? =25+ 12V3
. . V3, ., .2 25
Area of an equilateral trlangle=T (side) = T\/? +9

By comparing it with a + gﬁ, we get
a=9>b=25c=4andd =3

Now,a+b+c+d =41
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Solution 66:

Rotate AADFEabout A at 90°
D-B

AAEE' is a right-angled isosceles triangle

EE' =22

In AEE'B , sides are 3,2V2 and 1,

so it is a right-angled triangle with LEE'B = 90°
In triangle AE’B, £AE'B = 90° + 45° = 135°
AADE = AAE'B

s0,LAE'B = LAED = 135°

Solution 67:

Rotate triangle ABC, about A 90° in clockwise
LACB = 45°, LACC' = 45°, So, £BCC' = 90°
In triangle NCM’, ZNCM' = 90°

By Pythagoras theorem, NC? + M'C? =
M'N?%;, BM? 4+ CN? = MN?

Rotating again 2 times clockwise about A,

then we get a regular octagon

Using angle at a point 360°

8/'s = 360° 2's = % = 45°

So, LMAN = 45°

Solution 68:

Rotate triangle DFC about D at 180°
B-C

BF'=CE=y

DF=DF

ADEF = ADEF'

EF' =EF =z

In ABEF',BE + BF' > EF
(x+y>2z2)

Solution 69:

Let X,Y,Z and T are the mid-points of sides AB,BC,
CD and DA of the square.
PGl _2 _ PG2 _ PG3 _ PG4

Here,—=-= = =
" PX 3 PY PZ PT

There exists a homothety, H(p, %), which takes G1 to X,
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G2toY,G3toXand G4toT
homothety preserve shapes, XYZT is a square

that implies G1G2G3G4 forms a square.
Solution 70:

Two circles have internal tangent, so here,
A is the centre of homothety

AB _ AX

AP~ AD
AB _ 2x8 _ 4
AP~ 2x10 5
Here, PB = a,AB = 4a
Using tangent law, PM? = PA X PB
20 = 5a X a = 5a?
a=2
So, PA=8
In the smaller circle radius=8=PA,
Therefore x = 60

Solution 71:

O is the centre of the inner circle
AO=0S
S is the centre of outer circle

By homothety

AS
2 _2
A0

the circumcenter S of triangle APQA lies
on the circumcircle of AABC and lies on the line AO,
then: ZAGO=900

solution 72:

P be the arbitrary point inside ABC.
Rotate the triangle ABP clockwise about B by 60°

Now we obtain a triangle A1BP1,
since AP=A1P1 BP=PP1=BP],
Itis clear that AP + BP + CP = A1P1 + P1P + PC
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Thus we see that the sum AP + BP + CP is minimal
when A1P1 + P1P + PC is a straight segment

Solution 73:

Rotate the triangle APB through 60° about B.
after this rotation A will coincide with D.
Then PB=PP1 and PA=DP1

We know that, sum of any three sides of a
quadrilateral Is greater than 4™ side.

Hence, PA+PB+PC=P1D+P1B+PC>C

Solution 74:

let A’ ,B’,C’ be the centres of the circles.

Since the radii are the same, so A’B’ is parallel to AB,
B’C’ parallel to BC, C'A’ parallel to CA.
since AA’,BB’,CC’ bisect £A, 2B, £C respectively,
they concur at the incentre | of triangle ABC.
Note O is the circumcentre of triangle A’B'C’
as it is equidistant from A’,B’,C’ . then the homothety
with centre | sending AA'B'C' to AABC will send O to
the circumcentre S of AABC( not shown in the figure) .
therefore, 1,0,S are collinear.

Solution 75:
let O be the Centre of the circle . let the circle be tangent
to the circumcircle of AABC at D. let | be the midpoint of PQ .
then A,1,0,D are collinear by symmetry.
Consider the homothety with Centre A that sends

AABC to AAB'C’' such that Dison B'C’ .

. . AB'
the scaling factor here is k = B

Now since the right triangles AIP,ADB’,ABD and APO are similar.”

Al Al AP _ AD AB _ AB _ 1
A0 AP A0  AB''AD  AB' K

This tells us that the homothety sends | to O. then O being the incentre of AAB'C’
implies thatlis the incentre of AABC.

Solution 76:
By symmetry ,P1P,, 0,05, Q1Q- concur at a point O.
consider the homothety with centre at O which sends C4 to C,.
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Let OA intersect C; at B. Then under the Homothety
A is the image of B. since ABM; 0, is send to AAM,
So £M;B0O; = £M,A0,

Now AOP;0, = AOM, P,

., .. 00, OP
which implies — = —
0P, oM,

Then, 00,.0M; = 0P12 = 0A. OB, which implies 4, v, b, U; are concyciic.
Then, ZM;NO; = £M;A0+. Hence £M;A0; = £M,AO0,.
Adding £0,AM, to both sides, we have
20,A0, = LM, AM,
Solution 77:

Assume that AB < AC. Consider the dilation with centre A that carries the incircle to
the A-excircle. The line segment DT is the diameter of the incircle

that is perpendicular to BC, and therefore its image

under the dilation must be the diameter of the excircle

that is perpendicular to BC. It follows that T must get

mapped to the point of tangency between the excircle

and BC. In addition, the image of T must lie on the line AT,

and hence T gets mapped to X. Thus, the excircle

is tangent to BC at X. From here it is easy to show that BD = CX,

solution 78:

Let us assume that TK meets the arc AB at N and

we shall show that AN = NB.

Since Q and w are tangent at T,

it follows there is a homothety at T taking w to Q.

Clearly, the tangent to w at K (which is line AB) will be mapped
to the tangent to Q at N.

Hence it follows that the tangent to Q at N is parallel to AB.
Now AN = NB follows by observing that the three colored
angles in the adjacent diagram are equal.

Solution 79:

Let KE be a diameter of the incircle, and let line AE meet BC at D. Let M be the

midpoint of BC
By the diameter of the incircle lemma, M is also the midpoint of KD. Since 10 is
parallel to BC, we can say that KMOI is a rectangle. Since | is the midpoint of KE and
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M is the midpoint of KD, we see thatl O must be the midpoint of ED. Thus lines AE
and AO coincide

Since AH = 20M = EK and AH and EK are both perpendicular to BC, it follows that
AHKE is a parallelogram. Hence HK is parallel to AE, which coincides with line AO.

Solution 80

Let the line | touch the circle Cat D and let T, X be the reflection of D with respect to
the centre of C and M respectively. Note that the points T, X are independent of P.
But the diameter of the incircle lemma tells us that P must lie on the ray XT beyond
T. Conversely, given a point P lying on the ray XT beyond T, let the tangents from P to
C meet | at Q and R. By the lemma we must have QD = XR, from which it follows that
M is the midpoint of QR. Therefore, the locus is the ray XT beyond T.

Solution 81:

[4BD] _ BD

Proof: By Ratio proportion theorem (or area lemma), we have
[4DC] DC

and (87D) _ 20
[CPD] DC

. From Egs. (1) and (2)
BD [4BD] [BPD] [ABD]-[BPD] [ABP]
DC  [ADC] [CPD] [ADC]-[CPD] [ACP]

Let [BPC] = A, [ACP] = A, and [4BP] = A

_ B A

" DC A,
CE [BPC] A
Similarty <= = [BEC1_ A
EA [APB] A,

AF _[4PC]_ Ay
FB [BPC] A,

DC EA FB A, A,
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Solution 82:

Produce CA to D, such that
AD=AB
. ZABD=/ZADB and ZABD+ ZADB= ZBAC=2x
. ZABD=ZADB=1x.
AABC - ABDC (AAA similarity)

)=at

Solution 83:

“(F" 15 the circumcentre of AAPB.

To explain, 1f M 15 the mid-point of PB, then OM 15 perpendicular to PB n the in
Fig. 3.12, H 15 the orthocentre of ACPD.

Let, OF produced meet DC in L.

To prove: O, P and H, are collinear.
To prove that H hes on OF or OF produced.
Or, in other words, OF produced 1s perpendicular to DC.

Proof: Since quadnlateral ABCD 15 cyclic,
LCDB = ZCAR = ZPAB =EiPﬂB (Since, () 1s the circumcentre of AP4R) =

ZPOM (= ZBOM ) as OM 15 the perpendicular bisector of PB.
In ALDP and MOP,
ZLDP = £POM

£DPL=Z0PM  (Vertically opp. Z')
LPLD = ZPM0O =907 and hence the result.
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Solution 84:
Solution: Let a, b, ¢ and d be the measures of the sides AB, BC, CD, and DA of the
quadrilateral. The diagonals intersect at 0. Let Od =p, OB =r, OC =g and 0D =5.
If AC 15 not perpendicular to BD, let £A08 be obtuse.
Then, by the extension of the Pythagoras theorem,
al:qf' o<+ qr:

=i +q2; d’ r-ip: 5

g RS g b 4

Thus, a" +¢ > b +d°

which 1s a contradiction as it 15 given that g +c = +d and ZA0B #90°

If AC 15 perpendicular to B, then
"

a=p 4
11,2
=5 4q
S N S N S DA B 2
C+c=p+g+r+5 =" +) 4+ +r)
=d"+b"
Solution 85:

Solution: Draw the circumcircle of A4BC and let the bisector AD of £4 meet the
circumeircle agaim at E.
AABD 15 similar to AAEC (AA similarity)
AD AR
T

= ABxAC=AD-AE>AD* (77 AE> AD)

= AD«¢ J‘{B x AC which was to be proved.

Solution 86:

Solution: 44, BR, and CC, are parallel line segments and hence,

CC,  GB

A4A AR

Also G, = AG

B R AB
Adding Egs. (1) and (2). we have

CC | CC _GB+AC, _AB

+ —
44 BB AR AR
Dividing Eq. {3) by £C,, we get

1

L 1
44 BE CC
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Solution 87:

Solution: In the figure AAOC and ABOD being equilateral 200D = 180° - (£C04
+ ZBOD) = 1807 - (60° + 60°) = 60°.

The exterior ZODE of AOBD = 60° + 60° = 120°. Agan, the extenor Z0CE of
AOCA = 607 + 60° = 120°.

Therefore, the remaming

ZCED =360° - (1207 4 120° + 60°) = 60°

In quadrilateral OCED, opposite angles are equal, implying that the opposite sides are
parallel. Thus, 1t 1s a parallelogram. In this parallelogram, if the adjacent sides OC =

0D {i.¢., all sides are equal), then 1t becomes a rhombus. For this, we should have A0
=0C=0D=08,i.e,40=08 or O should be the mid-point of the segment A8 (Also
note that AAEB 15 also equilateral).

solution 88:

Solution: Since, AE is the diameter ZACE = 90° and AC" + CE" = AE" =2" = 4. By
cosine formula (for A4ABC)

AC* =" + b - 2ab cos(180° — 6)

=g + b +2abcos@

Similarly, in ACED
CE = +d = 2ed cos(90° + 6)
= +d +2edsin B
D AC+CE =a + 5+ +d" 2ab cosB+ 2ed sind

In AACE, £=3inﬁ‘
AE
= AC=2sinf=h (dE=12)
CE
and —=cosl  (AE=12)
AE

= (E=ltmsfl=c (23

(Because, in AABC and ACDE, £B and £ are obtuse angles. Here, AC is the
greatest side of AdBC, and CE 15 the greatest side of ACDE)

AC+CE =a* + b+ +  + 2ab cos B+ 2ed cos B=4

= d+b+c’+d +ab-2cosB+cd-2sinf=4

= a+b 4+ +d +abe+bed <4 (by Eqgs. (1) and (2))
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Solution 89:

Solution: Let AD be the median through A, and M be the mid-point of AD. Jom 0D.
Since, D 15 the mid-pomt of BC and ()15 the circumcentre, 0D 1s perpendicular to
BC
[n ADMO and AAMN,
DM =AM (M 15 the mid-point of AD)
OM=NM (Given}
£DMO = ZAMN (Vertically opposite angles)
50, the frangles are congruent.
ZMDO = ZMAN (Corresponding angles of congruent triangles)
S0, AN| 0D (£ZMDO and ZMAN are alternate mterior angles and are equal)
But, 0D 15 perpendicular to BC and hence, AN produced 15 perpendicular to BC,
i.e., N lies on the perpendicular through A to BC, e, N lies on the altitude through 4).

Solution 90:

Solution: Given In A4BC, ZB=90° 4D=DC

1
To prove: BD = s AC

Construction: Draw DE || CB
Proof: In A4BC, D 1s a mid-point of AC and DE || CB

. By converse of mid-point theorem £ is a mid-point of 48, i.e.,

also ZE=90° . DE L AB

In AdED and ABED

AE=BE (Proved above)
ZAED = Z/BED =90°

ED=ED (Common)
. By SAS congruence AJED = ABED

s AD=BD

but AD=CD

" EﬂzﬂD:CD:%AC.
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Solution 91:

Solution: Given In trapezium ABCD, AR || CD, P and () are the mid-points of diagonal
AC and BD respectively

To prove: PO || AB | DCand PO = %{AB -DC)

Construction: Join DF and produce it to cut AB at R.

Proof: In ACPD and AAFPR
Z1=/2 (Alternate interior angles)
CP=AP (As P is the mid-point of AC)
23=24 (VOA)
- By ASA congruence ACPD = AAPR
s CD=ARand DP=RP
In ADRB
P and ( are the mid-points of DR and DB respectively

PQ| RBand PQ = %RB
1
= PQ|AB | DCand PQ = (4B~ AR) (As RB=AB - AR)
l
= PO=_(4B~CD). (As AR=CD)

Solution 92:

Given: In A4BC, BE L AC. (J, R are the mid-points of AB, BC respectively AD is any
line which cuts BE at H. P is a mid-point of AH.

To prove: ZPOR=90°
Construction: Join OR which cuts BE at K

Proof: Since In AABC, 0, R are the mid-points of 4B, BC respectively.

. By mid-point theorem OR || AC,

also, ZBEC =9)°

o ZBKR=90°= ZHKR

In AABH, ) and P are the mid-points of A8 and AH respectively

. By mid-point theorem

OP|| BH

s ZPOR = ZHKR =907 {Corresponding angles)
PO LR
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Solution 93:

Given: In A4ABC, E - ﬂ: 4—L . and AD, BE intersect at X,
DC 1 EC |
AX
To find: —.

Construction: Draw DF || BE,

Proof: Since DF || BE.
In ACEB

- poppy. EF_BD _m
S BYEEL TBe T he T

EF m
=5 —= .
EC m+l
In AADF, EX || FD
- By BPT
AX AE _AE EC _n (m+l)
XD EF EC EF 1 m
AX - n(m+1)
X0 m
AE
.4.-11':.45.3{: or &
XD EC BD BD
BC

Note:

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




Solution 94:

Given: In AAEC,
B CE AF 2
DT OE4A FR O

1

To prove: [XYE] T[.-J'.n'br-r_'j

By previous question

AE 1
.-'I'J.'_E('_ _I:-c'—:".
XD Sy > 4
e

AX
Ay

Also [45D] _ 8D _ 2

"[ABC] BC 3
¥
[ABD] = J[ABC)

Now [ABX]_ AX 3
[ABDR] A 7

3 i 2 .
ABX ) =Z[ABD] = == [ABC
[ 1 ?l 1 = 3[ 1
2
[ABX] = Z[ABC]

-3
Similarly [SCZ] = _:Ir[.»l.ﬂ'f_']

[ACY]= %[45(']
Thus [X¥Z] = [ABC] — ([4BX] + [BCZ] + [ACY])

_[ (2 2 2 .
=|1-{ 5 +5+35 | |taBC)

Solution 95:

Solution:

In AMLT, NR | ML

TR TN
s = (BPT)
TL M

In ATOM,
TL IV

== (BPT)
0 TM

TR TL p
B ting Eqs. (1) and (2 t, —=— = IL"=TR-T
v equating Egs. (1) and (2) we ge LT 0

That 15, TL is the geometric mean between TR and 7.
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Solution 96:
Construction: Extend the line to meet CB extended at G.
AOFD ~ ACFG and AOED ~ ABEG
(F CG CB+BG CB BG 04 BE

=t — =t —=442=6
oD 0D 0D OE

Thus the line cuts OC at F in the ratio of OF : FC=1:6

1
That is, 5parl of OC.

Solution 97:
FN=FM+MN=2+1=3and NC=3

s FN =NC = N is the mid-point of CF.

Also E is the mid-point of AC = NE || AF (By mid-point theorem)

S DE|| AB

L BD=DC (by converse of mid-point theorem)

Thus AD is both altitude and median to 8C

o AABC 15 1sosceles = AR = AC (1

Also AD 1s the angle bisector of 24

oo AAMF ~ ADMN {AA)
LAM _FM 2

TMD MN 1

This proves that M is the centroid of A4BEC {as AD is median)

Thus CF is both angle bisector and median to A4BC

ie., AMBC is isosceles = AC = BC. (2)

L AB=AC=8C {From Eqs. (1) and (2})

s AABC is equilateral.

Let the side of the equilateral triangle be *a’.

CF, being the altitude,

CF=6 = §a=ﬁ = a=43
CoPerimeter = 3x 4-,E = 12JE

Area = {?Jm@}mﬁ ) =1243

Thus area and perimeter are equal numerically.

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




ALGEBRA

Remainder Theorem: If a polynomial f(x) is divided by (x — a) then the remainder is equal to f(a).
Proof:

f(x) = (x—a)Q(a) +R...(1)

andsof(a) = (a—a)Q(a) +R

if R = 0 then f(x) = (x —a)Q(x) and hence (x — a) is a factor f(x).

Further f(a) = 0 and thus a is a zero of the polynomial f(x) This leads to the factor theorem.
Factor Theorem: (x — a) is a factor of polynomial f(x) if and only if f(a)=0

Fundamental theorem of Algebra: Every polynomial function of degree = 1 has at least one zero in the
complex numbers. In other words, if we have f(x) = a,x" + a,_;x""1 + -+ + a;x + a, withn > 1 then
there exists at least one such that, h € C

agh®+a,_;h" 1 +.-+ah+a,=0
From this it is easy to deduce that a polynomial function of degree ‘n’ has exactly n zeroes.

Theorem: Ifa;a, ..........,a, and by b, .........., by are any real numbers, such that

. a; <--<apb; <+ < by thenn(a;b; + -+ apby) = (a3 + - +ay)(by + -+ by)
. a;=>-->apby <:-<b,thenn(a;b; +--+ayb,) <(a; +--+a,)(by +--+by)

Remark: The inequality above can be put in the following symmetric form:
a;b; +---+ayby - (a1 + -+ an> <b1 + -+ bn)
n n n
This form suggests the following generalisation which we state without proof.

If ajap, ..........,@pag by e, by kg Ky il Ky are real numbers such that

a1b1k1 + b + anbnkl

a; < <ayb; < <byk, < <k, then

n
- (a1 + -+ an) (b1 + -+ bn> <k1 + -+ kn>
o n n n

Identities:
. a+b+c=0,a24+b%+c? = —2(bc+ ca + ab)
. a+b+c=0,a%+b3+c3 = 3abc
. a+b+c=0,a*+b*+c* = 2(b%c? + c?a®+a®b?) = %(a2+b2 + ¢?)?2
Periodic function: A function f is said to be periodic, with period k. if f(x + k) = f(x), for all x

Pigeon Hole Principle (PHP): If more than n objects are distributed in ‘n’ boxes, then at least one
box has more than one object in it.
Polynomials:

a) A function f defined by f(x) = agx™ + a;x"" ! + - + a,, where a, # 0, n is a positive
integer or zero and a; (i = 0,1, ..., n) are fixed complex numbers, is called a polynomial
of degree niin x. The numbers ag,a; a; ... .......,a, are called the coefficients of f. If a be
a complex number such that f (a )=0, then a is said to be a zero of the polynomial f.
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If a polynomial f(x) is divided by (x-h) where h is any complex number, the remainder is
equal to f(h).

If his a zero of a polynomial f(x), then (x-h) is a factor of f(x) and conversely.

Every polynomial equation of degree n = 1 has exactly n roots.

If a polynomial equation wish real coefficients has a complex root p +iq(p, gq real
numbers, q # 0) then it also has a complex root p — iq

If a polynomial equation with rational coefficients has an irrational root

p+ \/a (p, q rational, g > 0, g not the square of a rational number), then it also has an

irrational root p — \/a
If the rational number E (a fraction in its lowest terms so that p, q are integers, prime to

each other, q # 0) is a root of the equation apx™ + a;x" !+ ---+a, = 0, where
ag,a;ay, ... .......,ay areintegersand a, then pis a divisor of a;, and q is a divisor of a,.
A number a is a common root of the polynomial equations f(x)=0 and g(x)=0 iff it is a root
of h(x)=0 where h(x) is the G.C.D. of f(x) and g(x).

A number a is a repeated root of a polynomial equation f(x)=0 iff it is a common root of
f(x) and f'(x)
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QUESTIONS

Let,a, b and c are real and positive parameters. Solve the equation: Va + bx + Vb + cx
++c+ax=+vb—ax+Vc—bx++a—cx

Find the general term of the sequence defined by x, = 3,x; = 4 and x,,41
= Xp_12 —nx, foralln € N

Let x4, X, ..., X, be a sequence of integers such that

. —-1<x;<2,(fori=1,2,..,n

. x;+x, + ... + x5, =19;

. X124+ %% + -+ x,%2 = 99.
Determine the maximum and minimum value of x;3 + x,3 + --- + x,,3
The function f, defined by f(x) =

%, where a, b, c and d are non zero real numbers, has the properties f(19) = 19,f(97) =

97 and f(f(x)) = x, for all values of x , except — %. Find the range of f.
2

(a—b)? a+b (a—b)
< —Vab<gs —— >
82 = ab < ah foralla=b>0

Several (at least two) non zero numbers are written on a board. One may erase any two number

Prove that

b
write the numbers a + > and b

a
—5 instead. Prove that the set of numbers on the board, after any number of the

preceding operations, can not coincide with the initial set.

The polynomial 1 — x + x? — x3 + -+ + x1® — x17 may be written in the form a, + a,y + a,y?
+ -+ ayt® + ag;yt7, where

y = x + 1 and a;s are constants. Find a,.

Let,a, b and c are distict non zero real numbers such thata + 5

1
=c +E.Prove that |abc| = 1

Find polynomials f(x), g(x) and h(x), if they exist, such that for all x,
—1,ifx < -1
fx)] — lgx)| + h(x) =4{3x+2,if —1<x<0
—2x+2,ifx >0

Find all real x f h'h8X+27X—7
ind all real x for whic "1 185 &

s (30)+ () (1) + -+ (it

Let, %,y and z be positive real numbers such that x* + y* + z*

= 1. Determine with proof the minimum value of :

X3 y3 X3

1—X8+1—y8+1—z8

Find the real solution of the equation: 2X + 3% + 6% = x?

2
Find number of distinct real solutions of X% + (ﬁ) = 3.
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Find number of distinct real solutions of V2x — 14 —vVx—6 = 1

Find sum of all roots (real & complex) of (x — 1)?%%% = (x + 1)202°
X -y z

Let matrix A = ll 2 1] ,where x,y,z € N. If |adj(adj(adjA))| = 21°.3%, then find the
1 3 2

number of such (x,y, z).

a 1
Let,{a,} be a sequence such thata; = 2and a4 = 7“ + = for all n
n
€ N. Find the explicit formula for a,,.
y

+
x+/E+E+2) y+J/G+2F+%

Let, x,y and z be positive real numbers. Prove that

Z

+ <1
z+zZ+x)(z+y)
Let, f: N — N be a function such that f(n + 1) > f(n) and f(f(n))
= 3n for all n. Evaluate f(2001)

1
Find the least positive integer m such that (27)" < m for all positive integers n.

Let a, b, ¢, d, and e be positive integers such that abcde =a+ b + ¢+ d + e. Find the maximum
possible value of max {a, b, c, d, e}.
4 2001
+ ot
1!'+2!'+3! 2!'+3!+4! 1999 ! + 2000 ! + 2001 !

Evaluate:

let,x=VaZ+a+1—+va2—a+1, aecR. Findall possible values of x.
Find all real numbers x for which 10*+11* + 12* = 13* + 14*.

Let f:N X N — N be a function such that f(1,1) = 2,f{(m + 1,n) = F(m,n) + m and f( m,n +
1) = f(m,n) — n for all m, neN. Find all pairs (p, q) such that f(p,q) = 2001.

Let fis a function defined on [0,1] such that f(0) = f(1) = 1 and |f(a) — f(b)| < |a — b| for all a
# b in the interval

1
[0,1] . Prove that |f(a) — f(b)| < >
Find all pair of integers (x, y) such that x3 +y3 = (x +y)?

2 2000

for real numbers x. Evaluate (L) + (—) + -+ (—)

Let f(x) =
001 2001 2001

4%42
If ag,ay, ..., aso are the coefficients of the polynomial (1 + x + x?)25. Prove that the sum a, +
a, + -+ asgis even.

Ifag,ay, ..., as, are the coefficients of the polynomial (1 + x + x?)25. Prove that the suma, + a, +
-+ + ag,is even Prove that polynomial x9999 + x8888 4 x7777+x1111 4 1 s divisible by x° + x® +
X"+ +x4+ 1.

Prove that the polynomial f(x) = x* + 26x3 + 52x? + 78x + 1989 cannot be expressed as
a product of two polynomials p(x) and q(x) with integral coefficient of degree less than 4.
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Show that the set of polynomials P = {pj: pp(x) = x>*** + x3 + x2 + x+ 1,k € N} has a
common non-trivial polynomial divisor.

How many zeroes does 6250! end with?

Find the last two digits of (56789)*1.

Show that 1197 + 21997 4 ... 4+ 19961997 is divisible by 1997.

Find all the ordered pairs of integers (x, z) such that x3 = z3 + 721.

Suppose f is a function on the positive integers, which takes integer values
(i.e.f: N — Z) with the following properties:

. f(2)=2
Il. f(m.n) = f(m).f(n)
. f(m) > f(n) ifm > n.
1
Solve for real x,— + ——

[x] ~ [2x]

1
={x} + 3 ,where [x] greatest integer less than or equal to x and {x}

= x — [x].

Find all the integral solutions of y2 =1+ x+x2.

Find sum of all roots of the equation: |x|? — 5|x| + 6 = 0.

If x =2 ++/5 410 is a root of x* + ax® 4+ bx? + cx + d = 0, where a, b, ¢, d are integers then
find the two-digit prime number that divides |a + b + ¢ + d|

Find the least value of aP such that the possible integers a,b > 1 satisfy a’b? = aP + b? + 5039.

Consider x is a natural number and R(a,b) =k (k is remainder when a dividesb). If
R(7,x®> —=3x+2) = 5and R(7,x® +x—3) = 1then find R(7,x> — 3x* + 3x® — 6x% + 11x +
2).

If Ais an integer and a, B are the roots of 4x? — 16x + % =0suchthatl<a<2and2 < <3,

then how many values can A take?

If a+ b+ c =9 (where a, b, c are real numbers), then find the minimum value of a? + b? + c?2.
] 3
If a3 + 3a% 4+ 9a = 1, then find the value of a3 + S

x6+x°—5x*+x3+x%+1

4x3
When 752, 1604 and 3095 are divided by two-digit number x, then the remainder in each caseis y,
what is the value of (x —y).

Find the remainder when 24 divides 1!*'1 — 212'1 4 313'1 — 4141 4 ... 4 99199

If x = 3 + 2v/2, then find value of
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Find ¢ (340) where ¢(n) = {a:1 < a <n,gcd(a,n) = 1}

Find 21%° = k(mod 13) or Find remainder when 213% divides by 13.

If x and y single digit prime numbers and ¢((xy)3) = 400 then find ¢(xy), where ¢(n) =
fa:1 <a<n,gcd(a,n) =1}

How many positive integer solutions are there for 2x + 3y = 563.

Find number of solutions of logy + 5log; = 6 where x and y are distinct integers and 2 < x,y <

2025.

Let x and y be positive integers satisfies 5x* + 13y + 50 = x2y. Find value of \/x +y.

If the equations 2x> —4x+ 1 =0andx®* +ax+b
= 0 have a common root, then find the value of (1 + ab).

Let P(x) = x® + x5 — x* + x? + xand Q(x) = x3 + x? —x + 1.If a, B and y are the roots of Q(x)
=0,

then find the value of P(a) + P(B) + P(y).

1 _ 1
If z + — = 2c0s6°, then find the value of z°°° + ——+1.
z z

Find the coefficient of x*¢* in the expansion of (x + 1)(x — 2)?(x + 3)3(x — 4)* (x — 30)30,

Find all pairs of integers (a, b) such that the polynomial ax'” + bx'® + 1 is divisible by x? — x
-1

Given a positive integer n, let p(n) be the product of the non
— zero digits of n. (If n has only one digit,

then p(n) is equal to that digit.) Let, S
=p(1) +p(2) + -+ + p(999). What is the largest prime factor of S?

Xpn—2Xn-1
Let x,, be a sequence of nonzero real numbers such that x, = — forn = 3,4, ....
Xn-2 — Xp-1

Establish necessary and sufficient conditions on x1 and x2 for x, to be an integer for infinitely m

Solve the equation x3 — 3x = Vx + 2.

For any sequence of real numbers A
= {a,,a,,a;5 ... } define AA to be the sequence {a, — a;,a; — a,,a, — as, ... }.
Suppose that all of the terms of the sequence A(AA) are 1,and thata;y = a5, = 0.Find a;.

Find all real numbers x satisfying the equation 2* 4+ 3* — 4* 4+ 6* — 9* = 1.

Determine the number of ordered pairs of integers (m, n) for which mn
> 0and m® +n3+ 99mn = 333.

Let a, b, and c be positive real numbers such thata + b + ¢ < 4and ab + bc + ca > 4.
Prove that at least two of the inequalities |a—b| < 2,|b—c| < 2and|c—a| < 2are true.

n
1
Evaluate: z
vauate L (=Rl +1)!
Let,aq, ay, ..., a, be real numbers, not all zero. Prove that the equation \/1 +a;x + \/1 + a,x

4+ JTTas =n

has at most one non — zero real root.
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Let {a, }be the sequence of real numbers defined by a; = tand a,;; = 4a,(1 —a,) forn

>lan+1 = 4.
For how many distinct values of t do we have a;9953 = 07?
Given eight non
— zero real numbers ay, a,, ..., ag prove that at least one of the following six numbers: a;a3
+ ajay,
aias + azag, a;ay + aag, azas + asag, aza; + asag, asa; + agag iS non — negative.
Let a,b and c be positive real numbers such that abc

bc ca <1

a®>+b5+ab * b> + ¢5 + bc * c>+a%+ca ~
Find all functions f : R — R such that the equality f(f(x) + y)

= f(x? — y) + 4f(x)y holds for all pairs of real numbers (x, y).

3x—y X+ 3y

Solve the system of equations: x + ——— = 3andy———— = 0
olve the system of equations X+x2+y2 andy X2 + y2

= 1. Prove that

Find all positive integers k for which the following statement is true: if F(x)is a polynomial with
the condition0 < F(c) < k forc=0,1,...,k+ 1,then F(0) = F(1) =-- F(k + 1).

Mr. Fat and Mr. Taf play a game with a polynomial of degree at least 4: x?™ + __x?7~1

+_ x4+ x4+ 1
They fill in real numbers to empty spaces in turn. If the resulting polynomial has no real root, Mr
otherwise, Mr. Taf wins. If Mr. Fat goes first, who has a winning strategy?
Let,0 < a; < a3 .......a,,0 < by < b, ......< b, bereal numbers such that i, a; >
iz1b;
Suppose that there exists 1 < k < nsuchthatb; < a; for 1 <i<k and b; > a; fori >k
Prove that a;a, a, = b;b, .....b,.

Prove that: 16 < Zﬁ(’:l\% < 17.

Does there exist functions f: R —> R andg: R - Rsuch that f(g(x)) = x? and g(f(x))
= x3forallx e R?

The product of two roots of the equation 4x* — 24x3 + 31x? + 6x — 8
= 0is 1, find all the roots.

If o, B and y are the roots of x3 + px + q = 0, then prove that
a5+65+y5=a3+B3+y3xa2+B2+y2 i 0(7+B7+Y7=0(5+35+Y5X0(2+BZ+Y2
5 3 2 7 5 2
Find the common roots of x* + 5x3 — 22x%? — 50x + 132 = 0 and x* + x3 — 20x2 + 16x + 24

= (0. Hence solve the equations.

Solve the system: (x +y)(x+y+2z) =18,(y+2)(z+x) =30,z+x)(x+y +z)
= 2L in terms of L.

If x; and x, are non — zero roots of the equation ax? + bx+ ¢ = 0 and —ax? + bx + ¢
= 0 respectively, prove that

%xz + bx + ¢ = 0 has a root between x; and x,.

Find all real values of m such that both roots of the equation x?> — 2mx + (m? — 1)
= 0 are greater than — 2 but less than + 4.

The roots of the equation x> — 40x* + px3 + qx? + rx + s
= 0 are in G.P. The sum of their reciprocal is 10.

Compute the numerical value of |s].
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Let,P(x) = x* + ax3® + bx? + cx + d where a, b, ¢, d are constants. If P(1) = 10,P(2)
= 20,P(3) = 30,
P(12) + P(—8)

10 '

then compute

Let, P(x)
= (0 be the polynomial equation of least possible degree with rational coefficients, having V7
+V49asa root,
Compute the product of all the roots of P(x) = 0.
The equations x3 + 5x? + px+q =0 and x3 + 7x? + px+r
= 0 have two roots in common. If the third root of each
equation is represented by x; and x, respectively, compute the ordered pair (x4, x;)

Ifa,b,c,xy,z areall real and a? + b? + ¢? = 25,x? + y? + z2 = 36 andax + by + cz
] a+b+c
= 30, find the value of ———.
X+y+z
If the integer A its reduced by the sum of its digits, the result is B. If B is increased by the sum of i

Compute the largest 3 — digt number A with this property.

The roots of x* —kx3 + kx? + Ix + m
= 0 area,b,c,d.If k,]1and m are real numbers, compute the minimum value

of the sum a? 4+ b? 4 c? + d2.

X712 X
If 2 [E] +3 [E] = 20, then it must be true that a < x < b for some integers a and b.
Compute (a, b) where (b
— a) as small as possible. Note: [x] represents the greatest integer function.

The roots of x3 + Px? + Qx — 19 = 0 are each one more than the roots of x3 — Ax? + Bx — C
= 0.
If A, B,C,Pand Q are constants, compute A + B + C.

Find all ordered pairs of positive integers (x,z) that x? = z? + 120.
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SOLUTIONS

It is easy to see that x = 0 is a solution. Since the right-hand side is a decreasing function of x and the

left-hand side is an increasing function of x, there is at most one solution. Thus x = 0 is the only

solution to the equation.

We shall prove by induction that x,, = n + 3. The claim is evident for n=0,1.

Fork > 1,ifx_; = k+ 2 and x = k + 3, then x4 ; = X% — kxx = (k+ 2)? — k(k + 3)
=k+4

Let a, b, and c denote the number of -Is, Is, and 2s in the sequence, respectively. We need not

consider the zeros. Then a, b, c are non-negative integers satisfying —a+b+2c= 19 and a+b+4c=99.

It follows that a =40 - cand b =59 - 3¢, where 0 < ¢ < 19 (Since b > 0)

So,x3+x,3+ - +x,3=—-a+b+8c=19 + 6¢

When c =0 (a =40, b =59), the lower bound (19) is achieved.

When c =19 (a =21, b = 2), the upper bound (133) is achieved.

ax+b
Forall x f(f(x)) = X, i. e.a(ﬁ)er = (@2 +bojxtbla+d)

ax+b - 2
C(cx+d)+d c(a+d)x+bc+d

=x=cla+d)x?+ (d? —a?)x —

b(a+d) =0
which implies that c (a + d) = 0. Since ¢ # 0, we must have a = —d. The conditions f (19) =19 and f
(97) = 97 lead to the equations 19%c = 2.19a + b and 97%c = 2.97a + b Hence (972 — 19%)c =
2(97 — 19)a

It follows that a = 58¢, which in turn leads to b = -1843c.

s f(x) = 58:;:43 =58 + % which never has the value 58. Thus, the range of fis R — {58}

a+ by’
+b —ab _b)2
Note that ——— — /ab :( 2 ) _ (a—Db)
? atb,Vab  2(a+b)+4Vab

Thus, the desired inequality is equivalentto4a >a+ b + 2vab > 4b,
which is evident as a > b > 0( which implies a > Vab > b)

Let S be the sum of the squares of the numbers on the board. Note that S increases in the first
operation and does not decrease in any successive operation, as

b\? a2 5 _ _ _
(a+§) +(b—§) = 7 (@ +b?) > a? + b? with equality holds if a = b = 0

Let, f(x) denotes the given expression, Then xf(x) = x — x? + x3 — .- — x'®and (1 + x)f(x)
=1-x

1-y-D* 1-(y-1DT
1+@y-1 y
~ a, is equal to the coefficient of y* in the expansion of 1 — (y — 1)*8i.e.a, = (

Hence, f(x) = f(y — 1) =

138) — 816

) . ) b—-c c—a a—b>b
From the given conditions, it follows thata — b = ,b—c= andc—a=
bc ca ab

Multiplying the above equations gives (abc)? = 1, from which the desired result follows.
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Since x = -1 and x = 0 are the two critical values of the absolute functions, one can suppose that
(c—a—b)x+d—aifx< -1

F(x) =alx+1|+blx|+cx+d={(a+c—b)x+a+dif—1<x<0
(a+b+c)x+a+difx>0

3x+ 3 5x

3 5 1
which implies thata = E'b —5 c=—1andd = =.Hence f(x) = ,g(x) = 7,h(x)

2 2
1

=—X+§

By setting 2¥ d 3% = b, then th tion b a’+b’ 7 _a-ab+bt 7

= = - == —_— =

y setting aan ,then the equation becomes ————~= = = c
= 6a® —13ab + 6b%2 =0

= (2a—3b)(3a — 2b) = 0 . 2¥*t1 = 3%+1 gr 2X~1 = 3%~1 whijch implies thatx = —1 and x = 1.

It is easy to check that both x = —1 and x = 1 satisfy the given equation.
2000

Let, f(x) = (1 + x)2000 = Z (ZOkOO) xK

k=0
—1++/3i
——  thenw?®=1landw?+w+1=0

Hence, 3 {(20200) + (20500) + (20800) FR (3888)} = f(1) + 0f(®) + w*(w?)

= 22000 4 (y(] + )2000 4 (y2(1 + (92)2000 = 22000 4 (422000 4 (\2(_(,;)2000
= 22000 4 2 L o 22000 _ 1

(90 + CF7) () o4 Gooo) =

For 0 < u < 1,let f(u) = u(1 — u®). Let, A be a positive real number.
Au® +8(1 — ug)l9
9

. e . 8 8\° 8
Setting A = 8 in this inequality, we get 8(f(u))” < (;) = f(u) < S
3 y3 3 x4 vt 74
It foll that: =
orows tha 1—X8+ 1—y8+1—z8 x(l—x3)+y(1—y3)+z(1—28)

- x*+y*+z9)V3° 9V3
- 8 1_ 8

with equality holsiff x =y =z = —

quality y i3

For x < 0, the function f(x) = 2¥ + 3% + 6% — x? is an increasing function. So the equation f(x)
= 0 has unique solution atx = —1

for x > 0,3* > x2.S0 f(x) > 0.Hence there is no non negative solution of the equation f(x) = 0.

Hence x = —1 is the only solution.

By AM — GM inequality, A (f(u))8 =Aud(1-u®)?® < I
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1 2
x+1) =3

1 \2
=>(x+1)2+<— 2(x+

1
x+12 ( X+1)=3

= ( +1)2+< ! ) 2
X x+21

1 1
=>(x+1+—) —2(X+1+—>—3=0
+1 x+1

Let,a=+1+L

x+1
~a’?—2a—-3=0
= (@-3)(a+1)=0
>a=3,—-1
Case 1:

1
x+1+—>+2=3
x+1

1
x+14+——=3
x+1

>x+1)2%?+1=3kx+1)
>x+1)?-3x+1)+1=0
3+4V9-4

= 1=
X+ >

1++5
2

> X =

Case 2:

X
>ExE+1D2+1=-1(x+1)
>5ExE+1D?+1x+1)+1=0
—1+V1-4
$X+1=T
—-3+v-3

2
Therefore, total number of solutions are 2.

=>X= [ it is not real number]
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15 V2x—14—-Vx-6=1
> (V2x—14) = (1+Vx=6)
=252x—14=1+x—6+2Vx—6
>xXx—9=2Vx—6
> x—-9)2=4(x—6)
= x?—18x+ 81 = 4x — 24
=>x%—22x+105=0
=>x—-15)x—-7)=0
=>x=150rx=7
Checking:
Forx = 15,
V2 x 15— 14 — V15 — 6 =V16 — V9 =4 — 3 = 1 (satisfy)
Forx =7,
V2Xx7-14—-+7-6=/0—-vV1=0—-1=—1(# 1, not satisfy)
Therefore, total number of solutions is 1.

(X _ 1)2025 — (X + 1)2025
= x2925 — 2025¢,x2°2% 4 2025(,%x202% — 2025¢,x2°%2 4 - — 1
= x2025 4 2025, %292 + 2025,%2°23 + 20250,%x2°22 + - + 1
= 2(2025¢,x2%%* + 2025¢,x2°22 4+ 2025:,x2°2° ..+ 1) = 0
= 2025¢,x2°%% 4 2025¢,%x2022 + 2025¢ x2°% ..+ 1 =0

coefficient of x2023 0

=0

=~ Sum of all roots = —
X -y
Al=1]1 2 1|l=x+y+z
1 3 2
ladjAl = |Al%, |adj(adjA)| = |AI*.|A]* = |A]*, |adj(adj(adjA))| = [A]* |A|* = |A[®
|adj(adj(adjA))| = 2%¢.38
= |A|® = 48.38
= |A]8 = 128
= |A|l = +12
>x+y+z==+12
=>x+y+z=12(sincex,y,z € N)

Total number of possibilitiesare=10+94+8+7+6+54+4+3+2+1 =

coefficient of x2024 coefficient of x2024

10x11 _

55

Solving x = ; + % leads to x = ++/2. Note that
aps1 +V2 a2 +2vV2a,+2  a,+2\?
an+1—\/§=an2—2\/§an+2=( )
_an+z_<al+«z2“ V2[(V2+1)" +1]

=\/§+12n nda, = =
al—ﬁ> 2t e =

a, — 2

a, — 2
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Note that/(x + y)(x + z) > \/xy + Vxz = x% + yz
> 2x,/yz, which is evident by AM — GM inequality. Thus
X - X B Vx
x+/E+NE+2) X+ xy+Vxz X+ Sy +z
y -y z Vz

and

<

y+J/G+F+x)  Vx+,y+Vz z+JE+xE+y)  Vx+,\y+Vz
Adding the last thre inequalities leading to the desired result.
For integer n,let n(3y = a;a, ....a; denote the base 3 representation of n.
2a, ..a),ifa; =1
la, ...q;0,ifa; = 2
Since 20013y = 2202010, f(2001) 3y = 12020100 or f(2001) = 1.3* + 2.3* + 2.3+ 1.37

= 3816
COH<G)+CH+CE)+... . +C) =((1+ 1) =4"andforn=5, (7) =252>35
Thusm=4
Suppose that a< b <c<d < e. We need to find the maximum value of e.
Since,e<a+b+c+d+e< abcde< 5e,i.e.1<abcd<5. Hence(a,b,c,d)=(1,1,1,2),(1,1,1,
3),(1,1,1,4),(1,1,2,2),
or (1,1, 1, 5), which leads to max{e} = 5.

Likewise

Using induction, we can prove that f(n) ) = {

k+1 k+2 1 k+1

Note e Gk DI+ (k+ )] KA+ k+ D+ kK1) KEk+2)  (k+2)!
1 1

“k+D! k+2)!
11

By telescoping sum, the desired value is equal to = 5 750011

2a
Va?+a+1—+VvaZ—a+1

Jaz+lal+1>|alandx =

we have [x| < |?| =2

squaring both sides of

x+\/az—a+1 =\/az+a+1
i.e.2xVa?—a+1=2a—x?

squaring both sides of above equation we get
4(x? —1)a? = x%(x%> —4)

x2(x%-4)
4(x%2-1)
we must have
x2—4)(x*—-1)>0,x<—-2o0rx>20or—1<x<1 since|x| <2 sotherefore —1<x<1

a’ = >0

It is easy to check that x=2 is a solution. We claim that it is the only one

(10)X N (11)X N (12)X 14 (14)X

13 13 13/ 13

The left hand side is a decreasing function of x and the right hand side is a increasing function of x.
Therefore their graphs can have at most one point of intersection.
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26 f(pq)=f(p—1,q+p-—-1
=f(p-2,9)+p—2+p-—1

= (1, q) + &=
=f(1q-1 - (q- 1)+ 222
=f(1,q-2) - (q-2)— (q- 1) + 222

2

= f(1,1) — q(qz—l) + p(p—1)

2
= 2001
p(p-1 q(g-1) _ 1999
2 2

=

=>(pP-9pP+q-1) =2(1999)
Note that 1999 is a prime number and thatp —q < p + q — 1 for p,q € N so we have two case
p—q=1,p+q—1=3999 = p=2000,q = 1999
orp—q=2,p+q—1=1999 = p =1001,q = 999.
therefore f(p,q) = (2000,1999), (1001,999)
Two cases
1. la—b| <7, then |f(a) — f(b)| < la—b| <3

by symmetry we assume that a > b then
|f(a) — f(b)| = |f(a) — £(1) + £(0) — f(b)| < |f(a) — ()| + [£(0) — f(b)|
<la—1]|+|0—b]
=1—-a+b—-0 =1—-(a—Db) <% as desired.
28 sincex3 +y3 = (x +y)(x? — xy + a2) for all pair (—n,n),n € Z are solutions
suppose that x + y # 0 then the equation become
X2 —xy+y*=x+y
x2=x(y+ 1) +y*—-y=0
here
D=(y+1)*—-4@F*~-y)
D>0=-3y*?+6y+1 =0
3-2V3 3+2V3
3 3
so possible values for y are 0,1,2
Therefore, the integer solutions of the equation are (x, y)=(1,0),(0,1), (1,2),(2,1),(2,2),
and (n,-n), for all n €Z.

Note that f has a half-turn symmetry about point (1/2, 1/2). Indeed
f(1—x) = —
)= e
so fx)+ f(1—-x)=1
thus the desired sum is 1000

Taking x = 1 in the given equation :
(1+x+ xz)25 =ag+aix+ a2x2 4ot a5ox50
We get 325 = ap+ail+a+--+asp Similarly, x = -1 gives
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l=ag+a1+a2+--+asg Adding these, we have

1+325 =2(ap + a2 + a4 + -+ asQ)

But 1+322=325-142=2(324+32343224...41+1)
There are even number of odd terms in the braces, and hence the sum is even. This implies that
ag+ap +aq+--+asqiseven.
let P = X9999 + X8888 + X7777+X1111 + 1
AndQ=x2 +x8 +x7 + .. +x+1
P-0Q-= x9(x9990 -1)+ x8(x8880 -1)+ x7(x7770 —1) 4 +x(x1110 -1)

- x9[(x10)999 -1]+ x8[(x10)888 ~1]+ x7[(x10)777 i x[(x10)111 -1] (1)

But (x10) - 1is divisible by x10 - 1 for alin > 1.
~ R.H.S. of equation (1) is divisible by x10_1,
«~ P - Qis divisible by x10 - 1 and hence divisible by x2 + x8 + ... + 1.
If possible, let us express

x% +26x3 +52x2 +78x + 1989 = (x2 +ax+ b)(x2 +cx+d)
By comparing coefficients of both sides, we get

(3)
bd=1989=13x32x17....(4)
Now, we see that 13 is a divisor of 26, 52, 78 and 1989 and 13 is a prime number.
Thus, 13/ b . d
= 13 divides one of b or d but not both.
If 13/b say and 13’/d, them from eq. (3), 13/a.
Now, 13/ac and 13/b, and 13/52.
~13/d, from (2) is a contradiction.
Such a factorization is not prime.
~13’/d, it is a contradiction.
So if 13/d and 13/b, then again from eq. (3), 13/c. [From eq. (1) 13/a also].
Now, b =52 -ac - d.
13/b, 13/52, 13/ac, 13/d but it is again a contradiction.
So there does not exist quadratic polynomials p(x) and q(x) with integral coefficients such that
f(x) = p(x) x q(x).
Similarly, if p(x) is a cubic polynomial and q(x) is a linear one then let

p(x)=x3+ax2+bx+c

q(x) = (x +d)

x4 +26x3 +52x2 +78x +13x32x 17 = (x3 +ax2+bx+c)(x+d)
Again comparing coefficients

ad+b=52.........(6)
bd+c=78.......(7)

cd =13x32x 17
As before 13 divides exactly one of c and d.
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If 13/d, then 13’/c, then by eq. (7), 13/bd, 13’/c and 13/78 = bd + c is a contradiction.

So let 13/c, 13’/d.

By eq. (7), 13/b,

By eq. (6), 13/b and 13/52

= 13/ad

= 13/a, as 13/d.

By eq. (5), 13/a, 13/d and 13/26 = a + d (a contradiction) and hence there does not exist any
polynomials p(x) and g(x) as assumed and hence the result.

P, (x) =xd+x3+x2+x+1=a9-xP+xt+x3+x2+x+1 =x4(x5—1)+

(x4+x3 +x2+x+1) =x4(x—1)(x4+x3+x2+x+1)+(x4+x3+x2+x+1) =

(x4 +x3+x2+x+ 1)[x4(x - 1)+ 1]Thus, x% +x3 +x2 + x +1is a non-trivial polynomial
divisor of P; (x)

P (%) =x(5k+4)—x4+(x4+x3 +x2+x+1) =x4[x5k 1+ (x4 x3+x24x+1)

(x5 - 1) divides (x5)k -1, x%+x3 + x2 + x + 1 divides x° - 1 and hence x°K — 1 Therefore

4,..3

x +x2 +x +1divides P (%).

We need to find the largest e such that 10€ | 6250!

But as 10 = 2 x 5, this implies that we need to find the largest e such that 5¢ |6250! (clearly a
larger power of 2| 6250!)

e = %8522 = 1250 + 250 + 50 + 10 + 2 = 1562

56789 = 89 (mod 100)

+X

=-11 (mod 100)
~ (56789)*1= (-11)41 (mod 100)
= (-11)40 x (-11) (mod 100)
= 1140 x (-11) (mod 100)
112 = 21 (mod 100)
114 = 41 (mod 100)
116 =21x41 (mod 100)
=61 (mod 100)
1110 =41 x61 (mod 100)
=01 (mod 100)
1140 = (01)40 (mod 100)
=1 (mod 100)
(-11)41 = 1140 x (-11) (mod 100)
1x(-11) (mod 100)
-11 (mod 100)
= 89 (mod 100)
That is last two digits of (56789)41 are 8 and 9 in that order.
We shall make groups of the terms of the expression as follows:
(11997 + 19961997) + ( 21997 + 19951997) 4o (9981997 + 9991997)
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Here each bracket is of the form

(@™t + b*1) is divisible by (a; + b;)

but (a; + b;) = 1997 foralli

-~ Each bracket and hence, their sum is divisible by 1997.
Since x3 - z3 =721

=>x3-23=(x-y) (x2 +xz+22)=721

For integral x, z; x2+xz+22 > 0,

wx3-z3=721

= x3-2350

>x-z>0

So(x—2) (x2+xz+22)=721=1%x721=7%x103=103x7 =721x1
Case(i)x-z=1=>x=1+z

And x2 +xz +z2 = (1+z)2 +(1+z)z+z2 =721
=32z2+432-720=0

=2z2+2-240=0

= (z+16)(z-15)=0

=>z=-160r15

Solving, we get

x =-150r 16
So (-15, -16) and (16, 15) is two of the ordered pairs.

Case(ii)x-z=70orx=7+z
And x2 + xz +z2 = 103

= (7+22)+(7+2)z+2% =103
=32z2421z-54=0
=2z2+77-18=0
=>(z+9)(z-2)=0

=>z=-90rz=2

So the corresponding values of x are -2 and 9.

So the other ordered pairs are (-2, -9), (9, 2).

Corresponding to x —z = 103 and x — z = 721, the values are imaginary and hence, there are
exactly four ordered pairs of integers (-15, -16), (16, 15), (-2, -9) and (9, 2),
satisfying the equation x3=23+721.

(2)=2

fla)=1(22)=f(2).f(2)=2.2=4

f(8)=1(24)=f(2).f(4)=24=8

Thus, we infer that f(27) = 2™,

Let us use M. I. for proving

£(21) = 2 (by hypothesis) ........(1)

Assume f(27) =21

f™) = £(2.2) = f(2). f2™) = 2.2
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By hypothesis and eq. (1) and (2), we need to find f(n) for all n. Let us see what happens for
(1), f(3) at first.

f(1) < f(2) (Given)

Now f(2) = f(1x2)=f(1)x f(2)

=f(1)=1

Similarly, f(2) < f(3) < f(4)

2<f(3)<4

But the only integer lying between 2 and 4 is 3.

Thus f(3) = 3. So again we guess that f(n) = n, for all n.

Let us prove by using the strong principle of mathematical induction.

Let f(n) =nforalln<a, fixedm € N.

Now, we should prove that f(m)=m.

If m is an even integer, then f(m) = 2k and k < m.

So, f(m)=f(2k)=f(2)x f(k)=2xk=2k=m

So, all even m, f(m) =m.

If mis an odd integer, letm =2k +1

And f(2k) < f( 2k + 1)< f(2k + 2)

2k <f(2k +1) < (2k + 1)

(Because the function f(n) = n is true for all even integer n).

But only integer lying between 2k and 2k + 2, is 2k + 1, (since the range of f is integer).
Thus, f(2k+1) =2k + 1

i.e., f(m) =m, in the case of odd m also.

Thus, f(n) =n, foralln €N

~ £(1983) = 1983

Since the right hand side is positive, so is the left hand side. Hence x must be positive.
Letx =n+ f, where n = [x] and f = [x]. We consider two cases:

Case 1: 0 < f < 1/2 : In this case, we get [2x]= [2n + 2f] = 2n, as 2f < 1. Hence the equation

becomes
1 4 1 4 1
n B 3

This forces (1/n)+(1/2n) > 1/3. We conclude that 2n - 9 < 0. Thus n can take values 1, 2, 3, 4.

Among these n = 2,3,4 are all admissible, because for n = 2,3,4 we get f=5/12, 1/6, 1/24
respectively which are all less than %;

we get three solution in this case

.52 119 197
X e T X T2 e T X TR T T

Case 2: (1/2) < f<1:Now we get [2x] =2n+1,as 1< 2f < 2.
The given equation reduces to

1 1 1

n 2n+1 3
We conclude, asin Case 1. 1/n+ 1/ (2n+1) > 1/2 + 1/3. This reduces to 10n2-13n-6 <0.
It follows that n = 1. But this is not admissible since n = 1 gives f = 1. We do not have any
solution in this case.

40 Ifx>0,thenx2<x2+1+x<x2+2x+1=(x+1)2.
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So x2 + x + 1 lies between the two consecutives square integers and hence, cannot be
asquare.

If x = O,y2 =1+0+0=1isasquare number. Thus, the solutions in this case are is (0, 1),
(0, -1).

Again if x< -1, then x2

2 2

>xc+x+1>x%c+2x+1,and hence, there exists no solution.

For=-1, we have.y2 = 1—1+(—1)2 =1 ~y=%1
Thus, the only integral solutions are (0,1), (0,-1), (-1, +1), (-1, -1)
given |x|2 = 5|x| + 6 =10

fx>0

x2—-5x+6=0

=>x—-2)x-3)=0

=>x=2o0r3

fx<O0

x2+5x+6=0

=>x+2)x+3)=0

=>x=—-2o0r—3

Therefore, roots are —2, —3,2 and 3.
Sumofroots=—2—-34+24+3=0

x=V2+V5+V10

>x—V10=vV2 +5

> (x=V10) = (VZ+V5)’

= x% - 2V10x + 10 = 2 + 5 + 2V10

= x%+3 = 2vV10x + 2V10

= (x% +3)2 = {2VI0(x + D}

=>xt+6x2+9=40(x*>+2x+1)

>x*—34x2-80x—31=0

On comparing with equation x* + ax3 + bx? + cx + d = 0 we get,

a=0b=-34c= —-80,d = —-31

~“la+b+c+d =|0-34—-80—-31| =145

145=5X%29

The two-digit prime number that divides |[a + b + ¢ + d| is 29.

aPb? = aP + b2 + 5039

= aPbh? —aP —b?+1=15039 +1

= (a®>—1)(b*—1) =63 x 80

=>aP—-1=63,b—1=800r a®—1=80,b* — 1 =63

=aP =640r a®> =81

The least value of a° is 64.

Given,R(7,x? —=3x+2) =5andR(7, x> +x—-3) =1

let,x2 —=3x+2=7k; +5andx3+x—-3=7k, +1

Now, (x? —3x + 2)(x3 + x — 3)

=x°—3x*+3x3—-6x>+11x—6

=x°—-3x*+3x3—-6x>+11x+2—8
x°—3x*+3x3—6x2+11x+2=(x*-3x+2)x3+x—-3) +8

=>x°—3x*+3x3—-6x2+11x+2=(7k; +5)(7k, + 1) + 8

= x5 —3x* + 3x3 — 6x? + 11x + 2 = 49k, k, + 7k; + 35k, + 5+ 8
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=x°—3x*+3x3 —6x% + 11x+ 2 = 7(7k k, + k; + 5k, + 1) + 6
Hence, R(7,x> — 3x* + 3x3 — 6x% + 11x + 2) = 6.

4X2—16x+%=0

16+ }(—16)2—4x4x%

2X4

and B — 8+\/Z4—7\

Now, 1 <a< 2
8—V64—A

=>1< <2
4

24<8—-V64—-A<8
> —-4<—-V64-1<0
=>0<V64—-1A< 4
=248 <A< 64 i
Again,

2<B<3

=2 < 8+vV64—-A <3

4
>0<V64—-A< 4
= 48 < A < 64 ....(ii)
From (i) and (ii) we get, 48 < A < 64
Therefore, number of values of Ais 63 — 48 = 15
For minimumvaluea=b =c
~a+b+c=9
>a+a+a=9
=>a=3
sa=b=c=3
The minimum value of a2 + b? + ¢? = 3% + 32432 = 27
given,a® +3a%?+9a=1
~ax(@®+3a2+9a)—3x(@*+3a%2+9)=ax1-3x1
>a*+3a3+9a2 —-3a%—-9a®>—-27a=a—-3
>a*—-27a=a-3
=>a*+3 =28a
5, 3
= a +;:28
x=3+2V2
=>x—-3=2V2
= (x—3)2 = (2v2)°
>x*—-6x+9=38
=>x2—-6x+1=0..()
Again,
x=3+2/2

1 1
afiabren ek kAt
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... (iil)

xO4+x5-5x*+x3+x2+1
4x3
_ xOxt+x2+1+x5—6xt+x3
4x3
xO+x*+x2+1+x3 (x2—6x+1)

4x3
o x*(x2+1D)+x2+14+x3%0

4x3
_ x*+1)(x2+1)

4x2.x

_ (@a)()

4
= - X 34 x 6 [by (ii) and (ii)]
=51
Let,
752 = px+y...(0)
1604 = gqx +y .... (ii)
3095 = rx +y .... (iii)
(ii)) — (1) 852 = (q — p)x ...(iv)
(iii) — (i) = 1491 = (r — @)x ... (v)
(v) —(iv) =639 =(p+r—29)x
Now, 639 =9X%71
~x=71
752=71X10+42
Ly =42
LX—y=71—-42=29
212"l = 41 = 24, it is divisible by 24.
=~ 24 divides 2121, 313", 4141 . ..., 99199
~ Remainder = 11" = 1
$(340) = d(17 x 20) = $(17) x $(20)
Now, $(17) = n{1,2,3,...,16} = 16 and $(20) = n{1,3,7,9,11,13,17,19} = 8
~ $(340) = d(17) X $(20) =16 x 8 =128
By Fermat’s little theorem, it is known that if p is a prime number, then for any integer a not divisible
by p, aP~! = 1(mod p).
Since 13 is a prime number, 212 = 1(mod 13)
Now, 135’ = (12 + 1)%° = 1(mod 12)
= 135" = 12k + 1, where k is an integer.
= 21353 — 12k+1
Now, 212 = 1(mod 13)
= (2'2)K = 1(mod 13)
= (212K, 2 =1 x 2(mod 13)
= 212k+1 = 2(mod 13)

3
= 213° = 2(mod 13)

[by ()]
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- Remainder =2
53 Since x and y single digit prime numbers then gcd(x,y) = 1
d((xy)?) = 400
= ¢p(x3y3) =4 x 100
= ¢(x*)P(y’) = (8 — 4) x (125 - 25)
= (x* =xH)(y® —y?) = (2° - 2%)(5° = 5%)
=>x=2,y=5o0rx=5y=2
=>xy=2X5
=>xy =10
~ oxy) = ¢(10) =4
2x + 3y = 563
563 — 3y
2
If value of y be odd then (563 — 3y) is even i.e divisible by 2.
Now, 563 =3 x 187 + 2

~ Number of possible values of y =

> X =

187 — 94 (odd numbers from 1 to 187)

= No of solutions =94

Let, t = logy

Now, log¥ + 5logy, = 6
>t+ % =6
>t —6t+5=0
=>@t-1Dt-5=0
=>t=1,5

Fort=1,
logy =1
= x = y (Which is not possible since x and y are distinct integers)
Fort =5,
logy =5
>x=y°

Now 2 < x < 2025
=2 <y® <2025
= 2 <y < 4 (Sincey is integer)
=y € {2,3,4}

No of solutions = 3

5x2 + 13y + 50 = x?%y
=>x%(5—-y)+13y+50=0
=>x?(5—y)+13y—65+115=0
=>x?(5—-y)—13(5—-y) = —115
= (x2-13)(5—y) = —115
= (x2-13)(y—5) =5x 23
Case 1:

~x?—13=5andy—5 = 23
=>x? =18 &y =28
Since x is positive integer then x? = 18 not possible.
Case 2:
~x?—13=23andy—-5=5
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>x=6&y =10
wfx+y=vV6+10=v16 =4
2x2 —4x+1=0

4+ /(m4)2—4x2x1

2X?2
_4+vB

4
2++/2
=>X=

Ifﬂisa rootof x> +ax+b = Othen%iisalso rootof x> +ax+b =0

.1 a b
s

=X

=X

4 1

2,b !
= = — = —
a ) >

1
#1+ab=1+(-2).5=1-1=0

Given a, B and y are the roots of Q(x) = 0
+al—a+1=0
B3+pB2—-B+1=0
Y +y:—-y+1=0
AndYa=-1,YaBf=—-1,apfy=-1
Now,
P(a) + P(B) + P(y)
=YY@ +a®—a*+a?+a)
=Y +a?—a+1)—ad+a?+a]
=Y(—ad+ o? + a)
=Y —a+1+a®+a) [sinceca®+a?—a+1=0]
=Y2a%?+1)
=2Ya?+X1
=2[C)?* -2 ap] +3
=2[(=1)?% = 2.(-1)] +3
=9
Givenz+§= 2co0s6°

z+z!

2

0i® 1 o0

since cosO = >

— I3600° 4 o=i3600° 4

= 2c0s3600° + 1

=2+1

=3

Degree of the given polynomialis=1+2+ 3+ - .......4+30 =

Zeros of the polynomial are —1,2,2,-3,—-3,—-3,4,4,4,4 ... ... ... ...

30%x31

= 465
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~.Cofficient of x*** is = - (sum of zeros)

=—(—1+242-3-3-3+4+4+4+4—-...)
—(—14+2%x2-3%X34+4%Xx4—-5X5+-.......4+430 % 30)
=—(—1*+2%-3%2+4%-52+...430%)
—[(22 = 1%) + (4* — 3%) +--- + (30% — 29%)]
—-[2+1)+@+3)+--+(30+29)]
=—1+2+34+4+5+--4+30)
30 x 31
2
—465
Let p and q be the roots of x2-x-1 =0 .By vieta’s theorem,p+g=1 and g=-1.Note that p and g must also
be the roots of ax'’+bx!®+1=0 .Thus
apl’+bp®=-1 and aq!’+bqg?®=-1
Multiplying by g*¢ and p® in eq. 1 and 2 respectively and using the fact that pq =-1
ap+b=-q'® and aq+b =-p?®
p16_q16

Thus a=—— = (p®+0?®) (p*+a*) (p?+9?)(p+q)

Since
p+q =1
P2+g% =(p+q)%-2pg=1+2 =3
P4+q4 - (p2+q2)2_2p2q2= 9.2 =7
P8+q°=(p*+q”)-2p*q*=49-2 =47
It follows that a= 1.3.7.47 = 987Type equation here.
Likewise, eliminating a in (1) gives
b _p17_q17

pP-q
=plé+ploq + plégi+ +ql6
=(p'® + q'°)+pa(p**+q™)+p2*(p12+q )+ ....... v’ (p?+9?)+pPQP
=(p'® + q"°)-(p 40 )+ (PP40)H1
For n> 1,let k,,=p?"+q?" then k3=3 and k,=7 and
k2n+4=p2n+4+q2n+4
=(p2n+2+q2n+2)(p2+q2)_p2q2(p2n+q2n)
=3Kan+2-Kan
For n> 3.Thus k6=18 ,k3=47 ,k1o=123,k12=322,k14=843,k16=2207
Hence -b=2207-843+322-123+47-18+7-3+1=1597
or (a, b) = (987, -1597)
S=p(1)+p(2) +... + p(999).
What is the largest prime factor of S?
Solution:-
Consider each positive integer less than 1000 to be a three-digit number by prefixing Os to numbers
with fewer than three digits. The sum of the products of the digits of all such positive numbers is
(0.0.0+0.0.1+...49.9.9)-0.0.0
=(0+1+...+9)3-0.
However, p(n) is the product of non-zero digits of n. The sum of these products can be found by
replacing 0 by 1 in the above expression, since ignoring 0's is equivalent to thinking of them as 1's in
the products. (Note that the final 0 in the above expression becomes a 1 and compensates for the
contribution of 000 after it is changed to 111.)
Hence
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S=463-1=(46-1)(462+46+1)=33.5.7.103, and the largest prime factor is 103

1 2Xp—2-Xn— 2 1
We have — ==—2—"1==

Xn Xn-2Xn-1 Xn-1 Xn-2
Let yn = 1/Xn. Then Yn—Yn1 = Yn-1 — Yn-2, i.€., yn is @an arithmetic sequence. If x, is a nonzero integer
when nis in an infinite set S, the yn's for n € S satisfy -1 < y, <1. Since an arithmetic sequence is
unbounded unless the common difference is 0, Yn — Yn-1 = 0 for all n, which in turn implies that x1 = x2
=m, a non zero integer.
Clearly, this condition is also sufficient.

For x > 2, there is a real number t > 1 such that x = t2+ti2.

. 1 1 1
The equation becomes (t2+t—2 )3-3( t2+t—2.)= /tz tot 2

e tor— =t
té t
(t’-1)(t>-1) =0
which has no solutions for t> 1. Hence there are no solutions for x > 2.
Suppose that the first term of the sequence AA is d.
Then AA ={d,d+1,d+2,...} with the n*" term given by d + (n - 1).
Hence A = {a1, a, +d, a1 +d+ (d+ 1), a1 +d+ (d+ 1) + (d+2),...} with the n*" term given by
an=a1+(n-1)d +§(n— 1)(n - 2).

This shows that an is a quadratic polynomial in n with leading coefficient1/2.
Since a19 = a9z = 0, we must have

an= % (n-19)(n-92),s0a1=(1-19)(1-92)/2 =819.

Setting 2* = a and 3% = b, the equation becomes

1+a?+b?-a-b-ab=0. Multiplying both sides of the last equation by 2 and completing the
squares gives

(1-a)?2+(a-b)?+(b-1)2=0.

Therefore 1 =2*= 3% and x = 0 is the only solution.

Note that (m + n)>=m3+n3+ 3mn(m + n). If m + n = 33, then
333=(m+n)P=m3+n3+3mn(m+n)=m3+n3+99mn.

Hence m + n - 33 is a factor of m3 + n®> + 99mn - 333. We have m3 + n> + 99mn - 333
=(m+n-33)(m>+n?2-mn+33m+33n+332)=1/2 (m+n-33)[(m-n)>+ (m+33)%+ (n+33)2].
Hence there are 35 solutions altogether: (0, 33), (1, 32),......, (33, 0), and(-33, -33).

We have (a+b+c)2 < 16,

ie.i.e.a?+b?+c?+2(ab+be+ca)<16

e a2+b%+c2<8

i.e.a’+b’+c’-(ab+be+ca)<4

i.e(@a-b)?>+(b-c)*+(c-a)’ <8, and the desired result follows.

Let Sn denote the desired sum. Then
_ 1 n (2n)!
" 2n)! k=0 (k) i(n+k)!

=(211)1 k=0 (nzTnk)
1 2
~n)! k=0 (Tn)
=(211)1 '%[ k=0 (an) + (2711)]

=$ % [22"+(27n)]
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2271—1 1
T2n)! | 2(n)?

70 Notice that fi(x) =/1 + a;x is concave.

Hence f(x)= \/1 + a;x +/1+ azx +.....\/1 + a,x

is concave. Since f'(x) exists, there can be at most one point on the curve y = f (x)with derivative 0.
Suppose there is more than one nonzero root. Since x = 0 is also a root, we have three real roots x; <
X2 < X3. Applying the Mean-Value theorem to f (x) on intervals [x1, x2] and [x2,x3],we can find two
distinct points on the curve with derivative 0, a contradiction. Therefore, our assumption is wrong
and there can be at most one nonzero real root for the equation f (x) = n.
Let f (x) = 4x(1 - x). Observe that
f1(0) = {0, 1}, (1) = {1/2}, and ([0, 1]) = [0, 1] and |{y: f(y) = x}|=2 for all x€ [0,1)
Let An = {x € R: f™(x)=0};then
Ani1 = {x € R: f™*1(x)=0}
={x € R: f™(f(x))=0} == {x € R: f(x)€ An}
We claim that for alln> 1,A, C[0, 1], 1 E An, and IAnl =2"1 + 1.
For n =1, we have A= {x€ R | f(x)=0} = {0, 1}, and the claims hold.
Now suppose n = 1and An C [0, 1], 1 €A, and |A,| =2™1 + 1. Then
X EAn+1
=f(x) €EA,, C[0, 1] =x € [0, 1],
so An+1 CO, 1].
Since f (0) =f (1) =0, we have f™*1(1) =0foralln > 1,50 1 € Aps1.
Now we have
|Ansal =l{x: f(x) € Apl
=Taea, lx: f(2) = aj|
=|{x: f(x) = 1}| + Xaea,l{x: f(x) = a}| ,a€ [0,1)
=1 +Za€An 2, a€ [0,1)
= 1+ 2(|4,]-1)
=1+ 2(2™1+1-1)
=2"+1
Thus the claim holds by induction.
Finally, a1ge = 0 if and only if f 19%7(t) = 0, so there are 2°°¢ + 1 such values of t.
First, we introduce some basic knowledge of vector operations. Let u = [a, b] and v = [m, n] be two
vectors. Define their dot product u.v=am + bn.
It is easy to check that
(i) v.v = m%+n? = IvI?, that is, the dot product of vector with itself is the square of the magnitude

of v and v.v =0 with equality ifand only if v = [0, 0];

(ii) uv=yv.,
(iii) u. (v+w) =u.v+u.w, where wis a vector;
(iv) (cu) v =c(u.v), where cis a scalar.
When vectors u and v are placed tail-by-tail at the origin O, let A and B be the tips of uand v,
respectively. Then AB =v-u.
Let <AOB =6.
Applying the law of cosines to triangle AOB yields
lv - ul? = AB?
= OAZ + OB2 - 20A.0B cos 6,
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cos § = —
[ullv|
Consequently, if 0 < 8 <90°, u. v = 0. Consider vectors vi = [a1, a2], v2 = [a3, a4], v3 = [as, as), and va
=[a7, ag]. Note that the numbers aias + azas, a1as + a2ae, @137 + A2as, azas + A1ds, a3d7 + A4ds, Asa7 + Aeas
are all the dot products of distinct vectors viand v;. Since there are four vectors, when placed tail-by-
tail at the origin, atleast two of them form a non-obtuse angle, which in turn implies the desired
result.
We have a°> + b> > a% b? (a + b),
because (a3 - b3)(a?-b?) =0,
with equality if and only if a = b. Hence
ab < ab
a’+b5+ab — a?bZ(a+b)+ab
1
ab(a+b)+1
abc

_ab(a+b+c)
c

“a+b+c

. . ca b
Likewise,

a

and

bS5+c5+bc ~ a+b+c c5+aS+ca T a+b+c
Adding the last three inequalities leads to the desired result. Equality holds if and onlyifa=b=c=1.

Clearly, f (x) = x? satisfies the functional equation.

Now assume that there is a nonzero value a such that f (a)# a?

x2=f(x)
2

Lety = in the functional equation to find that

FEEEE) 2 L) 4 2 () pe-(x)

or 0 = 2f (x)(x? - f (x)). Thus, for each x, either f (x) = 0 or f (x) = x%.

In both cases, f (0) = 0.

Setting x = a, it follows from above that either f (a) =0 or f (a) = 0 or f (a) = a2. The latter is false, so f
(a)=0.

Now, let x = 0 and then x = a in the functional equation to find that f (y) = f (-y), f (y) = f (a2 - y) and
sof(y)=f(-y), f(y)=f(a%+y);thatis, the function is periodic with nonzero period a2. Lety = ain
the original functional equation to obtain f (f (x)) = f (f (x) + a2) = f (x? - @2) + 4af (x) = f (x?) + 4a%f (x).
However, putting y = 0 in the functional equation gives f (f (x)) = f (x?)for all x.

Thus, 4a%f(X) = 0 for all x. Since a is nonzero, f (x) = 0 for all x. Therefore, either f(x) = x? or f(x) = 0.

Multiplying the second equation by i and adding it to the first equation yields
(Bx-y)—(x+3y)i
2 2 = 3
x4+y
. I3(x—yi) } i(x—yi) _
Or x+yi 2 xy? 3

. 1 x-yi
Let z = x+vyi, Then - 4
z x2+y2

X+yi 4

. 3—i
Thus the last equation becomes z + 71 =3,

Or 2z2-3z+(3-i)=0

3F(1+2i
Hence z = 3tz

thatis, (x,y) =(2, 1) or (x, y) = (1,-1).

The statement is true if and only if k > 4. We start by proving that it does hold for each k > 4.
Consider any polynomial F(x) with integer coefficients satisfying theinequality 0 <F(c)<k for
eachce{0, 1, ..., k+1}

Note first that F(k + 1) = F(0), since F(k + 1) - F(0) is a multiple of k + 1 not exceeding k in absolute
value.

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




Hence F(x) - F(0) = x(x - k - 1)G(x),
where G(x) is a polynomial with integer coefficients. Consequently,
k= IF(c)-F(O)I=c(k+1-c)IG(c)
foreachc€{1,2,..,k}.

The equality c(k + 1 - ¢) > k holds foreach c € {2, 3, ..., k- 1}, as it isequivalent to (c - 1)(k - ¢) > 0.

Note that the set {2, 3,..., k - 1} is not empty if k = 3, and for any c in this set, (1) implies that |G (¢)|
<1
Since G(c) is an integer, G(c) = 0.

Thus

F(x) - F(0) = x(x - 2)(x - 3)...(x - k + 1)(x - k - 1)H(x),

where H(x) is a polynomial with integer coefficients.

To complete the proof of our claim, it remains to show that H(1) = H(k) = 0.

Note that for c =1 and c =k, (2) implies thatk = |F(c) — F(0)| = (k- 2)!. k.|H(¢c)|.

Fork>4, (k-2)!>1.

Hence H(c) = 0.

We established that the statement in the question holds for any k > 4. But the proof also provides
information for the smaller values of k as well.

More exactly, if F(x) satisfies the given condition then 0 and k + 1 are roots of F(x) and F(0) for any k
>1; and if k = 3 then 2 must also bea root of F(x) - F(0).

Taking this into account, it is not hard to find the following counter examples:

F(x) =x(2-x) fork=1,

F(x) =x(3 -x) fork =2,

F(x) = x(4 - x)(x - 2)? for k = 3.

Mr. Taf has a winning strategy.

We say a blank space is odd (even) if it is the coefficient of an odd (even) power of x.

First Mr. Taf will fill in arbitrary real numbers into one of the remaining even spaces, if there are any.
Since there are only n - 1 even spaces, there will be at least one odd space left after 2n - 3 plays, that
is, the given polynomial becomes
p(x) = q(x) +_x° +_x**1,
where s and 2t - 1 are distinct positive integers and q(x) is a fixed polynomial.

We claim that there is a real number a such that

p(x) = q(x) + ax® + _x 21
will always have a real root regardless of the coefficient of x?*1.
Then Mr. Taf can simply fill in a in front of x* and win the game.

Now we prove our claim. Let b be the coefficient of x>t in p(x). Note that

= P(2) + p(-1)

= (5 a(2)+ 272 a + b) +[q(-1) +(-1)7a-b]
= (5 a(2)+ q(-1) +a [ 257204 + (1)

Sinces #2t—1, 2572t*1 4 (-1)s =0

Thus

1
sze=1d (@ +a(=1)
25—2t+1+(_1)s

is well defined such that a is independent of b and 221—_1 p(2) +p(-1) =0
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It follows that either p(-1) = p(2) = 0 or p(-1.) and p(2) have different signs, which implies that there
is a real root of p(x) in between -1 and 2. In either case, p(x) has a real root regardless of the
coefficient of x?** as claimed.
Our proof is thus complete.
We define two new sequences. Forz=1, 2, ..., n, let

' ’ biay
a; =ay and b; = -

Then aj — b{ = q - — =
Or

/ / (ax—ai)(ai—b;)
(ai = b)- (a;—b) = —————=

ai
Therefore
na, = ay+ ay+. ..+ a,=b;+by+. .. +b,
Applying the AM-GM inequality yields
(Lt (g by by < P
from which the desired result foIIows.

1
Note that 2(Wk + 1 -Vk) = (WM/‘) <

Ay

Therefore
o wk >2%%0 (VE+1 — k) =16,
which proves the lower bound. On the other hand,

1
2Wk+1 -Vk) = w—w—) > =

Therefore

Zkam<1+22 ,(WVk —Vk—-1)=2V80-1<17,

which proves the upper bound. Our proof is complete.

The conditions imply that f (x3) = f (g(f (x))) = [f (x)]%, whence x € {-1, 0,1}
=x3=x= f(x)=[f(x)]? = f (x) €{0, 1}.

Thus, there exist different a, b € {-1, 0, 1} such that f (a) = f (b).

But then a3 = g(f(a)) = g(f(b)) = b3, a contradiction.

Therefore, the desired functions f and g do not exist.

Suppose the roots are o, 3,y,6 and o = 1

Now,01=(a+B)+(y+8)=—T=6...(i)

31 31 27
02=(oc+B)(y+5)+aB+y8=T=>(a+B)(y+8)+y8=T—1=T...(ii)

o3 =y6(ga+B)+aB(y+6) =— ;=> o; =y8(a+B)+(y+96) =— ;..(iii)
o, =afyd=-2=y6=-2..(iv)

From Eq. (2) and Eq. (4), we get (a + B)(y + 6) = % o (V)

From Eq. (3) and Eq. (4), we get —2(a+ B) + (y+ 8) = —% .. (vi)

From Eq. (1) and Eq. (6), we get 3(a + B) = 12—5 = (a+p) = %

(i) Since a, 3, yare the roots of
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x3+px+q=0,

a>+pa+qg=0
BB+ mB+qg=0
Y +py+g=0

sad + p(Za) +3g =0
2a =0, from Eq. (1)
sad = -3qg
a2 = (Za)? - 22ap
02-2xp
=-2p
Multiplying (1) by x* we get
Xx+pl+gl=0
and a, B, yare are three roots of Eq. (5). So
a®+ pa®+ ga? = 0
B+ pp° + B> = 0
Y+ py+ gyt =0

5 3 2
From Eq. (6), 2a” + pra” + gra” =0

-(pra® + gza?)
- [p(-39) + a(- 2p)]
3pg+2pg = 5pq

05+B5+Y5=a3+B3+Y3x02+B2+Y2
3

5
Multiplying Eq. (1) by x, we get

2
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x4+px2+qx=0

4 2 -
and hence 204 T pra” +qra = 0

. sa* = - pga?
(- Za =0)
v
Again multiplying Eqg. (1) by © * we get
X+ px5 + qx4 =0
..(10)

and hence za’ + pZaS * q2934 =0
or sa’ = - pZa5 - an4
= - px5pq- (- pra’)

= -5p’q- 2p°q
-7p%q

r’q
pg* (- p)
[152('15] X[lZZaz

7 5 2

07+I37+V7]= as +p%+y°

2 2,.2
Xa+l3+v]

83 You can see that 4(x? — 5x + 6)is H.C.F. of the two equations and hence, the common roots are the
roots of

X - 5x+6=0/jeg, x=3 0or x=2
Now, X+ 503 - 224 - 50x+132 =0
and X+ 8- 205 +16x+24=0

have 2 and 3 as their common roots.
If the other roots of Eq. (1) are @ and B, then @ F B+5=-5
= a+p=-10 from eq. (1)
6ap =132
N ap = 22
So, @ and B are also roots of the quadratic equation

X +10x+22=0
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w=10%4100-8 -10:23 _ .. =

2 2
So the roots of Eq. (1) are >3~ F V3, - 5/3.

For Eq. (2), if 91 and By be the roots of Eq. 92), then we have
a; +pB+5=-1
a; +pB; =-6
6a.B; =24 or a3, = 4
so 1 and By are the roots of
X +6x+4=0

- -6%V36-16
2

So the roots of Eq. (2) are 23-3+ JE, -3- V5.
84 Adding the three equations, we get
2Ax+y+2* =48+2L
or X+y+z=+y24+1L

Dividing the three equations by (x+y+2=v24+1L, we get

=-3+5

X+ y=

18 30 24
—_—, + 7= —_—, Z+ X = ———
V24 + L Y V24 + L V24 + L
and solving we get,

2
(Voa+L)-30 . ¢
X = =

J24+ L  J24+L’
(24+0)-2L  24- L

J2a+ L A+l
L_24%L-18_ L+6
J24 + L J2a+ L

85  x, and x, are roots of
ax’ + bx+c=0

and -axX’* + bx+c=0

respectively.
2 -
We have an” +bx+c=0

2
- + + =
and ax“ +bx, +c=0
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ﬂn=g£+m+c
+bg+c

f(x) = gxzz +bx +c

Adding %axlzin Eq. (3), we get
fx) + 5 a = af + by + 0= 0

ax;

} ) =- -

Subtracting % ax,? from Eq. (4), we get

f(x) - ga,\§=-ax§+bx2+c=0

fx,) = S a.
= 2
Thus f(x,) and f(x,) have opposite signs and, hence, f(x)must have a root between
x, and x,

86 Therootsarem =+li.e.(m+1)(m—1)

-2<(m-1) < (m+7) <4 gies

-1<m<3.

a q 2
T—z,;,a,ar,ar

87 Let the roots be

Sum of the root = a[l2+1+1+r+r2] = 40
r r

1( 2 T 1) _
3 +r+1+—+—2]—10

Sum of be reciprocals rr
2 _
Dividing (1) by (2), @ =

_ 5
Since s is the —ve of the product of the roots S = - @

s=432 o | 81 =32

88 We use a trick Q(x) = P(x) — 10x
The Q) = Q(2) = Q(3) = 0

. Q) e, divisible by (X~ D (x- 2 (x- 3

Since Q(x) is a 4" degree polynomial
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Q(x) = (x- )(x- 2)(x- 3)(x- r)
P(x) = (x- 1) (x- 2)(x- 3)(x- r)+10x

P12+ A-8) _ g,
10

89 Let x =37 + V49
X =7+49+3 37349
e, X =56+21x
Thus, Ax = X - 21- 56 =0 and the product of the root is 56.

90 Common roots must be the roots of 2x* + (r — q) = 0 (Difference of equation)

“+ Their sumis 0.
Then the third root of the first equation must be - 3 and of the second equation is —7.

(%, %) = (-5-7).

2 ax b cz x2
]- T ]+_

30 30 30 =1-2+1=0

k=2.b=k/and c= ke

where 6 .
atb+c _ kix+y+2 _
X+ y+z X+ y+z

k =

92 A — (sum of the digits) must be divisible by 9. Then B + (sum of the digits) does not satisfy must be

divisible by 9.
Now consider 999 : 999 —27 =972(so defined sum of 27)
990: 990- 18 =972(so defined sum of 18)

“+ Answer is 990.

93  Sum of the roots = k; Sum of the roots taken two at a line = —k

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




Then
K> =(a+b+c+d)?=(a+b+c+d”)+2ab+ac+ ad+ bc+ bd+ cd)

= (& + b+ F+d*)+ 2k
Thus @ + b2+ +d* = K - 2k (1)
Thus minimum value of K - 2k =1.

5
2~

Replacing E] by y and solving, 2y?> +3y —20=0 =y = 4

X

-4 < =
6

<-3

which means - 24 = x<-18
- Ans. (-24, 18)

95 Now(a+1)B+1(c+1) =19

A+ B+C=(a+b+ )+ (ab+ bc+ ca) + (abc)
=(a+N b+ (c+1)-1
=19- 1
=18

Then

® - Z2=120

=

(x+2(x- 2=120=1.120 = 260 = 3.40 = 430 = 524 = 6.20 = 8.15 = 10.12
- xXx=31z=29x=17,2z=13x=13,z=7,x=11, z=1

“ Required ordered pairs are : (31, 29), (17, 13), (13, 7), (11, 1).
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IOQM PREVIOUS YEAR’S QUESTIONS WITH SOLUTIONS

10QM - 2024-25

QUESTIONS

The smallest positive integer that does not divide 9! =1x2x3x4x5x6x7x8x9is:
The number of four-digit odd numbers having digits 1, 2, 3, 4 each occurring exactly once.
The number obtained by taking the last two digits of 529%4in the same order is:

Let ABCD be a quadrilateral with <ADC= 70°, <ACD= 70°, <ACB=10° and <BAD =110°. Find the

measure of <CAB (in degrees).

Yy

zZ

Yy

Y Y
x

X
Leta=—+
y VA

+Z letb=2+Z+Z andletc=(Z+Z)( £ +Z)(2+2) . The value of
x z y y z x x y
| ab-c .
Find the number of triples of real numbers (a, b, c) such that a?® + b2+ c2° = a?* + b?* + 24 = 1.
Determine the sum of all possible surface area of a cube whose vertices are

(1,2, 0)and (3, 3, 2).

Let n be the smallest integer such that the sum of digits of n is divisible by 5 as well as the sum of
digits of (n + 1) is divisible by 5. What are first two digits of n in the same order?

Consider the grid points X = {(m,n)| 0 < m,n < 4}. We say a pair of points {(a, b), (c,d)}inX isa
knight-move pair if (c =at+2andd=b=+1) or (c=at1andd =b + 2). The number of
knight-move pairs in X is:

Determine the number of positive integral values of p for which there exists a triangle with sides
a, b and ¢ which satisfy a? + (p? + 9)b? + 9¢? — 6ab — 6pbc = 0.

. . 2b 3 1 1 1 .
The positive real numbers a, b, ¢ satisfy 2;11 + ) + a—fl =1, - + b1 + vl 2. What is the

1 1 1
valueof=+=4+-7?
a b c

Consider a square ABCD of side length 16. Let E, F be points on CD such that CE = EF = FD. Let
the line BF and AE meet in M. Then area of AMAB is:

Three positive integers a, b, c with a > c satisfy the following equations:
ac+b+c=bc+a+66,a+ b+ c = 32.Findthe value of a.
Initially, there are 38 particles at the origin (0, 0). At each step the particles are moved to points

above the x-axis as follows: if there are n particles at any point (x, y), thenBJ of them are moved to

x+1,y+1), EJ are moved to (x,y + 1) and the remaining to (x — 1, y + 1). For example, after

the first step, there are 379 particles each at (1, 1), (0, 1) and (-1, 1). After the second step, there
are 378 particles each at (-2, 2) and (2, 2), 2 x 378 particles each at (-1, 2) and (1, 2), and 379 particle
at (0, 2). After 80 steps, the number of particles at (79, 80)
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Let X be the set consisting twenty positive integers n,n + 2, ....n + 38. The smallest value of n for
which any three numbers a, b, c € X, not necessarily distinct, form the sides of an acute angled
triangle is:

f:R = R be a function satisfying the relation 4f (3 — x) + 3f(x) = x?2 for any real x, Find the value
of f(27) — f(25) to the nearest integer. (R is the set of all real numbers).

Consider an isosceles triangle ABC with sides BC = 30,CA = AB = 20. Let D be the foot of
perpendicular from A to BC and M be the midpoint of AD. Let PQ be a chord of the circumcircle of
of the triangle ABC, such that M lies on PQ is parallel to BC. The length of PQ is :

Let p, q be two-digit numbers neither of which are divisible by 10. Let r be the four-digit number by
putting the digits of p followed by the digits of g (in order). As p, q vary, a computer prints r on the
screen if gcd(p,q) = 1 and p + q divides r. Suppose that the largest number that is printed by the
computer is N. Determine the number formed by the last two digits of N (in same order).

Consider five points in the plane, with no three of them collinear. Every pair of points among them
is joined by a line. In how many ways can we color these lines by red or blue, so that no three of the
points form a triangle with lines of the same color.

On a natural number n you are allowed two operations: (1) multiply n by 2 or (2) subtract 3 from n.
For example, starting with 8 you can reach 13 as follows: 8 > 16 = 13. You need two steps and you
cannot do in less than two steps. Starting from 11, what is the least number of steps required to
reach 1217

An integer n is such that [%] is a three-digit number with equal digits, and [

n—-17
4
with the digits 2, 0, 2, 4 in some order. What is the remainder when n is divided by 100?

In a triangle ABC £ BAC = 90°. Let D be the point on BC such that AB + BD = AC + CD. Suppose BD :

] is a 4-digit number

AC vV, . . e . .
DC=2:1. If, 5 m; 2 where m, n are relatively prime positive integers and p is a prime number,

determine the value of m + n + p.

Consider the fourteen numbers, 14, 24, ...,14% The smallest natural number n such that they leave
distinct remainders when divided by n is:

Consider the set F of all polynomials whose coefficients are in the set of {0, 1}. Let q(x) = x> + x + 1.
The number of polynomials p(x) in F of degree 14 such that the product p(x)q(x) is also in Fis:

A finite set M of positive integers consists of distinct perfect squares and the number 92. The
average of the numbers in M is 85. If we remove 92 from M, the average drops to 84. If N is the
largest possible square in M, what is the value of N?

The sum of [x] for all real numbers x satisfying the equation 16 + 15x + 15x? = [x]3 is:

In a triangle ABC, a point P in the interior of ABC is such that

<BPC - <BAC = <CPA - <CBA = <APB - <ACB. Suppose <BPC=30° AND AP=12. Let D, E, F be the feet
of perpendiculars form P on to BC, CA, AB respectively. If my/n in the area of the triangle DEF where
m, n are integers with n prime, then what is the value of the product mn?

Find the largest positive integer n < 30 such that % (n® + 3n* — 4) is not divisible by square of any

prime number.
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Letn = 219312, Let M denote the number of positive divisors of n? which are less than n but would
not divide n. What is the number formed by taking the last two digits of M (in the same order)?

Let ABC be a right-angled triangle with < B = 90°. Let the length of the altitude BD be equal to 12.
What is the minimum possible length of AC, given that AC and the perimeters of triangle ABC are
integers.

ANSWERS

4.70

10.5

16. 8

22.34

28.20
SOLUTIONS

Q.1. The smallest positive integer that does not divide 9! =1x2x3x4x5x6x7x8x9
is:

Let n be a smallest integer that does not divide 1 x2x3x4x5x6x7x8x9
Prime factorization of 91 =2’x3 x5x 7

Clearly, we can see that it is divisible by 2,3,2x2=4,5,2x3=6,7,2x2x2=8,3x3=
9,2x5=10

Therefore, least positive integer that does not divide 9!is 11 as 11 is a prime number.

Q.2. The number of four-digit odd numbers having digits 1, 2, 3, 4, each occurring exactly
once.

Sol.
Let the 4-digit odd noisabcd (_ )
Place d can take either 1 or 3 i.e. it can be filled in 2 ways
Place a can be filled in any of the remaining digits i.e. in 4-1 = 3 ways
Place b can be filled in any of the remaining digits i.e. in 4-1 = 2 ways
Place c can be filled in any of the remaining digits i.e. in 4-1 = 1 ways

Total values=2x3 x2 x1 =12 numbers.
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Q.3. The number obtained by taking the last two digits of 52°?* in same order is:

Sol. The number obtained by taking the last two digits of 52°%4in the same order is: 25

as Last two digits of any power of 5 is 25.

Q.4. Let ABCD be a quadrilateral with <ADC= 70°, <ACD= 70°, <ACB=10° and <BAD =110°.

Find the measure of <CAB (in degrees).

Sol.

In AACD, <ADC= 70 degree, <ACD= 70 degree
So <DAC = 180-70-70=40 degree
Again <BAD =110°
Or, <BAC + <CAD =110°
Or, <BAC = <CAB = 110-40=70°

Therefore <CAB is 70°

Yy

Q5. Lleta==+2+Z letb=2+ 2 +Z andletc= (Z+2)(L+2) (£+%). The value of
y z x z x v y zVz x'‘'x y

| ab-cI.
(X r Y Y LEV(ELEY —(a-Ey (2 Xy (5. Y
Sol. = (5 + Z)(Z+2)(2+3) =(a-Z) (@7 ) (@2 )

=ad— (2 +2 +2ya24(2 4242 )a-1=2a%-a%+ab-1=ab-1
y z X X x z
Or,ab-c-1=0
Or, ab-c=1

Q.6. Find the number of triples of real numbers (a, b, c) such that a?® +b20+c20 = 324 + b?* +
=1,

Sol.- Ifa?+b?+c¥=a2+b*+c¥=1
Then any one of a, b, cis 1 and others are 0
Since (a%*+b%* + c**) - (a®° +b?°+ ¢%) =1-1 =0.

:>a24_ aZO + b24_ b20 +C24_ c20=0
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Triples can be (1, 0, 0), (-1, 0, 0), (0, 1, 0), (O, -1, 0), (0, 0, 1) and (0O, O, -1).
No. of triples =6

Q.7. Determine the sum of all possible surface area of a cube whose vertices are (1,2,0) and
(3,2,2).

Sol. Case-1

SA=6 x [VA+1+ 4]2 = 54 sq.unit

1,2,0) (3,3,2)

Case-2

20° =9 = q =

SA=6 X g = 27 sq.unit

Case-3

\/§a=3:>a=\/§,
SA=6 X 3 = 18 sq.unit

Therefore, possible surface area =18+27+54=99.

Q.8. Let n be the smallest integer such that the sum of digits of n is divisible by 5 as well as
the sum of digits of (n + 1) is divisible by 5. What are first two digits of n in the same
order?

Sol.
Let sum of digits of n-digit number=54

Let the sum of digit of n+1 number=5k
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1, 2, e 9, . , ...y 19, 20, ..., 99, 100
S~ ~— ~———
1 8 17
..., 999, 1000, ..., 9999, 10,000

26 35

-eey 49999, 50000
iff 35

Therefore, the smallest number = 49999
First two digits = 49

Q.9. Consider the grid points X = {(m,n)|0 < m,n < 4}. We say a pair of points
{(a,b),(c,d)} in X is a knight-move pair if (c=at+2andd=b+t1) or (c=at
1 and d = b + 2). The number of knight-move pairs in X is:

Sol.

Consider the grid as shown above

Each line represents the allowed move from one
and points of line to other end point of the line.

We can see the movement allowed in 3 X 2,2 X 2
rectangles vertical or horizontal.

In each rectangle there are 4 moves allowed and total number of rectangles are 12.
Therefore, total allowed moved=12 X 4 = 48.

Q.10. Determine the number of positive integral values of p for which there exists a triangle
with sides a, b and ¢ which satisfy a? + (p% + 9)b? + 9¢? — 6ab — 6pbc = 0.

Sol.

a? + (p? + 9)b? + 9¢? — 6ab — 6pbc = 0.
= (a—3b)?+ (pb—3c)>=0
:>a=3b,pb=3c=>c=%

If a is the largest side, b + p3—b >3b=p>6

If ¢ is the largest side, 3b + b > % =p<12
From, (i) and (ii) p = {7,8,9,10,11}

Therefore, number of positive integral value of p is 5
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a

Q.11 The positive real numbers a, b, c satisfy + 1 + =2
2b+1 3c+1 2b+1 3c+1

What is the value ofl + 1 + l.
a b c

Sol.

a 2b 3c 1 1 1

"a+1 = 2b+1  3c+1

2b+1  3c+1  a+1

Adding the above two equations, we get

3c+1+ a+1 +2b+1_3
a+1 2b+1 3c+1

Now, AM = GM

3c+1 a+1 2b+1

+ + 1
— a+1 2b?:|—1 3c+1 > (1)3

3c+1 1 d2b+1 1 a+1 1
- = = =
a+1 3cr1 ™ ob+1

=(@+1)=2@b+1)=Bc+1) =k
1 3

1
- =2=k=c
et 2

1b 1 1+1+1 24+4+6=12
—_ — = — — —_ _= =
2’ € 6 a b c

Q.12. Consider a square ABCD of side length 16. Let E, F be points on CD such that CE =
EF = FD. Let the line BF and AE meet in M. Then area of AMAB is:

Sol.

The equation of line AE: 2y — 3x + 16 = 0 AHE.19)
The equation of line BF: 2y +3x — 32 =10
= M = (8,4)

) 0 16 1
The area of triangle AMB= 3 16 16 1
8 4 1

- %|[—16(8) +1(64 — 8 x 16]|

= 96 sq.units
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Q.13. Three positive integers a, b, c with a > ¢ satisfy the following equations:
ac+b+c=bc+a+66,a+ b+ c=32. Findthevalue of a.
Sol.
ac+b+c=bc+a+66
a+b+c=32
From (i), we get
cla—b)+(b—a)+c=66
= (@a—-b)(c—-1)+(c—-1)=66—-1
= (c—-1(a—b+1)=65=1%x65=65%x1=5%x13=13%x5
Case-1
c—1=65a—-b+1=1
c =66 buta+ b+ c =32 = not possible
Case-2
c—1=1a—-b+1=65
=c=2,a—b =64
a+b+c=32=a+b=30
= 2a =94 = a =47,b = —17 = not possible
Case — 3
c—1=5a—-b+1=13

=c=6a—b=12

Case-4
c—1=13,a—b+1=5
=c=14,a—b =4

= a=11lbuta<c

= onlya =19
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Q.14. Initially, there are 38 particles at the origin (0, 0). At each step the particles are moved

to points above the x-axis as follows: if there are n particles at any point (x, y), thenEJ of them

aremovedto (x + 1,y + 1), EJ are moved to (x,y + 1) and the remaining to (x — 1, y + 1).

For example, after the first step, there are 379 particles each at (1, 1), (0, 1) and (-1, 1). After
the second step, there are 378 particles each at (-2, 2) and (2, 2), 2 x 378 particles each at (—
1, 2) and (1, 2), and 379 particles at (0, 2). After 80 steps, the number of particles at (79, 80)

Sol.

. . nA
At n'" step particle at (n — 1,n) is Z—n

804
380

=~ At 80" step particles at (79, 80) is

= 80 (where A = 389)

Q.15. Let X be the set consisting twenty positive integers n,n + 2, ....n + 38. The smallest
value of n for which any three numbers a, b, ¢ € X, not necessarily distinct, form the sides of
an acute angled triangle is:

Sol.
X={nn+2,..,n+38}
ab,c€eX

Foranya,b,c

(i) Triangle should be formed
(ii) Triangle should be acute
= only one angle can be obtuse at max.

(i) leta<b<c
= for triangle

a + b > c for all possible combination
= evenifa,baresmallesta=b=n
= n+n>n+ 38 = n > 38 = Triangle will form

(ii) Now using cosine formula largest side longest angle

a?+b%—c?
= coSCc = By > ( for acute A

= a’? 4 b? — c? > 0 foracute AVa,b,c € X

n?+n - m+38)2>0
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=n?—-76n—-382>0
=n>91.74
=n=92

Q.16. f: R - R be a function satisfying the relation 4f (3 — x) + 3f(x) = x? for any real x,
Find the value of f(27) — f(25) to the nearest integer. (R is the set of all real numbers).

Sol.

4f(3—x)+3f(x) =x2Vx ER
~4f(3-(B-x))+3fB-x)=(3—x)?
=4f(x) +3f3 —x) = (3—x)?

= 12f(3 — x) + 9f (x) = 3x?

= 12f(3 —x) + 16f(x) = 4(x — 3)?
= 7f(x) = 4(x — 3)? = 3x2

= {4(24)% — 3.27%} — {4(22)? — 3.25%)
= 4(24% — 22%) + 3(25% — 27%)

= 4.46.2 + 3.52.(—2)

=8X46 X6 X 52

1 56
= f(27) — f(25) =5 (46 X8 —6 X 52) =— =8

Q.17. Consider an isosceles triangle ABC with sides BC = 30,CA = AB = 20. Let D be the
foot of perpendicular from A to BC and M be the midpoint of AD. Let PQ be a chord of the
circumcircle of of the triangle ABC, such that M lies on PQ is parallel to BC. The length of PQ

: 4_(0,5[7)
The equation of PQ: y = 57\/7 :

The perpendicular bisector of AC:
( 5\/7) -1 ( 15)
—_ — X ——
Y72 5V7 -0 2
0—-15
_ ( 5\/7> 15 ( 15)
—_—— = —|\x ——
Y= 57 2

Centre = intersection of perpendicular bisector
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—5v7
0. T)

= Equation of circumcircle

@—0?+<y+%§)=(&5+2§)

(e D) oy 8202
T\ T) T 49~ 7
5vV7

Intersecting with PQ : y = —~

2

(45%)

25 x 64 <5\/7 5>2 25%x 64 1
X< = — =

7 2 T 5 7 4x7
_25><64x4—452_52<64><4—81) 52

28 =22 7 =2 X%

25 25 25)

=>x=i7=>distance= >

xZ

Q.18. Let p, g be two-digit numbers neither of which are divisible by 10. Let r be the four-
digit number by putting the digits of p followed by the digits of q (in order). As p, g vary, a
computer prints r on the screen if gcd(p,q) =1 and p + q divides r. Suppose that the
largest number that is printed by the computer is N. Determine the number formed by the
last two digits of N (in same order).

Sol.

r=100p +q

p+q|r=100p +q
= p+q|99r
Butged(p +¢q,7) =1
= p+q|99
~p+q=330r99
For N to be maximum
p+q=99

Wherep =76,q = 13
Answer 13

Q.19. Consider five points in the plane, with no three of them collinear. Every pair of points
among them is joined by a line. In how many ways can we color these lines by red or blue, so

that no three of the points form a triangle with lines of the same color.
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2 ways (corresponding to each color)

. . C . .
As color of other sides got fixed exactly 51 sides

Not possible, therefore 0 ways as color of other sides got fixed and

¢ exactly 4 rid sides

there will be one triangle which will have all sides rud on block

Case-lll

Therefore, not possible,0 ways (same as above reason)

D
exactly 3 rid sides
consecutive

Case-IV

Only one way of coloring as color of other sides got fixed

Therefore 2 ways (corresponding to each color for shown

c exactly 2 consecutive

Therefore, total number of ways=2+>c; x 2 = 12 ways rid sides
>c1 ways of choosing 2 will active rides.

Q.20. On a natural number n you are allowed two operations: (1) multiply n by 2 or (2)
subtract 3 from n. For example, starting with 8 you can reach 13 as follows: 8 > 16 = 13. You
need two steps and you cannot do in less than two steps. Starting from 11, what is the least
number of steps required to reach 1217?

Some steps = 121 minimum steps Notice that for each step the number is a
natural number = Reverse the process Start from 121 and now condition will be

ﬂn/Z
n_ or
\)n +3
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Now, 121 cannot be divide by 2 as result will not be natural number and for minimum step it
is better to keep dividing till, we get on odd number

=121 (12143=124) >(- = 62) > (2 =31) > (31+3=34) > (3) - (17 +

3=20)— (22—0 =10) — (12—0 =5) — (5+3 =8) — (8 + 3)at it doesn’t make sense to

go half as 1 move to reach 11.

Q.21. An integer n is such that [g] is a three-digit number with equal digits, and n is a 4-digit

number with the digits 2, 0, 2, 4 in some order. What is the remainder when n is divided by
1007

n—-172

Sol. Let [T] —kkel ["‘172

4

]e[k,k+1)

n—172
4

nE [4k + 172,4k + 176)

€ [4k, 4k + 4)

4k+176

n
EE[’ 9

]

Now, [Z]€ {111,222,333, .....999} = ‘”‘“;”6>m “"“;”2,for a€{123....9}

For a=9
K € (2203.75,2204.75) = k = 2204
—-172 .
=2 = 2204 ..o (D)
And [§]=999
From (i)

B2172 € [2204,2205) =n€ [8988,8992]

From (ii)
< €[999,1000)

= n € [8991,9000)

= n=38991 = n =91.
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Q.22. In a triangle ABC  BAC = 90°. Let D be the point on BC such that AB + BD = AC + CD.
_m+Vp

Suppose BD : DC=2: 1. If, % =— where m, n are relatively prime positive integers and
p is a prime number, determine the value of m + n + p.
Sol.
AB+BD=AC+CD
y+2x = AC + X

= AC=x+y

= (x+y)? + y? = (3x)?

= X% + y>+ 2xy + y? = 9x?

= 8x%-2y%—2xy =0

= 4x? -y —xy =0

Dividing by y? and taking a= x/y

We get4a’—a-1=0

1+V1+4+4  1+v17

2%4 8

Or,a=
AC x

Or,— =— +1=a+l
AB y

1+vV17 1 17 . . .
= 1817 +1= +;/_ + 1 (Since ratio can not be negative)

AC  1+V17
Or,—= +1
AB 8

_9+17

Combining the above with % = m;\/p wegetm=9,p=17,n=8

Thereforem+n+p=34

Q.23. Consider the fourteen numbers, 14, 24, ... ,14%. The smallest natural number n such
that they leave distinct remainders when divided by n is:

Sol. 14,24, ... ,14%

x*=a (mod n)

y*=b (mod n) suchthata#bforx#yandx,y{1,2,.. 14}
(x*- y*) = (a-b) (mod n)

= (x-y)(x+y)(x*+y?) = (a-b) (mod n)

=} (x-y ) x+y )2 +y?)

We have to find minimum n with condition (i)
Clearly,n>27 as(x+y)e{3,.. 27 }
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Now n =28, x =6,y = 8 works
n=29,x=5,y=2works
n=30,x=8,y=2works

for x =31, there are no such x, vy,
3Ux -y )(x+y ) (¥ +Y?)

Must be prime factor
31\(x2+y2)and 31\(x—y)(x+y)
= 31 will be the answer

Q.24. Consider the set F of all polynomials whose coefficients are in the set of {0, 1}. Let q(x)
=x3 + x + 1. The number of polynomials p(x) in F of degree 14 such that the product p(x)q(x)
is alsoin Fis:

Sol.

p(x) q(x) = (x**+..) (x3+x+1)
p(x) = x* > 1 case

p(x) = x¥ + x?
=a=10,9,8,..,1,0-> 11 case
p(x) = x* + x* + xP

B=6,5,4,3,2,1,0
B=5,4,3,2,1,0

B=4,3,2,1,0 25 cases
B=3,2,1,0

B=2,1,0

B=1,0

=0

p(x) = x™* +x% + xP + x'
a=10,
a=10,
o=10,

r=1,0 > 3 cases
r=0
r=0 > 1 case

Hence, total case=1+11+28 + 6+ 3 + 1 =50 cases.
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25. A finite set M of positive integers consists of distinct perfect squares and the number 92.
The average of the numbers in M is 85. If we remove 92 from M, the average drops to 84. If
N2 is the largest possible square in M, what is the value of N?

Sol.
Let M contains “n” positive integers each of which is a perfect square.

M = {ai? as% ..., an%, 92}

ATQ ﬁ {a1?+ay*+..+an2+92}=85and % { a12+ax+ ... +an2} = 84

So, from above we have 85n +85 -92=84n
Or, n=7
Therefore, a12+ a2+ .... +a7;2 = 84*7=588

For largest possible square all other numbers must be the lowest square numbersi.e. 12, 22,
32,42, 52,62

ie. 12+422+32+42+52+6%+a7,°=588

Or, a7;? =588-1-4-9-16-25-36=497 which is not a perfect square (not possible)

But the nearest perfect square is 484 so more 13 must be subtracted where 13 = 72 - 62
Therefore, the seven numbers will be 12, 22,32,42 52,72 and 222

Required value of N is 22

Q.26. The sum of [x] for all real numbers x satisfying the equation 16 + 15x + 15x2 = [x]3 is:
Sol.

[x]? = 15x% + 15x + 16

[x] € (x-1,x] Or, (x—1)3< 16 + 15x + 15x?

Or, [x]® e ((x = 1)3, %] Or, x3 -3x%+3x -1-16-15x-15x>< 0
3_ 2 _ _

Or, 16 + 15x + 15x2 € ((x = 1)3, %] Or, x*-18x"-12x =17 <0

Or. Let f(x) =x3—18x*—12x— 17
Or, x3> 16 + 15x + 15x2
Since x2 16

Or, x3-16 - 15x - 15x2>0
f(16) = -721

Or, x3-16x? + x? -16x +x -16 = 0 f(17) =- 510
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Or, x?(x-16) +x(x-16) +1 (x-16) =0

Or, (x-16) (x*+x+1) =20

Or, x > 16 Or, (x?+x+1)

Combining the above 2 we get x € [16, 19)

— [x] = 16, 17, 18

(i) x] = 16

—=15x? + 15x + 16 = 163
= 15x? + 15x -4080 =0
=x2+x-272=0

= x2 +17x-16x -272 =0

= x=16or, -17

(ii) [x] = 17
=15x2+15x + 16 =173

= 15x? + 15x - 4897 =0

—x= 3—10 {-15 +V225+4*15%4897)

= [x] = 17 satisfies

(i) [x] = 18

—=15x? + 15x + 16 = 183
= 15x? + 15x - 5816 =0
Here D = 349185>0 so
=x>19and x<-20

=No value in the range

Sumof [x] =16+ 17 =33

Q.27. In a triangle ABC, a point P in the interior of AABC is such that

Z/BPC- £ BAC= ZCPA - £ CBA=Z APB - ZACB. Suppose £ BPC =30° and AP =12.

Let D, E, F be the feet of perpendiculars form P on to BC, CA, AB respectively. If mvn in the
area of the triangle DEF where m, n are integers with n prime, then what is the value of the

product mn ?

Sol.

2V3
EF? = |? [cosz(a —30) + cos?(60 —a) — T\/_cos(a —30) cos(a — 60) l
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2 [ laina)? + Banag)?— B _ V3
=l [(2 cosa+251na) + (Zcosa+ > sin a) > (cos(Za 90) + 2)]
=[? [(cos a)? + (sina)? + ?sinacos a —%]

92 V3 1 . 2 1 V3 . 2 V3 V3
=l [(7cosa+zsma) +(5cosa+7sma) - 7(cos(2a—90)+7)]
lZ

T4

Are0/=\/§EF2 = YBuae 93

4 4 4

Q.28. Letn = 219312, Let M denote the number of positive divisors of n? which are less than
n but would not divide n. What is the number formed by taking the last two digits of M (in
the same order)?

Sol.

Let f(n) = %(n8 + 3n* — 4)

= %(n —Dn+1DP*+D((n+D*+D((n—1*+1)
Forn=2k+1

= fRk+1) = %(Zk)Z(k + 1)(4k? + 4k + 2) ...

Clearly 4|f (2k + 1)

= Only even cases

= n = 28,f(28) = % X 27 X 29 X (282 + 1)(272 + 1)(29% + 1)
Clearly 32|f(28)

Whenn = 26, f(26) = % X 25 X 27 X (252 + 1)(26% + 1)(272 + 1)
Clearly 52|f(26)

Whenn = 24, f(24) = % X 23 X 25 X (242 + 1)(25% + 1)(232 + 1)
Again 5%|f(24)

Whenn = 22, £(22) =1 x 21 x 24 x (22% + 1)(23% + (212 + 1)
Again 52|f(22) [since both 22% + 1 and 23 + 1 are didisible by 57]
Whenn = 22, £(22) =1 x 21 x 23 x (22% + 1)(23% + (212 + 1)
Which is not divisible by any prime square.

= n =20

Q.29. Find the largest positive integer n < 30 such that %(n8 + 3n* — 4) is not divisible by

square of any prime number.
Sol.
n2 — 238324

Therefore, required number of divisors Be+D@arD+1

2

—20x13 =228

Therefore, answer =28
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Q.30. Let ABC be a right-angled triangle with < B = 90°. Let the length of the altitude BD be
equal to 12. What is the minimum possible length of AC, given that AC and the perimeters of
triangle ABC are integers.

Sol.

ac = 12b [since AABC and ABDC are similar] ..... (i)

leta+c =1[lisineger]

= a?+c?+2ac=1?

= a? + c? = 12 — 24b = b? [AC=b]

a and ¢ are the roots of x? — Ix + 12b = 0
D>0=1>—-48b>0=b?>—-24b>0=b > 24

b=k—-12,= k = 36

?2=k?-144 =144 = (k- D(k+ D

Fork =37,1l =35

Minimum value of =25
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10QM - 2023-24

QUESTIONS

Let n be a positive integer such that 1 <n < 1000. Let M, be the number of integers in the set
Xn={V(4n+1), V(4n+2), ......, V(4n+1000)}

Let a = max{ Mn:1 <n <1000} and b = min{ Mx:1 < n £1000}. Find a—b.

Find the number of elements in the set {(a,b)eN : 2 <a, b <2023, log.(b) + 6 logn(a) = 5}.

Let a and [ be positive integers such that S < %< 1—76 . Find the smallest possible value of f3.

Let x, y be positive integers such that x* = (x — 1)(y3 — 23) — 1. Find the maximum possible value
of x+y.

In a triangle ABC, let E be the midpoint of AC and F be the midpoint of AB. The medians BE and CF
intersect at G. Let Y and Z be the midpoints of BE and CF respectively. If the area of triangle ABC is
480, find the area of triangle CYZ.

Let X be the set of all even positive integers n such that the measure of the angle of some regular
polygon is n degrees. Find the number of elements in X.

Unconventional dice are to be designed such that the six faces are marked with numbers from 1 to 6
with 1 and 2 appearing on opposite faces. Further, each face is colored either red or yellow with
opposite faces always of the same color. Two dice are considered to have the same design if one of
them can be rotated to obtain a dice that has the same numbers and colors on the corresponding
faces as the other one. Find the number of distinct dice that can be designed.

Given a 2 x 2 tile and seven dominoes (2 x 1 tile), find the number of ways of tiling (that is, cover
without leaving gaps and without overlapping of any two tiles) a 2 x 7 rectangle using some of these
tiles.

Find the number of triples (a, b, c) of positive integers such that

(a) ab is a prime;

(b) bc is a product of two primes;

(c) abc is not divisible by square of any prime and

(d) abc <30

The sequence <an>nso is defined by ag =1, a1 =—4 and ans2 =—4an+1 — 7an, for n > 0.

Find the number of positive integer divisors of asg?-as9.as:.

A positive integer m has the property that m? is expressible in the form 4n2 — 5n + 16 where n is an
integer (of any sign).

Find the maximum possible value of |m —n]|.

Let P(x) = x3+ ax? + bx + ¢ be a polynomial where a, b, c are integers and c is odd.

Let pi be the value of P(x) at x = i. Given that p1%+p22+p33=3p1p2ps, find the value of p2 + 2p1 — 3po.

The ex-radii of a triangle are 10% ,12 and 14. If the sides of the triangle are the roots of the cubic x3-

px% +agx—r =0, where p, g, r are integers, find the integer nearestto ,/p + q + 7.
Let ABC be a triangle in the xy plane, where B is at the origin (0, 0). Let BC be produced to D such that
BC:CD=1:1, CAbe produced to E such that CA: AE =1 :2 and AB be produced to F such that AB :
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BF =1:3. Let G(32, 24) be the centroid of the triangle ABC and K be the centroid of the triangle DEF.
Find the length GK.

Let ABCD be a unit square. Suppose M and N are points on BC and CD respectively such that the
perimeter of triangle MCN is 2. Let O be the circumcenter of triangle MAN and P be the circumcenter

2
of triangle MON. If (g—j) = %for some relatively prime positive integers m and n, find the value of

m + n.
The six sides of a convex hexagon Ai1A; As As As As are colored red. Each of the diagonals of the
hexagon is colored either red or blue. If N is the number of colorings such that every triangle A; Aj Ax,
where 1 <i<j< k<6, has at least one red side, find the sum of the squares of the digits of N.
ConsiderthesetS={(a, b,c,d,e):0<a<b<c<d<e<100}
Where a, b, ¢, d, e are integers. If D is the average value of the fourth element of such a tuple in the
set, taken over all the elements of S, find the largest integer less than or equal to D.
Let P be a convex polygon with 50 vertices. A set F of diagonals of P is said to be minimally friendly if
any diagonal d € F intersects at most one other diagonal in F at a point interior to P. Find the largest
possible number of elements in a minimally friendly set F.
For n € N, let P(n) denote the product of the digits in n and S(n) denote the sum of the digits in n.
Consider the set A={neN: P(n) is non-zero, square free and S(n) is a proper divisor of P(n)}. Find the
maximum possible number of digits of the numbers in A.
For any finite non empty set X of integers, let max(X) denote the largest element of X and |X| denote
the number of elements in X. If N is the number of ordered pairs (A, B) of finite non-empty sets of
positive integers, such that

max(A) x |B| =12; and |A| x max(B) =11
and N can be written as 100a + b where a, b are positive integers less than 100, find a + b.
For ne N, consider non-negative integer-valued functions f on {1, 2, ..., n} satisfying
(i) > f(j) fori>jand X1, (i + f(i)) = 2023,
Choose n such that ;i f (i) is the least. How many such functions exist in that case?
In an equilateral triangle of side length 6, pegs are placed at the vertices and also evenly along each
side at a distance of 1 from each other. Four distinct pegs are chosen from the 15 interior pegs on the
sides (that is, the chosen ones are not vertices of the triangle) and each peg is joined to the respective
opposite vertex by a line segment. If N denotes the number of ways we can choose the pegs such
that the drawn line segments divide the interior of the triangle into exactly nine regions, find the sum
of the squares of the digits of N.
In the coordinate plane, a point is called a lattice point if both of its coordinates are integers. Let A be
the point (12, 84). Find the number of right-angled triangles ABC in the coordinate plane where B and
C are lattice points, having a right angle at the vertex A and whose incenter is at the origin (0, 0).
A trapezium in the plane is a quadrilateral in which a pair of opposite sides are parallel. A trapezium
is said to be non-degenerate if it has positive area. Find the number of mutually non-congruent, non-
degenerate trapeziums whose sides are four distinct integers from the set {5, 6, 7, 8, 9, 10}.
Find the least positive integer n such that there are at least 1000 unordered pairs of diagonals in a
regular polygon with n vertices that intersect at a right angle in the interior of the polygon.
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In the land of Binary, the unit of currency is called Ben and currency notes are available in

denominations 1, 2, 22, 23, .... Bens. The rules of the Government of Binary stipulate that one cannot

use more than two notes of any one denomination in any transaction. For example, one can give a
change for 2 Bens in two ways: 2 one Ben notes or 1 two Ben note. For 5 Ben one can give 1 one Ben
note and 1 four Ben note or 1 one Ben note and 2 two Ben notes. Using 5 one Ben notes or 3 one Ben
notes and 1 two Ben notes for a 5 Ben transaction is prohibited. Find the number of ways in which
one can give change for 100 Bens, following the rules of the Government.

A quadruple (a, b, ¢, d) of distinct integers is said to be balanced if a+c=b +d.

Let S be any set of quadruples (a, b, ¢, d) where 1<a<b<d<c<20 and where the cardinality of S is
4411. Find the least number of balanced quadruples in S.

On each side of an equilateral triangle with side length n units, where n is an integer 1<n<100,
consider n — 1 point that divide the side into n equal segments. Through these points, draw lines
parallel to the sides of the triangle, obtaining a net of equilateral triangles of side length one unit. On
each of the vertices of these small triangles, place a coin head up.

Two coins are said to be adjacent if the distance between them is lunit. A move consists of
flipping over any three mutually adjacent coins. Find the number of values of n for which it is possible
to turn all coins tail up after a finite number of moves.

A positive integer n > 1 is called beautiful if n can be written in one and only one way as n= a1+ a>+ ...
+ a,= 01.0,....a; for some positive integers a4, as, ...., gy, where k> 1 and a;:2a,2....2 a,. (For example,
6 is beautiful since 6 = 3x2x1 = 3 + 2 + 1; and this is unique. But 8 is not beautiful since8=4+2+1+
1 =4x2x1x1 as well as 8 =2+2+2 +1+1=2x2x2x1x1, so uniqueness is lost.)

Then Find the largest beautiful number less than 100.

Let d (m) denotes the no. of positive integer divisor of a positive integer m. If r is the no. of integers
for n <2023 for which }i*; d(i) is odd, find the sum of the digits of r.

ANSWERS
3.23 4. 07
9.17 10.51
15.03 16.94
21.15 22.77

27.91 28. 67
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SOLUTIONS

Q.1. Let n be a positive integer such that 1 <n < 1000. Let M, be the number of integers in
the set X,={V(4n+1), V(4n+2), ....., V(4n+1000)}

Let a = max{ Mn:1 <n <1000} and b = min{ Mn:1 < n <£1000}. Find a—b.

Sol. Let Mn be the number of integers in the set

Xn={V4n +1,V4n + 2, ...\/4n + 1000 } where 1< n <1000
= {V5, V6, ..., V1004, ..., V 5000}
a = max {M, : 1< n £1000} = M1 Cardinality of X1 = {V5, V6, ..., v1004}
= {43, +4, +31, ..., +31} = 29
b = min M, = Cardinality of X1000 = {V4001, ..., V5000} = {+64, ..., +70}= 7
Therefore,a—b =29-7 =22
Q.2. Find the number of elements in the set {(a,b)eN : 2 < a, b <2023, loga(b) + 6 log,(a) = 5}

Sol. loga(b) + 6 logp(a) = 5

= Ioga(b) + logb(a)=

let logab=t
—t+2=5
t
= t+6-5t=0 =t=2o0r3
case 1 logab =2 = b=a? case Il loga b = 3 = b=a3
a2<2023 a3<2023
= a<44.97 a<12.64
=ac{2..,6 44} aec{2,..12}

=no.of ways=44-2+1=43 no.of ways (12-2+1)=11

= total no. of ways =43 +11 =54
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7 . .
= <-Z . Find the smallest possible value

Q.3. Let o and B be positive integers such that 5 < 5 <16

of B.

16 « 7
37 "B 16

37 B 16
16 o 7

37

a<[?><loc
16 16

a)

2 5 . 2 5 32 35
—_— < - <_ - - — = (— —
= o B-2a 16a,B 20, €l and lie between (70L,160c) (1120L,112

= B-2a€(0.280,0.31a)
If aa=10= (2.8,3.1)

= pB-2a=3

= p=23

Q.4. Let x, y be positive integers such that x* = (x — 1)(y3 — 23) — 1. Find the maximum
possible value of x +y.

Sol. V(4n+r) =k el

= 4n +r=k?

x*+1

—v3_
prpal 23 where x, yel

Since, x#1l =>x>2

y3-23 el

x*+41
= el
x—1

Let, x—1=p

(1+p)*+1
p

(asp*+azp3+...ayp+2)
P

=

:>% = p divides 2
=p= {_21 _11 1I 2}
=>xe{-1,0,2, 3}

butx>2=x=2o0r3
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Ifx=2 2%=1x(y3-23)-1
= (17+23)=y3
= vy¢l
fx=3 = (3*+1)=2(y3-23)
=>vy=4
=>x+y=7
Q.5. In a triangle ABC, let E be the midpoint of AC and F be the midpoint of AB. The medians

BE and CF intersect at G. Let Y and Z be the midpoints of BE and CF respectively. If the area of
triangle ABC is 480, find the area of triangle CYZ.

Sol.
Let BE = 6x

CF =6y
area (GYZ) _ 2
area (GBC)_ (1/4)
Area (GBC) = 16(area of GYZ)

area of GBC = %of area (ABC) = 4% =160

area of GYZ=10
Q.6. Let X be the set of all even positive integers n such that the measure of the angle of some
regular polygon is n degrees. Find the number of elements in X.
Sol. Let number of sides of polygon be P.

(P—2).180 S
P
then P (180 - n) = 360

360
~180-n

180

But n =2k then P =——
90—k

Hence possible values of (90 -k) are 1, 2, 3, 4,5, 6,9, 10, 12, 15, 18, 20, 30, 36, 45 and 60

.. 16 such polygons are possible.

Q.7. Unconventional dice are to be designed such that the six faces are marked with numbers
from 1 to 6 with 1 and 2 appearing on opposite faces. Further, each face is colored either red
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or yellow with opposite faces always of the same color. Two dice are considered to have the
same design if one of them can be rotated to obtain a dice that has the same numbers and
colors on the corresponding faces as the other one. Find the number of distinct dice that can
be designed.

Sol. Fix 1 and 2 anywhere in 1 way

Fix 3 anywhere in 1 way

Now remaining 3 faces can be filled in 3;' ways and coloring them in 2 x 2 x 2 ways

.. Total distinct dice =3;! x 8 = 24 ways

Q.8. Given a 2 x 2 tile and seven dominoes (2 x 1 tile), find the number of ways of tiling (that
is, cover without leaving gaps and without overlapping of any two tiles) a 2 x 7 rectangle using
some of these tiles.

Sol.

an = 2anp2 + an-1

a1=1,a,=3
az=2a1+a=2(1)+3=5
as=2ax+a3=2(3)+5=11
as=2az+as=2(5)+11=21
as=2(11)+21 =43
a7=2(21)+43=42+43=85

Q.9. Find the number of triples (a, b, c) of positive integers such that

(a) ab is a prime;

(b) bc is a product of two primes;

(c) abc is not divisible by square of any prime and

(d) abc <30

Sol.

ab is prime mean one of them is 1.

abc ¢ {4, 9, 25}

Casel:a=1= bisprime and bc prime product
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= cis prime
= abc<30
=bc<30&hbc¢{4,9, 25}
= (b, c) are different prime
=b={2,3,5,7}
c={3, 5, 7} and b # c. Then total number of cases = 14.
Case Il : When b = 1 then possible values of (a, b, c) are (2, 1, 15), (3, 1, 10) and (5, 1, 6).
Total number of ways =14 +3 =17
Q.10. The sequence <an>nx0 is defined by ap =1, a1 =—4 and an+2 = —4an+1 — 7an, for n > 0.
Find the number of positive integer divisors of asg?-ass.as:.
Sol. The sequence {an},n>0andag=1,a1=—-4
and given that an+2 = - 4an+1— 7an (1)
Now a%y-an+1.@n-1=a%n -(4an-7an-1)an-1
=a%,+ 4 an. an-1 + 7a%ha
= -an(7an-2) +7a%n1

=72(an—12 —an-1.an-3)

. (an)? - an+1. an-1=7"1(a12-a0.a2)=7""1(16-1.9)= 72
.. (aso)®—as9.a51=7>°

.. Number of positive divisors of 7°9=50+1= 51

Q.11. A positive integer m has the property that m? is expressible in the form 4n? —5n + 16
where n is an integer (of any sign). Find the maximum possible value of |[m —n]|.

Sol. Since m?=4n2-5n+16
5. 4n>~5n+16-m?=0
8n =5+ V(16m?231)
Let D2=16m?-231andD>0

= (4m +D) (4m-D)=231=7x11x13
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4m+D=231and4m-D=1

thenm=29and D =115, n =15

S m=n| =14

Case-ll:

dm+D=77and4m-D=3

..m=10,D=37andn=-4

S m=n| =14

Case-lll: 4m+D=33and4m-D=7

.m=5D=13andn=-1

S m-=n|=6

Case-IV:4m+D=21and4m-D=11

.m=4,D=5andn=0

Hence [m—n| =4

Maximum value of [m—n| =14
Q.12. Let P(x) = x>+ ax? + bx + c be a polynomial where a, b, c are integers and c is odd.

Let pi be the value of P(x) at x = i. Given that p12+p2?+p33=3p1p2ps, find the value of p2 + 2p1 —
3po.

Sol: p12+p22+p33=3p1p2ps3

.. either p1+p2+p3=0 or p1=p2=p3

Herepi=a+b+c+1
P,=4a+2b+c+38
P3=9a+3b+c+27 ...(iii)

Here p1+p2+ps=14a+6b + 3c + 36

Here (14a+6b +36)+3c=0

Even + odd # even ( cis odd)

. either p1+pa+p3# 0

Hence, either p1=p2 =p3 ...(iv)

Hence solving equation (i), (ii), (iii) and (iv) we get

a=-6,b=11
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but p2+2p1-3po=6a+4b +10=18

Q.13. The ex-radii of a triangle are 10% ,12 and 14. If the sides of the triangle are the roots of

the cubic x3- px? + gx —r =0, where p, g, r are integers, find the integer nearest to

Jpt+q+r.

Note that

A =area(A4BI,) + area(AACI,) —area(ABCI,)

:l.AB.n+1AAc.,;,l.Bc.rj
2 Z 2

3 g(c+b—a):q(s—a)

A

On solving above equations,

wegeta=13,b=14,c=15

Let f(x) = x3 — px? + qx —
= (x— 13) (x— 14) (x — 15)
f-1)=—1-p-q-r
= (-14) (-15) (-16)

SLop+q+r=14-15-16-1

Sp+q+r=+3364~58

Q.14. Let ABC be a triangle in the xy plane, where B is at the origin (0, 0). Let BC be produced
toDsuchthatBC:CD=1:1, CAbe produced to E such that CA: AE=1:2 and AB be produced
to F such that AB : BF =1 : 3. Let G(32, 24) be the centroid of the triangle ABC and K be the
centroid of the triangle DEF. Find the length GK.
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Sol.
GivenBC:CD=1:1

Let coordinate of D (x,y)

1Xx+1x0 1><y+1><0)
1+1 7 1+1

bava=(5.3)

hence D = (2x1, 2y1)

C(xl,vl)=(

similarly,

CA:AE=1:2henceE =(3x2 — 2x1, 3y2 — 2y1)
AB :BF =1:3 hence F = (—3x2, —3y2)

.. Centroid of ADEF =K = (0, 0)

Given Centroid of AABC =G = (32, 24)

. GK=V322 + 242 = 40

Q.15. Let ABCD be a unit square. Suppose M and N are points on BC and CD respectively such
that the perimeter of triangle MCN is 2. Let O be the circumcenter of triangle MAN and P be

2
. . oP . . e
the circumcenter of triangle MON. If (O_A) = %for some relatively prime positive integers m

and n, find the value of m + n.

Ni1-yv ¢

Sol. OA = circumradius of AAMN

_ MN
" 2sina

OP = circumradius of AOMN

_ MN
" 2sin2a

() ()
0OA B 2cosa

Perimeter of AMCN=2=(1-x)+(1-y)+ MN
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= MN=x+y
Now rotate AABM about A so that AB overlaps with AD (by 90°)
Clearly AAMN = AAM’N (by SSS)
So, angle M’AN=angle MAN= .
200=90°

C.o=45°

S.m+n=3

Q.16. The six sides of a convex hexagon A1Az A3 As As A are colored red. Each of the diagonals
of the hexagon is colored either red or blue. If N is the number of colorings such that every
triangle Ai Aj Ay, where 1 <i<j< k<6, has at least one red side, find the sum of the squares
of the digits of N.

Sol. Number of ways such that at least one side of AA;A3A¢ is red

- 3C1X22-3C17"‘ . 21 ..an
5

=7

Number of ways such that at least one side of AA1AzAsisred =7 A
Number of ways to color diagonals A1As, A2As, A2Ac=23=8
". Required number=8x7x7=392=N
. Sum of square of digits = 3% + 92 + 22
=94
Q.17. Consider theset S={(a, b, c,d,e):0<a<b<c<d<e<100}

Where a, b, ¢, d, e are integers. If D is the average value of the fourth element of such a tuple
in the set, taken over all the elements of S, find the largest integer less than or equal to D.

sum =4 x Cy x 3C3
sum =5 x %4Cy x 4C3

sum =6 x 3C; x °C3
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d=98 sum =98 x 1Cy x ¥7C3
Total = 4.%°C; 3C3 +5-2%C1 - %C3 ... x 98 1C; - 97C3

9 99—r =
=4 Zril 2 T8 'Cs
=4Y%5 1 987Cy

=4x100C6

S AM. = 4 x 100C,/99Cg

Q.18. Let P be a convex polygon with 50 vertices. A set F of diagonals of P is said to be
minimally friendly if any diagonal d € F intersects at most one other diagonal in F at a point
interior to P. Find the largest possible number of elements in a minimally friendly set F.

Sol.

Total number of non-intersecting diagonals
A1Az, A1As4, A1As, ..., A1Age > 47

Total number of intersecting diagonals at only one point to the non-intersecting diagonals
ArAs, AsAs , AcAsg, ..., AsgAso = 24

Total=47+24 =71

Q.19. For n € N, let P(n) denote the product of the digits in n and S(n) denote the sum of the
digits in n. Consider the set A={neN : P(n) is non-zero, square free and S(n) is a proper divisor
of P(n)}. Find the maximum possible number of digits of the numbers in A.

Sol.

P(n) is non-zero, square free & S(n)/P(n)
=S N=X1X2X3 .. Xn =>Xi#0

X are square free & distinct
=xie€{1,5,6,7}or{1,2,3,5,7}

P(n) = X1 X2 ... Xn

S(N)=x1+ X2+ ... + Xn

Now, S(n) is proper divisor of P(n)
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and P(n) max is 2x3x5x7 therefore S(n) maximum is 3x5x7 = 105
= For S(n) =105

= 2+2+5+7+1+1+....+1(1 is x times) = 105

= x = 88 = (88 + 4) = 92 digits.

Q.20. For any finite non-empty set X of integers, let max(X) denote the largest element of X
and |X| denote the number of elements in X. If N is the number of ordered pairs (A, B) of
finite non-empty sets of positive integers, such that

max(A) x |B| =12; and |A| x max(B) = 11
and N can be written as 100a + b where a, b are positive integers less than 100, find a + b.
Sol.

A ={ay, a2, a3... ap}

B = {bs, by, bs... bg}

Apq =12
p-bg=11
Case-A:p=11,bg=1
A ={a1, az, a3... a11}, B ={1}
=>an=12,q=1
. 11Cyo = total ways
Case-B:p=1,bg=11
(1) A={12},B={11} > 1 way
(2) A={6}, B ={bs, 11} > 19C; ways
(3) A= {4}, B ={by, by, 11} > 1°C; ways
(4) A ={3}, B={by, by, b3, 11} > °C; ways
(5) A={2}, B ={bs, by, bs, bs, bs,11} > 1°Cs ways
(6) A={1}, B={by, by, .....b11, 11} > 0 ways
.. Totalways=11+1+10+45+ 120 + 252
=439

=100x4 + 39
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a+b=43
Q.21. For neN, consider non-negative integer-valued functions f on {1, 2, ..., n} satisfying
(i) > f(j) fori>jand X1, (i + £(1)) = 2023.
Choose n such that Y1 ; f (i) is the least. How many such functions exist in that case?
Sol.
Yh(i+ f() = 2023.
rLf@) = 2023 - 2D
For 2., f (i) be least, n=63
L f@) least =7
Total number of possible functions equal to number of possible partitions of 7
ie.7=1+1+1+1+1+1+1

=1+1+2+3

Total number of partitions = 15
Number of possible functions = 15

Q.22. In an equilateral triangle of side length 6, pegs are placed at the vertices and also evenly
along each side at a distance of 1 from each other. Four distinct pegs are chosen from the 15
interior pegs on the sides (that is, the chosen ones are not vertices of the triangle) and each
peg is joined to the respective opposite vertex by a line segment. If N denotes the number of
ways we can choose the pegs such that the drawn line segments divide the interior of the
triangle into exactly nine regions, find the sum of the squares of the digits of N.

Sol. case I:
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To divide the triangle into 9 regions. Two pegs must be selected from a side and the other
two from a different side.

This can be done in 3C2x>C2x°C,=300 ways.

case ll:

Now we are choosing 3 points on three sides, such that three lines from those points are
concurrent.

By using Ceva’s theorem in which product of three different ratio leads to 1.

Possible ratio on side AB, BC and CA will be of the form

e ZxZx1=1

Ratio 1 : 1 can be chosen in 3 ways for all three sides other ratio can be choosen in 4 ways
for other two sides

i.e.thereare 3 x4 +1=13 ways

Fourth point can be chosen in 12C; , ways

Total such possibilities = 12 x 13 = 156 ways

Total ways = 300 + 156 = 456

Sum of squares of digit =42+ 52+ 62 =16+ 25 + 36 = 77

Q.23. In the coordinate plane, a point is called a lattice point if both of its coordinates are
integers. Let A be the point (12, 84). Find the number of right-angled triangles ABC in the
coordinate plane where B and C are lattice points, having a right angle at the vertex A and
whose incenter is at the origin (0, 0).

Sol.

We know that if inradius is integer then sides of triangle is also integer.
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Here OA = 60V2

Inradius = 60

Hence AB, BC, CA are integer.
Let AB=m?—-n?
BC =m? +n?

AC=2m?+n?

A mn.(m?-n?)

Here, r = T amr n(m-n)=60

- n(m—=n)=223.5.
.. Possible values of n are 12.

Then 12 such triangles are possible but when B and C interchange their position 12 more
triangles are possible.

Then total number of distinct triangles = 24.

Q.24. A trapezium in the plane is a quadrilateral in which a pair of opposite sides are parallel.
A trapezium is said to be non-degenerate if it has positive area. Find the number of mutually
non-congruent, non-degenerate trapeziums whose sides are four distinct integers from the
set{5,6,7,8,9, 10}.

Sol. Without losing generality, assume a > cand d > b and sides AB | | CD

P

— Q Cc—a+x

d?—x?=bh%>-(c—a+x)?
similarly, d? — x2 = b? — (a — ¢ + x)?

(a=c)?+d?-b?
S =
2(a—c)

If x € (0, d), then there will be unique trapezoid

(a=c)?+d?-b?
2c(c—-a)

€ (0, d)

= (a—-c)?+d*-b?-2d(a-c)<0
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= (a-c-d)?-b2<0

= (a—-c—-d-b)(a—-c-d+b)<0
=(a-c—-d+b)>0

=a+b>c+danda>c,d>b

Using this inequality, numerate these pairs (a, b, c, d)
Case | : a =10 = total no. of cases = 16

Casell : a=9 = total no. of cases =9

Case lll : a =8 = total no. of cases =4
CaselV:a=7=(7,9,5,10)and (7, 8, 5, 9) = 2 cases
= Total = 31

Q.25. Find the least positive integer n such that there are at least 1000 unordered pairs of
diagonals in a regular polygon with n vertices that intersect at a right angle in the interior
of the polygon.

Sol. -

Casel

Let n = 4k

So (1+3+5+ +3+1)* k

= k% +(k-1)? ) x k 21000
Or, k(2k?>-2k+1)>1000
Or,k>9ask €N Or, 4k>36 Or, n>36
Case 2 —
Let n = 4k+2
(1+3+45+...42k-1).2.(2k+1) 21000
Or, (2k+1).2k? > 1000
Or, (2k+1).k?> > 500
Or, k=7
Or,n2>30

Therefore min (30, 36) =30
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Q.26. In the land of Binary, the unit of currency is called Ben and currency notes are available

in denominations 1, 2, 22, 23, .... Bens. The rules of the Government of Binary stipulate that
one cannot use more than two notes of any one denomination in any transaction. For
example, one can give a change for 2 Bens in two ways: 2 one Ben notes or 1 two Ben note.
For 5 Ben one can give 1 one Ben note and 1 four Ben note or 1 one Ben note and 2 two Ben
notes. Using 5 one Ben notes or 3 one Ben notes and 1 two Ben notes for a 5 Ben transaction
is prohibited. Find the number of ways in which one can give change for 100 Bens, following
the rules of the Government.

C.a+2b+4c+.... = 100

a=0

= 2(b+2c+...) = 99(0ODD) = b+2c+..... =49
= c+2d+

= a=1(Not possible)

Let the no. of solutions be aigo Let the no. of solutions be aigo
For a;
d100 = aso+ Az (an=an2+ an/a1) Let a+2b+ 4c=3
= (axs+az) + ax Ifa=1 then 2b+4c=2
= ax+ 2ax Or b+2c=1
=ap + 2(an + 2as) So, b=1, c=0
=3 an+2as Hence (1, 1, 0) is the only solution

=3 (as+az)+ 2a; Therefore a; =1

FAara.: a10h -9

Q.27. A quadruple (a, b, c, d) of distinct integers is said to be balanced if a+c=b+d. Let S

be any set of quadruples (a, b, ¢, d) where 1<a<b<d<c<20 and where the cardinality of S is
4411. Find the least number of balanced quadruples in S.
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Given g+c=b+d, 1<a<b<d<c<20
iea, b,c, dliesfrom1to20

Ordered pairs (a,c) & (b,d) No. of Selecting a,b,c,d
possibilities
(20,17), (18,19) 2 1way
(20,16), (19,17) 1way
(20,15), (19,16), (18,17) 3C,way
(20,14), (19,15), (18, 16) 3C,way
(20,13), (19,14),... (18,15), 4C,way
(17,16)
(20,12), (19,13)...(17,15)
(20,11), , (16,15)
(20,10), ,(16,14)
(20,9), ,(15, 14)
(20,8), , (15,13)
,(14,13)

4Cway

5Cway

5Cway

6C,way

6C,way

O|O|0| 0| N| N|ojooju|lu|bd

(18,1)....(10,9)

(17,1),....(10,8)

a+c=5

Q.28. On each side of an equilateral triangle with side length n units, where n is an integer
1<n<100, consider n— 1 points that divide the side into n equal segments. Through these
points, draw lines parallel to the sides of the triangle, obtaining a net of equilateral triangles
of side length one unit. On each of the vertices of these small triangles, place a coin head up.
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Two coins are said to be adjacent if the distance between them is 1unit. A move consists
of flipping over any three mutually adjacent coins. Find the number of values of n for which it
is possible to turn all coins tail up after a finite number of moves.

Sol.
The total no. of vertices= (n+1) (n+2)/2, nis the no. of triangles
Let Head be denoted as 0 and The Tail is denoted by 1

Initial sum of all vertices =0

After each move three “0“becomes three ‘1°.

Let after kth move the sum be f(k)

So ATQ f(k+1) = f(k) +3

Finally, number of tails sum = (n+1) (n+2)/2

As initially it was o0 so (n+1) (n+2)/2 is divisible by 3
Therefore, n can’t be multiple of 3 and so n=3k+1 Or, 3k+2
Number of such n which are less than 100 are 67.

Q.29. A positive integer n > 1 is called beautiful if n can be written in one and only one way as
n=ai+ ax+ ... + a,= 01.0,....0, for some positive integers ay, ay, ...., a,, where k> 1 and a:>a5>....2
a. (For example 6 is beautiful since 6 = 3x2x1 = 3 + 2 + 1; and this is unique. But 8 is not
beautiful since 8 =4 +2 + 1 + 1 = 4x2x1x1 as well as

8 =2+2+2 +1+1=2x2x2x1x1, so uniqueness is lost.) Then Find the largest beautiful number less
than 100.

Sol.

99=9x11x1x1 x1x1 x1(79 times ‘1’)
=9+11+1+1+
=33x3x1x1x1(66timesl)
=33+3+1+1+

Hence 99 is not beautiful.

98=49 x2x1x1 x47 times
=49+2+1+1+ 47times
=14x7x1x 1x
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=14+7+1+1+77times

Hence 98 is not beautiful.

Also 97 is not beautiful as it cannot be written in these expanded forms.
96=2x48x1x1x 46 times

=2+48+1+1+

=3x32x1x1x

=34+32+1+1+

95=19 x5x1x1x 71times

=19+5+1+1+ 71times

As 95 is uniquely represents hence it is beautiful.

Q.30. Let d (m) denotes the no. of positive integer divisor of a positive integer m. If r is the no.
of integers for n <2023 for which Y. ; d(i) is odd, find the sum of the digits of r.

Ans.- Given 1" d(i) is odd
Or, d(1)+d(2)+d(3) +d(4) + +d(n) is odd.
d(square number) = odd as every square no has exactly 3 factors except 1
for n=1 1 d(i)=odd
for n=2 iz1 d(i)=3 (odd)
For n=3
,d(i) =d(1) +d(2) + d(3) = 1+2+2 = odd + even + even= odd
For n=4
r,d(i) =evenasd(4)isodd{1,2,4}
similarly for n=5,6,7,8 Y;i; d(i) is even
Forn=9 Y 1-, d(i)= 1+2+2+3+2+4+2+4+3=23 (odd)
For n=10, };i-, d(i) =odd
For n=11, ' ; d(i) is again odd
For n=12, n=13, n=14, n=15 }i*. ; d(i) = odd
But for n=16 };I-, d(i) =odd as 16 has odd no. of factors
So,ne[1,3]and n€[9,15]
i.e.ne[1? 221] orne[3? 4%-1]
Similarly, n € [5%, 62-1] and n € [7%, 82-1] ... n € [43?, 44%-1]

as432=1849 442=1936  452=2025
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No. of elements in
[1,3]=[12,2%-1] =22-1-1?+1=3
[9,15] = [32,42-1] =42-1-32+41=7
[52,62-1] =6%-1-52+1=11
[7%,8%-1] =82-1-72+1=15
[432, 442-1] = 442- 1 - 432 +1 = 87
r=3+7+11+15+.......+87 = 990

The sum of the digits of r =18
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I0QM 2022-23
QUESTIONS

A triangle ABC with AC=20 is inscribed in a circle w. A tangent t to w is drawn through B. The distance
of t from Ais 25 and that from Cis 16. If S denotes the area of the triangle ABC, find the largest integer
not exceeding S/20.

In a parallelogram ABCD, the point P on a segment AB is taken such that % = % and a point Q on
61
2065
In a trapezoid ABCD, the internal bisector of £A intersects the base BC(or its extension) at the point

E. Inscribed in the triangle ABE is a circle touching the side AB at M and BE at P. Find the ZDAE in
degrees, if AB:MP=2.

Starting with a positive integer M, written on the board, Alice plays the following game: In each move,
if x is the number on the board, she replaces it with 3x + 2. Similarly, starting with a positive integer
N, written on the board, Bob plays the following game: In each move if x is the number on the board,
he replaces it with 2x + 27. Given that Alice and Bob reach the same number after playing four moves
each, find the smallest value of M + N.

the segment AD is taken such that % = , if PQ intersects AC at T, find % to the nearest integer.

Let m be the smallest positive integer such that m? + (m + 1)? + --- + (m + 10)? is the square of a
positive integer n. Find m + n.

Let a, b be positive integers satisfying a> — b3 — ab = 25. Find the largest possible value of a? + b3.
Find the number of ordered pair (a,b) such that a,b e
(110,11, ... ... 29,30}and GCD(a, b) + LCM(a, b) = a + b.

Suppose the prime numbers p and q satisfies g? + 3p = 197p? + q.Write %in the forml +

%, where |,m,n are positive integers m < n and GCD(m,n) = 1.

Find the maximum value of [+m+n.

Two sides of an integer sided triangle have lengths 18 and x. If there are exactly 35

possible integer values y such that 18, x, y are the side of a non-degenerate triangle, find the number
of possible integer values x can have.

Consider the 10-digit number M = 9876543210. We obtain a new 10-digit number from M according
to the following rule: we can choose one or more disjoint pairs of adjacent digits in M and interchange
the digits in these chosen pairs, keeping the remaining digits in their own places. For example, from
M = 9876543210, by interchanging the 2 underlined pairs, and keeping the others in their places,
we get M; = 9786453210 . Note that any number of (disjoint) pairs can be interchanged. Find the
number of new numbers that can be so obtained from M.

Let AB be a diameter of a circle x and let C be a point on x, different from A and B. The perpendicular
from Cintersects AB at D and w at E(s C). The circle with centre at C and radius CD intersects w at P
and Q. If the perimeter of the triangle PEQ is 24, find the length of the side PQ.

Given AABC with 2B = 60° and 4C = 30°, let P, Q, R be points on sides BA, AC, CB respectively
such that BPQR is an isosceles trapezium with PQ||BR and BP = QR. Find the maximum possible

value ofM
[BPQR]

Let ABC be a triangle let D be a point on the segment BC such that AD = BC. Suppose £CAD = x°, LABC
=y°and LACB =z° and x, y, z are in an arithmetic progression in that order where the first term and
the common difference are positive integers. Find the largest possible value of LABC in degrees.

where [S] denotes the area of any polygon S.
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Let x, y, z be complex numbers such that
x y z

y+z  z4+x  x+y
xZ 2 ZZ
—+2X +-=68
v+z  z+x  x+y

3

3
+2 + 2= 488
y+z  z+x @ x+y
Z m

. X

Lf;;i‘ﬁii‘;;::';

where m,n are positive integers with gcd(m,n)=1, find m+n.

Let x, y be real numbers such that xy = 1. Let T and t be the largest and the smallest values of the
(x+y)?=(x=y)-2
(x+y)2+(x—y)-2
with gcd(m,n)=1, find the value of m+n.

Let a,b,c be reals satisfying 3ab+2=6b, 3bc+2=5c, 3ca+2=4a Let Q denote the set of all rational
numbers.Give that product abc can take values r/s €Q and t/u€Q, in lowest form, find r+s+t+u.

For a positive integer n> 1, let g(n) denote th\?—largest positive proper divisor of nand f(n) =n—g(n).

For example, g(10) = 5, f{(10) = 5 and g(13) = 1, f(13) = 12. Let N be the smallest positive integer
such that f(f(f(N))) = 97 Find the largest integer not exceeding N.

Let m, n be natural numbers such that m+3n—-5=5 LCM(m, n) — 11 GCD(m, n) Find the maximum
possible value of m+n.

Consider a string of n 1's. We wish to place some + signs in between so that the sum is 1000. For
instance, if n = 190, one may put + signs so as to get 11 ninety times, and get the sum 1000. If a is
the number of positive integers n for which it is possible to place + signs so as to get the sum 1000,
then find the sum of the digits of a.

For an integer n = 3 and a permutation ¢ = (py, P, ...,Pn) of {1,2,3, ,n}, we say p; is a
landmark point if 2<I<n-—1 and (p;-1 —p1)®Pi1+1 —p1) > 0. For example, for n =7, the
permutations (2,7, 6,4,5,1,3) has four landmark points: p, = 7,p, = 4,ps = 5 and p; = 1. For a
given n = 3, let L(n) denote the number of permutations of {1,2,3, ,n} with exactly only
landmark point. Find the maximum n < 3 for which L(n) is a perfect square.

An ant is at a vertex of a cube. Every 10 minutes it moves to an adjacent vertex along an edge. If N is
the number of one hour journey that end at the starting vertex, find the sum of the squares of the
digits of N.

A binary sequence is a sequence in which each term is equal to 0 and 1. A binary sequence is called
friendly if each term is adjacent to at least one term that is equal to 1. For example, the sequence O,
1,1,0,0,1,1, 1isfriendly. Let F, denotes the number of friendly binary sequence with n terms. Find
the smallest positive inter n > 2 such that F,, > 100.

In a triangle ABC, the median AD divides ZBAC in the ratio 1 : 2. Extend AD to E such that EB is
perpendicular AB. Given that BE = 3, BA = 4, find the integer nearest to BC2.

Let N be the number of ways of distributing 52 identical balls into 4 distinguishable boxes such that
no box is empty and the difference between the number of balls in any two of the boxes is not a
multiple of 6. If N = 100a + b, where a, b are positive integers less than 100, find a + b.

expression

. m .
if T+t can be expressed as the form . where m and n are non zero integers
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SOLUTIONS
A triangle ABC with AC=20 is inscribed in a circle w. A tangent t to w is drawn through B. The distance
of t from Ais 25 and that from Cis 16. If S denotes the area of the triangle ABC, find the largest integer
not exceeding S/20.
Answer: 10
Sol.
vsind=2=25 a2 =32R
a 2R
Similarly, c2 = 50R
So, ac = 40R
Now, abc = 800R = 800 ()
4S
~ 5 =200

In a parallelogram ABCD, the point P on a segment AB is taken such that 2= anda point Q on

AB 2022
. A 61 . . . AC .
the segment AD is taken such that ﬁ = Soes’ if PQ intersects AC at T, find o to the nearest integer.

Answer: 67
Sol.

61 61
Here,a = ——and ff = —
2022 2065
b+d _ aub+fd
1+u
a 1
So,— = 2 and —
1+ 1+u 141

Sau=p hence,:l/,l =
B

=>1+1=2F
ap
AC_ 1A _atB

1 2022 2065 4087
) — — —_— = _I_ — ~
AT 1 af a

e ~ 67
B 61 61 61

Clearly

In a trapezoid ABCD, the internal bisector of £A intersects the base BC(or its extension) at the point
E. Inscribed in the triangle ABE is a circle touching the side AB at M and BE at P. Find the ZDAE in
degrees, if AB:MP=2.

Answer: 60 D

Sol.

AD||BC
x+y

Given, PM = -

/BAE = +AEB =0
>x=2z

By symmetry, M is mid point of BA
x+y
ST =Y >x=y

s~ 2B =60° = 2A = 60°
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Starting with a positive integer M, written on the board, Alice plays the following game: In each move,
if x is the number on the board, she replaces it with 3x + 2. Similarly, starting with a positive integer
N, written on the board, Bob plays the following game: In each move if x is the number on the board,
he replaces it with 2x + 27. Given that Alice and Bob reach the same number after playing four moves
each, find the smallest value of M + N.

Answer: 10

Sol. In 4 steps, Alice will write

BBABBM+2)+2)+2)+2) =«

And Bob will write

(2QR2QE2EAN+27)+27)+27)+27)=p

As a = 3, we get

81M = 16N + 325

Mmin = 5and Nmin =5

(M + N)pjp =10

Let m be the smallest positive integer such that m? + (m + 1)? + --- + (m + 10)? is the square of a
positive integer n. Find m + n.
Answer: 95

Sol.
11
z(m +r—12=11m?+ (12 +22+3%2+ -+ 10%) + 2m(1 + 2 + 3+..+10)
r=1
= 11(m? + 10m + 35)
= 11((m + 5)? + 10)
The least value of m = 18
The required sum = 11(23%2 + 10) = 11 x 11 X 49 = 772
Thenm =18,n =77
~m+n=95

Let a, b be positive integers satisfying a® — b3 — ab = 25. Find the largest possible value of a? + b3.

Answer: 43

Sol.a® — b3 —ab =25fora=4,b = 3.

Because for, any greater number a® — b3 — ab > 25

To prove thisif a > b, then a® — b3 — ab
=b+t)*=b3>—b(b+1t),t>0
= (3t — 1)b% + (3t2 — t)b + t3 is always > 4,
Thenb = 3

So,a’ + b3 =42 + 33 =43

Find the number of ordered pair (a,b) such

{110,11, 29,30}and GCD(a,b) + LCM(a,b) = a + b.

Sol.g+/=a+b

g
g*+(a+b)g+ab=0
(g—a)lg-b)=0
g=a,b
For a = b, there will be 21 cases.
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If a =10, b may be 20 or 30 as well and vice-versa.

a=11, b=22

a=12, b=24

a=13, b=126

a=14, b=28

a=15, b=30

Total two times = 10 ways

Hence total 35 ways

Suppose the prime numbers p and q satisfies g? + 3p = 197p? + q.Write %in the forml +

%, where |,m,n are positive integers m < n and GCD(m,n) = 1.

Find the maximum value of l+m+n.
Sol.g> +3p =197p? +q
= 197p?>=q(q-1)+3p
So,g—1=MAp
197p? =(A\p+1)A\p+3p
= 197p=MNp+A+3
== . A=14,p=17
So, g=17x14+1=239

%=14+% sl+m4n=32

Two sides of an integer sided triangle have lengths 18 and x. If there are exactly 35

possible integer values y such that 18, x, y are the side of a non-degenerate triangle, find the number
of possible integer values x can have.

Sol.

x+y>18 PR

Ix—yl<18 /\%
/\\/’ Feasible
+ \ region

So, x can take any integer value greater than or " equal to 18.

So, answer should be infinite. _\;;5“@'
R

8NQ

x =18

Consider the 10-digit number M = 9876543210. We obtain a new 10-digit number from M according
to the following rule: we can choose one or more disjoint pairs of adjacent digits in M and interchange
the digits in these chosen pairs, keeping the remaining digits in their own places. For example, from
M = 9876543210, by interchanging the 2 underlined pairs, and keeping the others in their places,
we get Mi = 9786453210 . Note that any number of (disjoint) pairs can be interchanged. Find the
number of new numbers that can be so obtained from M.
Sol. Number of ways if single pair is changed = 9 =°C1
Number of ways if 2 pairs changed =7+6+5+..+1
=28=8C2
Number of ways if 3 pairs changed = ’C3
So, total numbers that can be formed =°C1 +8C2 +7C3 +°C4 +°C5
=9+28+35+15+1
= 88
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Let AB be a diameter of a circle x and let C be a point on x, different from A and B. The perpendicular
from Cintersects AB at D and w at E(# C). The circle with centre at C and radius CD intersects w at P
and Q. If the perimeter of the triangle PEQ is 24, find the length of the side PQ.
Sol.
CPEQ is cyclic quadrilateral
CPx EQ+ CQ x PE =CE x PQ
r(EQ + PE) = 2r PQ
2PQ=EQ+ PE
PQ+EQ+ PE=24
PQ+2PQ=24
PQ=8
Given AABC with 2B = 60° and 2C = 30°, let P, Q, R be points on sides BA, AC, CB respectively

such that BPQR is an isosceles trapezium with PQ||BR and BP = QR. Find the maximum possible
value of [ZB['I:—ZCR]] where [S] denotes the area of any polygon S.

Sol.BP=QR=CR=x&letBC=1 B

BR=1-x
PQ = (I — x) — 2x cos60°
=1-2x

13
[ABC] 25— 12

[BPQR] [z—x+z—zx]x§ T [x(21-3%)]

(l)z 1 1
=% " x € (0,5) and; € (2,)

2
let f(y) = % ,f'(y) =0 gives y = 3 for minimum value.
minimum value of the expression
[ABC] _ 32
[BPQR] 2.3-3
Maximum value tends to infinity.
Let ABC be a triangle let D be a point on the segment BC such that AD = BC. Suppose £CAD = x°, LABC
=y°and £LACB =z° and x, y, z are in an arithmetic progression in that order where the first term and

the common difference are positive integers. Find the largest possible value of LABC in degrees.
AD BD

siny o sin(x+y+z)

=3

Sol. A
AD CD

sinz  sinx
sin(x +y + z) N sinx "

siny sinz
sin(3y)  sin(y —d)
siny  sin(y+d)
sin(y — d) B
L= _2cos2
sin(y + d) coscy
sin(3y+d) =0 = 3y +d = 180°,360°
y and d are integers = Ypyq, = 59°
3y +d = 360° = y,,0, = 119°(if y is obtuse then z must be acute)

1
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only first case is possible V4, = 59°

Let x, y, z be complex numbers such that
x y z

y+z  z+x @ x+y

2 ZZ

+2-+2-=68

y+z  z+x @ x+y
x3 3 23
4+ 2+ == 488
y+z  z+x  x+y
Lo X y z m
if=+Z+===2
vz

zx Xy n
where m,n are positive integers with gcd(m,n)=1, find m+n.
Sol.

x y z

y+z  z+x = x+y

1 1 1
(x+y+z)(;+m+m)— 12
letx+y+z=5;

1 1 112

y+z Z+x x+y _-Sl

now(x+y+z)(ﬁ+i+i)= 9S;

z+x  x+y
64+Sl :951
= 5, =8
xZ y2 ZZ
@+y+2)(=+2+2) = 645,

y+z  z+x x4y
488 + (x2 +y?+2z%) =64 x 8
x2+y?+2z2=24
Xy +yz +zx = 22 =
y+z Z+x x+y 8 2
1 1 13

8—x 8-y 8-z 2
B8—x)(8—y)([8—2) =56
= xyz = 104, so i+l+i=ﬁ=i=m,which =>m+n=16.
vz zx xy 104 13 n
Let x, y be real numbers such that xy = 1. Let T and t be the largest and the smallest values of the
(x+y)2—(x—y)-2
(x+y)2+(x—y)-2
with gcd(m,n)=1, find the value of m+n.
Sol.,.xy=1=>@x+y)?’=x—-y)*+4
G4y -(=y)-2 _ (x=y)?—(x-y)-2
Ce+y)2+(x-y)-2  (x=y)2+(x—y)+2

_ e

expression if T+t can be expressed as the form o where m and n are non zero integers

=

1
X ——€R
X

let f(t) =

t2—t+2

—" tER
te+t+2

(),

>t

2 _
f@max + FOmin = 252 + o
m+n = 25.
Let a,b,c be reals satisfying 3ab+2=6b, 3bc+2=5c, 3ca+2=4a Let Q denote the set of all rational
numbers.Give that product abc can take values r/s €Q and t/u€Q, in lowest form, find r+s+t+u.
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Sol. 3ab + 2 =6b...(i),
3bc + 2 =5c ...(ii),
3ac + 2 = 4a ...(iii)
3abc + 2c = 6bc (1)
3abc + 2a =5ac (2)
3abc + 2b=4ab .(3)
Substitute bc from (ii) in (1),
3abc+2c=10c-4

33abc = 8c — 4
Substituting ac from (iii)in (2)

3abc+2a =5 (4a3_2)
9abc + 6a = 20a — 10
9abc = 14a — 10 ......(5)
substituting ab from (i)in(3)

6b —2
3abc+2b=4( 3 )

9abc + 6b = 24b — 8
9abc =18b -8 .......(6)
from (4), (5), (6)
24c —12=14a—-10=18b—-8 =21
substituting in (i)

10+A 8+A4 8+A4
3(75) (Ge) +2=6(553)
A+8)(1+10)+84x2=28(8+21)
A%+ 181+ 80 + 168 = 224 + 281
A2 —101+24=0
A=-6)A1+4)=0

_ 16 14 _ 18 _

~ 147187 24 A
=4 =1 = — = — = —
for A ,a , b 18 c 24 and abc 3

hencer +s+t+u =18.

For a positive integer n> 1, let g(n) denote th\?—largest positive proper divisor of nand f(n) =n—g(n).
For example, g(10) = 5, f(10) = 5 and g(13) = 1, f(13) = 12. Let N be the smallest positive integer
such that f(f(f(N))) = 97 Find the largest integer not exceeding N.

Sol. If f(n) = x and x is a prime then least value of n = 2...(1) and if f(n) = x and x is composite but x + 1
is a prime then least value of n=x + 1...(2) ~f(f(f(n))) =97

Then, f(f(n)) = 194 [from (1)]

Now, f(n) for n to be least can be 3 x 97 or 4 x 97

Case | : f(n) =3 x 97, then least value of n =6 x 97

Case |l : f(n) =4 x 97, then least value of n =4 x 97 + 1 from equation (2)

The smallest positive value of n=4x97 + 1

~N =389

~ VN =389 > 19
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18 Let m, n be natural numbers such that m+3n—-5=5 LCM(m, n) — 11 GCD(m, n) Find the maximum
possible value of m + n.
Sol.Let G.C.D.of (m, n)=d
Then for some positive coprime integers xand y m = dx and n = dy
m+3n—-5=2LCM (m, n)—11 GCD (m, n)

dx+3dy—5=2dxy—11dor, dix+3y—2xy+11)=5
Now, to maximize the sum m + n, d must be 5
x+3y—-2xy+11=1
or x+3y—-2xy+10=0
or (2x-3)(2y—-1)=23
Casel:2x—3=1and2y—-1=23
x=2andy=12
This is not possible as x, y are coprime
Casell:2x—3=23and2y-1=1
x=13andy=1
~m+n=(13+1)x5=70
Consider a string of n 1's. We wish to place some + signs in between so that the sum is 1000. For
instance, if n = 190, one may put + signs so as to get 11 ninety times, and get the sum 1000. If a is
the number of positive integers n for which it is possible to place + signs so as to get the sum 1000,
then find the sum of the digits of a.
Answer: (10)
Sol. Since 1000 = 1.a; + 11.a, + 11.a3 + -
Where a4, a,, a; are non-negative integers for all a;, wheni > 3,a; = 0
Therefore, 1000 = 111p + 11q +r
If p = 0, then there are 91 possibilities for q, r.
For p = 1, there are 81 possibilities for g, r.
For p = 2, there are 71 possibilities for g, r.
For p = 3, there are 61 possibilities for g, r.
For p = 4, there are 51 possibilities for g, r.

Forp = 9, there are 1 possibility for g, r.
Hence, total number of possibilities = 460
Sum of digit of 460 is 10.

For an integer n = 3 and a permutation o = (py, P, ...,pn) of {1,2,3, ,n}, we say p; is a
landmark point if 2<I<n-—1 and (p;_1 —p;)(P1+1 —p1) > 0. For example, for n =7, the
permutations (2,7, 6,4,5,1,3) has four landmark points: p, = 7,p, = 4,ps = 5 and p; = 1. For a
given n = 3, let L(n) denote the number of permutations of {1,2,3, ,n} with exactly only
landmark point. Find the maximum n < 3 for which L(n) is a perfect square.

Answer (03)

Sol. For the permutations of set {1, 2, 3, ,n}, the landmark point should be 1 or n to satisfy given

condition.
Ist ”nd o rth o nth
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If nis at (similarly for 1) rth position, there is only one permutation of the remaining number for each
selection.
So, number of selections = Y"-2n — 1Cr — 1
- 2n—1 -2
Therefore, total number of selections = 2(2""1 — 2)
L(n)=4(2"2 —-1)
Now for L(n) to be a perfect square n should be equal to 3
Therefore, n = 3.

An ant is at a vertex of a cube. Every 10 minutes it moves to an adjacent vertex along an edge. If N is
the number of one hour journey that end at the starting vertex, find the sum of the squares of the
digits of N.
Answer (74)
Sol. We have divided vertices into four categories
X — Starting vertex
Y — Adjacent vertex
Z — Adjacent to Y but not same as X
W — Adjacent to Z but not same asY
Let an = number of ways that after n steps ant is at X
bn = number of ways that after n steps antisatY
cn = number of ways that after n steps antis at Z
dn = number of ways that after n steps ant is at W
We need to find ae
an+1 = 3 bn ()
brni1=an+2cp wee (i)
Cn+1 = 2bn + dh S 11))
and dn+1 = 3¢n v (iV)
By eliminating by, cn and d, we get
an+3 =10 an+1—9 an1
Since,a1=0,a2=3,a3=0andas =21
Thereforeag=10a1-9 a; =210-27 =183
So, N =183
Sum of square of digit of N = 74.

A binary sequence is a sequence in which each term is equal to 0 and 1. A binary sequence is called
friendly if each term is adjacent to at least one term that is equal to 1. For example, the sequence 0,
1,1,0,0,1,1, 1isfriendly. Let F, denotes the number of friendly binary sequence with n terms. Find
the smallest positive inter n > 2 such that F, > 100.
Answer (11)
Sol. Let an = number of friendly sequences ending with 0
bn = number of friendly sequences ending with 1.
Fn=an+bn e (i)
Now, an+1=bn .... (ii) (by adding 0 in the last)
And bns1=an+ bn +an1
Since, Fn = an + an+1 from the equation (i) and (ii)
And an+2 = an+1+ an + an-1 by (ii) and (iii)
Since,a1=0,a;=1,a3=3
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So,a3=4,as=5,a5=9,ar=16, ag =25, ag = 39, a1p = 64, and a11 = 105 and so on.
Clearly , we can see that F11 = 105.
So, F11 > 100.

In a triangle ABC, the median AD divides 2BAC in the ratio 1 : 2. Extend AD to E such that EB is
perpendicular AB. Given that BE = 3, BA = 4, find the integer nearest to BC2.
Answer (29) A
Sol.

Here, D is the mid-point of BC, hence BD:CD=1:1

2ABE = 90°

Let zBAD = 0, then CAD = 260

24

Therefore, tan @ = %, and tan 26 = —

Now, using cotm — n theorem in AABC
2 cota = cotf — cot 260

25
= cota = —
48

Now, using sine rule in AABC, we get
@ __ sin#
4 sin(m—a)

A/ 2 2
Therefore, BD = AX3V257+487

5x48
252+482

So, 4BD? = BC? = =—— = 29.29
100

Nearest integer is 29.

Let N be the number of ways of distributing 52 identical balls into 4 distinguishable boxes such that
no box is empty and the difference between the number of balls in any two of the boxes is not a
multiple of 6. If N = 100a + b, where a, b are positive integers less than 100, find a + b.
Answer (81)
Sol. Let it box has 64; + u; balls where A;, u;€ W and y; < 5. Also, all ;s are distinct.
Since, 6(A + Ay + A3+ ) + (ug + py + g + py) =52 and U+ Uy + s+ g €
{6,7,8,9,10,11,12,13,14}
Hence, only one possibility is there
M+ L+A3+4,=7
And py + pp + puz +py = 10
Equation (ii) has only three solution sets, which are (5,4, 1,0),(5,3,2,0) and (4,3,2,1).
Equation (i) has total *°C, solutions and *C;. °C, solutions when any A; is zero.
Therefore,a=69 and b =12.
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I0QM 2020-21

1. Let ABCD be a trapezium in which AB | | CD and AB = 3CD. Let E be the midpoint of the
diagonal BD. If [ABCD] = n x [CDE], what is the value of n? (Here [] denotes the area
of the geometrical figure

Ans. (08)

SolL. [ABCD] = [ABD] + [BCD]
=3xH/2 + xH/2
[ABCD] = 4xH/2
Also, [CDE] = %*[BD(C]
=1/2*1/2*xH
=1/4*xH
Implies,[ABCD]=8*[CDE]
Implies, n=8

Therefore,

2. A number N in base 10, is 503 in base b and 305 in base b + 2. What is the product
of the digits of N?
Ans. (64)

Sol. (N)1o = (503)= (305)b+2
Therefore, N =5b? + 3 =3(b+2)? +5

5b%—2=3(b?+4 +4b)

Implies, b?> —6b -7 =0
Implies,(b-7)(b+1)=0
Implies, b=7 (since negative not possible)
Therefore, N= 5(49)+3 =248

Therefore, Product of digits of N=2.4.8=64

3.1f N1 (k22k+k1)2 =0.9999 ,Then determine the value of N.

Ans. (99)

2k+1
Sol, X1 Grag 7 = 09999

N k+k+1
k=12 () 41)2

N ot 21,1
k=1k(k+1)( k+1) =0.9999

Y T
Z(E_kﬂ k' k+1)

=0.9999

1

K
Z( ! ) 0.9999
£ k2 (k + 1)2

1

N
1-
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(N+1)2 = 10000
N=99

4. Let ABCD be a rectangle in which AB + BC + CD = 20 and AE = 9 where E is the mid-
point of the side BC. Find the area of the rectangle.
Ans. (19)

Sol. Let, AB=CD=x and AD=BC=y
Then, 2x+y=20,

And X2 +y2/4 =81 .....(ii)
Squaring Eq (i) ,we get

(x +y/2)? =100

X2 +y?/4 +xy = 100
Xy=19 (by using ii)
5. Find the number of integer solutions to | |x|] — 2020| < 5.
Ans. (18)
Sol.
|| x| —2020| <5
-5< |x| -2020<5
2015 < |x| < 2025
So, |x| > 2015
—2015>x>2015 ..(1)
Also, |x| < 2025
— 2025 < x < 2025
So, x €{- 2024, — 2023, 2015, 2016, 2017,2024}
No of integer solution = 18 Ans.

6. What is the least positive integer by which 25.36.43 .53 .67 should be multiplied
so that, the productis a perfect square?

Ans. (15)

Sol. LetM=2>.36.43.53.¢7

M=25+6+7.36+7 .53

=218 .313 .53

For M to be c perfect square, M should be multiplied by 3 x 5 = 15

7. Let ABC be a triangle with AB = AC. Let D be a point on the segment BC such that BD
= 48= and

DC = 61. Let E be a point on AD such that CE is perpendicular to AD and DE = 11. Find
AE.

Ans. (25)
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Sol.

In right angle triangle CED |
CE= Sqrt(612-112) = 60 BD = 48 &1
Hence, ABC is Isoscale Triangle DC =06l
Implies,AF divide BC

Now,BC = BF + FC

Implies, 48 + % + 61 = 2BF (since,BF=FC)
Implies, 109 +1/61=2BF

Implies, 108+1+1/61=2BF
Implies,54+1/2+1/122=BF
Implies,54+31/61=BF

In right ang;le Triangle AFC,

AC? = (54+23) 2+ AP

In right angle Triangle AEC,

AC? = 60% +AE?

Now,DF=BF-BD=54+31/61 - 48 - 1/61 =6+30/61
So In Right angle Triangle AFD

AD?= AF2+DF?

Implies, (AE+ED)2-DF%= AF?

Implies, (AE+11)?- (6+30/31)%=AF?

From Eq (i) and (ii),
(54+31/61)%+(AE+11)%-(6+30/31)%= 60%+AE?
Implies,AE= 25

8. A 5-digit number (in base 10) has digits k, k + I, k + 2, 3k, k + 3 in that order, from

left to right. If this number is m2 for some natural number m, find the sum of the
digits of m.
Ans. (15)
Sol.  According to the question,
m2 =104 (K) + 103 (K + 1) + 102 (K +2) + 101 (3K) + K + 3
=104 K+ 103 K+ 102 K + 10 (3K) + K+ 103 + 102 - 2 + 3
= K (104 + 103 + 102 + 31) + 1203
K(11131) + 1203
For K=3
m2 = 34,596
m = 186
Sum of the digits of m = 15

Let ABC be a triangle with AB =5, AC =4, BC = 6. The internal angle bisector of ¢
intersects the side AB at D. Points M and N are taken on sides BC and AC, respectively,
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such that DM || AC and DN | |C. If (MN)2 =§Wherepandq are relatively prime positive

integer then what is the sum of the digits of |p — q|?
Ans. (02)

Sol.

Since,CD is the bisector of angle C
. AD 4 2
Implies, —= - =-
BD 6 3

Therefore,AD=2,BD=3
Now,DH| |BC
AN

AD
Therefore,— = — =
eretoreep = mc

Therefore, NC=§ x4 =

2
5

Also,DM | |AC
implies 2M — B2 _3
MPUEsS, e = pa ~ 2

2 12
Therefore,MC=§ * 6 = 5
So,DMCM is a Rhombus

62+42—52_15—22+%2—MN

2c446 22
Implies,MN?=126/25=p/q
|p-q]=126-25=101
Therefore, Sum of the digit of |p-q|=1+0+1=2
10.Five students take a test on which any integer score from 0 to 100 inclusive is possible .What
is the largest possible difference between the median and the mean of the score?( The median
of a set of score is the middle most score when the data is arranged in increasing order.lt is
exactly the middle score when there are an odd number of score and it is the average of the two
middle score when there are an even number of scores.
Ans.(40)
Sol. 0,0,0,100,100

We know, differencemax=| median-mean |
0+0+0+100+100
— =
Therefore,differencemax=|40-0|=40

Now, cosC =

Here,median=0 and Mean= 40

11. letX={-5,-4,-3,-2,-1,0, 1,2, 3,4, 5}and S ={(a, b) BX x X : x2 +ax + band x3 +
bx + a have at least a common real zero}. How many elements are there in S?
Sol: X-a

(x2+ax+ b)\/x3 +bx+a

x3 +ax2 + bx
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a2x+a(b+1)

If a common root is there, then a?x + a (b + 1) must be a factor of x2 + ax + b. So, for x = -

b+1 .
- is a root of x2 + ax + b.

S= { (_110)1 (01_1)1 (_az’ 1)1 (11 _2)1(_31 2)1 (21 _3)1(_41 3)1 (31 _4)1(_51 4)1 (41 _5)1
(2, 1)1 (3r 2)1(41 3): (51 4):(_11 _2)1 (_21 - 3)1(_31 _4)1 (_4r _5)1(11 O)}

(0, =2), (0, =3), (0, —4), (0, =5) (0, 6) are also the solution.

therefore, total common solution = 24

(— %)2+ a(—ﬂ)+b=0 > a=*(b+1) =a-b=1ora+b=1

12. Given a pair of concentric circles, chords AB, BC, CD, ... of the outer circle are drawn
such that they all touch the inner circle. If BABC = 75°, how many chords can be drawn
before returning to the starting point?

Sol:

0

Here, central angle = 105°
360°

So, total number of chords =—————
ged (105°,360°)

360°
= =24
15°

13.  Find the sum of all positive integers n for which [2" + 5" — 65/ is a perfect
square.

Sol: Let m2 = 2N +5N — 65|
For n=2,m2 = |4+25-65| = |- 36| =62
For n =3
m2 = |2N +5(5"~1 —13)]
Ifn=4,m2 =576 =242
Ifn >5, m2 =2N + 5 (ab 25 — 13)
=2N +5.ab 12
=2N +xab 60

So,forn=1,3,5,7 not possible as unit digit is 2 and 8.
Also, for n = 2k

m2 = 4k + 5 (52k-1 _ 13)
=  m2-(2K2 =5 (52k-1 _ 13
= (m-2K) (m+2K) =5 (52k-1 _ 13)

ZONAL INSTITUTE OF EDUCATION & TRAINING, BHUBANESWAR




Here, last 2 digit always ends with 60 in RHS. So, not possible for n = 6, 8, 10,
=3 n=2and4
= Sumofn=6

14. The product 55 x 60 x 65 is written as the product of five distinct positive integers.
What is the least possible value of the largest of these integers?

Sol: 55 x 60 x 65

N=5x11x12x5x13 x5

N=5x11x13x15x20

So, least value of largest of these integers = 20

15. Three couples sit for a photograph in 2 rows of three people each such that no
couple is sitting in the same row next to each other or in the same column one behind the
other. How many arrangements are possible?
Sol: ~ Couples be B1,G1 ; B, Gy B3, G3
Case | : -
B1, By, B3 are in same row

then Gq, Gy, G3 can be arrange in other row in Derangement (3) = 2 ways
So, (3!'x2) x 2 =24 ways

Arrange B1, B2, B3 Arrange G1, G2, G3 R1, R2

Casell : -
Two boys one girl in a row Say if B1, By then girl cannot be G1 or Gy because if say B1, By,

G1 inarow

B1, B2, G3 in a row = 3!

In other row Bz, Gi, G2

in derangement (3) = 2 ways
hence (3! x 2) x 2 = 24 ways

Similarly if Bq, B3, Gy = 24 ways
B,, B3, G1 = 24 ways Total = 96 ways

16. The sides x and y of a scalene triangle satisfy x + % =y+ % , Where Bl is the area

of the triangle. If x = 60, y = 63, what is the length of the largest side of the triangle?

Sol:  x+ 2—A=y+2—A
x y

1 sin @ 1 sin 6
:x+2-ixy o =y+2-ixy y =
= Xx+ysin@ =y+xsinf
= x—-y=sin@ (x-vy)
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sinf=1

6= 90°

BC = 87

Largest side of A ABC = 87

17. How many two digit numbers have exactly 4 positive factors? (Here 1 and the
number n are also considered as factors of n.

Sol: If P1 & Py are prime then

N =Pq x Py or N=P3,

Primes less than so are

2,3,5 7,11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47
for P{=2 Py € (57,.....47) = 13

P1=3 P, €(5,31)=9

P1=5Py€(7,11,..,19) =5

Pp=7 Py€E (11, 13) =2

p3 - 33

Total number=13+9+5+2+1=30

1

b
(k+1)2 =a+ Z where a, b/ cE N;b <gC, ng (b, C) = 1, then what

1
18. U‘Zi‘il\/l + 5+
is the value of a +b?

Sol: zﬁil\/1+ -

k2+1+2k+k2_ +b
K2k + 12 47¢

2k? + 2k 1 b

U+’ Rkt Dz *te

1

a+-
c
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b
= 1 a-+ p

=>a+b=40+40=80

19. Let ABCD be a parallelogram. Let E and F be midpoints of AB and BC respectively.

The lines EC and FD intersect in P and form four triangles APB, BPC, CPD and DPA. If the

area of the parallelogram is 100 sq. units, what is the maximum area in sq. units of a

triangle among these four triangles?

Sol:

Ar(A PCD)=50 —2A;

Ar(A PAD)=50 —2A,

BF( | AD and BF=% AD = BG=2a

ABFG= ACFD = Ar(ABFG)=50-2A; + A,
Ar(A PAB)= Ar(A PBG) = 241=50 —2A; + A,
= 2A1-Ar=25

50-24;
34;

Ar(A PCD)=50 —2A1=20 ;  Ar(A PAD)=50 —2A,= 40

A PEG ~ A PCD = §=>A1=15 = A5

20. A group of women working together at the same rate can build a wall in 45 hours.
When the work started, all the women did not start working together. They joined the
work over a period of time, one by one, at equal intervals. Once at work, each one stayed
till the work was complete. If the first woman worked 5 times as many hours as the last
woman, for how many hours did the first woman work?

Sol: Let there are 'n' women

=Each woman's one hour work = ﬁ

Also,5[t—(n—1)d] =t

= 4t =5(n - 1)d

:ﬁ(g) [2t — (n— 1)d] = 1

= t =75 hours
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21. A total fixed amount of N thousand rupees is given to three persons A, B, C, every year,
each being given an amount proportional to her age. In the first year, A got half the total
amount. When the sixth payment was made, A got six-seventh of the amount that she had
in the first year; B got Rs 1000 less than that she had in the first year; and C got twice of that
she had in the first year. Find N.
Sol.

A

Age at beginning

Money at first year 2

Age at 6 ™" payment  a+5

6 (N 3N
Money receiv —(—)=—
oney received 213 -

Amountxage=>a=b+c

At6™ payment, atb+c+15 7

S PrerS 3 =10
2b+2c+15 7 €=

c+5 4 N [«
For C, at 6" payment : X—=—
pay b+c+10 7 b+c

4(c+5)_c
7\ 20 / 10
=>c=2>b=8
For B, at 6™ payment :
b+5 ><4N_ b (N) 1000
b+c+10" 7  b4+c\2
13X4N 8(N) 1000
>— X — = —|—] —
20 7 10\2
N(z 13) 1000
= —_— ] =
5 35
= N = 35,000
N =35

22. In triangle ABC, let P and R be the feet of the perpendiculars from A onto the external
and internal bisectors of ZABC, respectively; and let Q and S be the feet of the
perpendiculars from A onto the internal and external bisectors of ZACB, respectively. If
PQ = 7,QR = 6 and RS = 8, what is the area of triangle ABC ?
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B

Let M, N be the midpoints of AB, AC. Join PM, NS
M is circumcenter of right angled

AAPB = 2MAP = 2£MPA = B/2

= «BMP =B = £ZMBC

= PM|| BC

Similarly NS || BC

MN||BC (midpoint theorem)

= P,M,N,S are collinear

Now, Join MR, NQ

M is circumcentre of right angled A ARB

MR = MB = £ZMRB = ZMBR = B/2 = £ZRBC
= MR||BC

Similarly NQ | | BC

M, Q,R, N are collinear

= PMAQRNS is a straight line.

Also PR, QS are diameterrs of cyclic quadrilateral APBR, ASCQ = PM = MR and QN = NS

13 14
PM=MR=—,QN=NS=—=7
2 2
13
= PA=PB=— NA=NC=7

=>AB=13>AC=14

13 15
MN=MR+QN—QR=7+7—6=7
= BC = 2MN = 15 (Mid point Theorem)
Sides are 13, 14, 15

= -~ area = 84 (Heron's formula)

23. The incircle of a scalene triangle ABC touches BC at D,CA at E and AB at F. Let r, be
the radius of the circle inside ABC which is tangent to I' and the sides AB and AC. Define rg
and r¢ similarly. If r4, = 16,rg = 25 and r¢ = 36, determine the radius of T'.
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Sol. Using the formula

r=\1g T+ 1 T+ 1

=+16-25+V25-36 ++36- 16
=20+30+24=74

/’

’ ‘\

(/ '

Ay
SN

24. A light source at the point (0,16) in the coordinate plane casts light in all directions. A
disc (a circle along with its interior) of radius 2 with center at (6,10) casts a shadow on the X

axis. The length of the shadow can be written in the form mvn where m, n are positive
integers and n is square-free. Find m + n.

Sol. Here, PQ is the required length of shadow.
Now, slope of BO; = —1

Let .PBA = £ABQ =6

Then,

20PB =45°+6,4BQ0 = 45° -6

Also, OB = 16,0, B = 6v2

16 16
- OP = tan(45+6) and 0Q = tan(45-6)

So, PQ = 0Q — OP

1 1
=16 _
(tan(45 —6) tan(45+ 0))
—1 (tan9+1 —tan0+1)
- —tanf6 +1 tan@ + 1

_ 16( 4tan @ ) 1)
-_ _tan2 9 + 1 sesssssssnse
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2 _ 1
But, In A BO;K,tan 6 = T TS
16.4(—=
- PQ= —(F) (from (1))
1—(ﬁ)
PQ = 4V17 = mvn

Soom+n=21

25. For a positive integer n, let (n) denote the perfect square integer closest to n . For
example, (74) = 81, (18) = 16. If N is the smallest positive integer such that

(91) - (120) - (143) - (180) - (N) =91 -120-143-180- N

find the sum of the squares of the digits of N .

Ans. (56)

Sol. (91) = 100
(120) = 121
(143) = 144
(180) = 169
~ 81-121-144-169-(N)=91-120-143-180- N
91-120-143-180- N
100 - 121 - 144 - 169

21
> (N)=2> N

Now to make (N) to be a perfect square, we can take smallest Ntobe2-11-3-7 = 162
_3-7-2~11~3~7:(21)2:441
2-11
Which is the nearest perfect square to 462 .
= Sum of square of digits of 462 is 4% + 62 + 22
=16+4+36+4 =56

= (N) =

26. In the figure below, 4 of the 6 disks are to be colored black and 2 are to be colored
white. Two colorings that can be obtained from one another by a rotation or a reflection of
the entire figure are considered the same.
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X B BN e

(1) (i1) (iii) (iv)
Fig. 1
There are only four such colorings for the given two colors, as shown in Figure 1. In how
many ways can we color the 6 disks such that 2 are colored black, 2 are colored white, 2 are

colored blue with the given identification condition?

Sol. We can colour 2 black in following four mutually exclusive ways

In (i) 2 W and 2 Blue can be placed in % = 6 ways

In (ii), (iii), (iv) we have 4 ways to colour as shown:

() (W) W)
W), (X0 WX )
i @B Ew® EXXB

"B &
o@@’o o’@% @’@’@

(iv) ‘ ‘ @ @
(BXB) X X X
@30'3@ @‘30@0 0'53@'530
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Hence total ways = 6 + 3 X 4 = 18 ways.

27. A bug travels in the coordinate plane moving only along the lines that are parallel to the
x axis or y axis. Let A = (—3,2) and B(3,—2). Consider all possible paths of the bug from A
to B of length at most 14. How many points with integer coordinatess lie on at least one of
these paths?

(5.~ (.-4)

So, there are total of 11 vertical line and 9 horizontal lines creating a total of 99 integral
coordinates. Now, among these 99 points, the points which are marked in red, these must
be excluded, as bug has to coverup at most 14 steps (i.e., length = 14 )

So, there are 99 — 12 = 87 points with integer coordinates.

28. A natural number n is said to be good if n is the sum of r consecutive positive integers,
for some r > 2. Find the number of good numbers in the set {1, 2, .....,100}.
Ans. (93)

Sol. Let us check several values of r starting from 2

i.e.

r=2:{(1,2);(2,3);(3,4); ... ... e. ......(49,50)}

These are 49 pairs withn = 3,5,7

r=3:{(1,2,3);(2,3,4); (32, 33, 34)}

These are 32 pairs withn = 6,9,12,
r=4:{(1,23,4);(2,3,4,5);(3,4,5,6) .............(23,24,25,26)}
These are 23 pairs withn = 10,14, ... ... ... ...... 98
r=5{(123,45). ..o e it e e e eeee ... (18,19, 20, 21, 22) }
These are 18 pairs with n = 15, 20,
r=11:{(1,2,...11);(2,3,...12); ....(4,5 ... ... .... 14)}
r=12:{(1,2,...12);(2,3,....13)}

r=13:{(1,2,...13)}

Observing this, we observe thatn = 1,2,4, 8,16, 32, 64 is not coming.

~ Good numbers = 100 — 7 =93
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29. Positive integers a, b, ¢ satisfy % = c. What is the largest possible valueofa + b + ¢

not exceeding 99°?

Sol.a,b,c € Z*
ab

Let gcd(a, c) = k, then then a = kx, c = ky, which in turns gives b also to be a multiple of
k. So, a, b, c all must be a multiple of k.

One possible solution is% =-+
iie,a=3,b=2,c=6

So, other solutions can be taken a = 3k, b = 2k, ¢ = 6k
Now, a+b+c<99

kx+ky+kz <99
k(x+y+2)<99=9x11

Let us check for the largest possible value i.e., 99

k(x+y+2)=99
Suppose k = 9 and considering
a=3X9 =27
b=2x%x9=189

and ¢ = 6 X 9 = 54, and checking % = 2—17 + iwhich is satisfying and giving the largest
possible valueofa+ b + ctobe 18 + 27 + 54 = 99

30. Find the number of pairs (a, b) of natural numbers such that b is a 3-digit number, a + 1
divides b — 1 and b divides a* + a + 2.
Ans. (16)
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Sol.a,b € N
(a+1)I(b-1)
bl (a?+a+2)
letb — 1 = k(a+ 1), where k is any positive integer.
b=ka+k+1
Now (ka+k+ 1) | (a®+a+2)
= (ka+k+ 1) | (ka® + ka + 2k)

(ka+k+ 1) | (ka? + ka + 2k — (ka®? + ka + a))

(ka+k+1)| (2k—a)
Put

a = 2k, such that (ka+k+1) |0
thenb = k(2k) + k+ 1
=2k*+k+1

Now, 100 < b <999
So, 100 < 2k? + 1 |< 999
Checking certain values of k , we get k € [7,22]
these are 16 possible values by b.
~ 16 pairs of (a, b).
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PRMO 2019

1.Consider the sequence of number [n+V2n +§] for n> 1, when [x] denotes the greatest

integer not exceeding x. If the missing integers in the sequence are ni< n, < n; <
--.then find ni.

SOLUTION: [n+V2n +] = [(Vn + )7

Let P = [(v/nn + 0.7)%] = GIF
Given (n=1), putn=1- P = 2
n=2->P=4
n=3->P=5
n=4->pP=7
n=5-P=8
Here we can see that missing number are: 1,3,6, 10... which is following a certain pattern
Missing number:(1-» 3—- 6—- 10 66,78)
+2 +3 +4
Hence ny =78.
2.1f x=v2 4+ /3 + V6 is a root of x*+ax3 +bx? +cx +d =0, where a, b, ¢, d are integers, what is
thevalueof l[a+ b + c + d|?
Solution: x=v2 + V3 + 6
x-V6 =2 +/3
(x— V6)2=(V2+3)?
x2+6 -2/6x =5+ 21/6
x2 +6-5=vV6 x +2\/6
x2+1=2V6 (x +1)
(X2 +1)? = 24(x? +2x+1)
X% +1 +2x% = 24x% +48x +2
= x*-22x? -48x -23=0
On comparing with equation, x* + ax3 +bx? +cx +d =0 we get
a=0,b=-22,c=-48,d=-23
Hence,la+b+c+d|=]0—-22—48 — 23| =93.
3.Find the number of positive integers less than 101 that can not be written as the
difference of two squares of integer.
Solution: Note that every odd number less than 101 can be written as
(k+1)2 = (k)> = 2k +1
Thus, if any even number can be written as difference of two perfect square, then that
number must be a multiple of 4, because 2k = a? -b? = (a+b) (a-b) = 0(mod 4) if a and b are
of same parity. Also, every multiple of 4 can be written as
(k +1)? = (k -1)? = 4k. Hence, total number of numbers less than 101 of the form a?- b? are
50+25 =75. Hence, the answer is 25.

4. Let a1 =24 and form the sequence an, N> 2 by an = 100an-1 +134. The first few terms are
24,2534,253534,25353534, ... What is the least value of n for which a, is divisible by 997
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Solution: Every term in the sequence is of the form an = 2(53) (53)4 Where the number of 53
is the number is n-1. Also, if 99la, < 9lan and 11lan. Thus, by divisibility rule of 9, we get

0= an = 2 + 8(n-1) +4(mod9) & n= 7(mod9).

Now, by divisibility of 11, we get

0= an = (2+3(n-1)) -(5(n-1) +4) (mod 11) & n = 0(mod 11)

But, the minimum solution to the congruences a, = 7 (mod 9) and an = 0 (mod 11) is 88.
Thus, n=88.

5.let N be the smallest positive integer such that N+ 2N+ 3N+.... + 9N is a number all whose
digits are equal. What is the sum of the digits of N?
Solution: N + 2N + 3N + .... + 9N

=SN(1+2+3+...+9)

N 9X21° =45% N

We have to multiply with ‘45’ to a number such that, the resulting number should have all
digits same.
Such N =12345679
As 45x 12345679 = 555555555
-~ sum of digits of N =37.
6. Let ABC be a triangle such that AB = AC. Suppose the tangent to the circumcircle of
A ABC at B is perpendicular to AC. Find ZABC measured in degrees.
Solution: Let tangent at B intersect AC at P.
Now, note that ZABC = £ACB =0 = £BAP = 20
= £PBA =0,
In A PBA,
360 =90°
6 = 30°
7. Let s(n) denotes the sum of the digits of a positive integer n in base 10. If s(m)=20 and
s(33m) =120, what is the value of s(3m)?
Solution: We will take sum of digits Base 10 to (mod 9)
Also, s(ab) =s(a). s (b) (mod 9)
Now, s(m)=20
S(33m)=120=s(11) X s(3m)
120=2% s (m) [~ s(11) = 2(mod 9)]
60=s (3m)
Hence, s (3m) =60

8. Let Fy(a, b) =(a, b)* — a* — b* and let S ={1,2,3,4,5,6,7,8,9,10}. For how many ordered
pairs (a, b) witha, b€ Sand a < b is F@b) an integer?
F3(a,b)

(a+b)>—a®-b>
(a+b)3-a3-b3
a® + 5a*b + 10a3b? + 10a?b3 + 5ab* + b* — a® — b°>

a3 + 3a?b + 3ab? + b2 — a3 — b3
5ab[a® + 2a®b + 2ab? + b3]

3abla + b]

Solution:

=

=
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s 5 [a® + 3a®b + 3ab? + b3 — a’b — ab?]
3 (a+Db)

s 5 [(a + b)3 + ab(a + b)]

3

5

3

(a+b)
[(a + b){(a + b)? — ab}]
(a+b)

5
= —[a? + 2ab + b? — ab]

5

=>~§[a2 + ab + b?]
Now, 3|a?+ ab + b?
Both a and b cannot simultaneously be even.
Three cases are possible
CASE 1: a= 0(mod 3)

B= 0(mod 3)

~(a,b) =(3,3);(6,6); (9,9 = 3 pairs
CASE 2: a= 1(mod 3)

b= 1(mod 3)

~ (a,b)=(1,1); (1,4); (1,7) ;(1,10) ;(4,4) ;(4,7); (4,10) ;(7,7); (7,10) ;(10,10) =
10 pairs
CASE 3: a= 2(mod 3)

b= 2(mod 3)

~(a, b)=(2,2); (2,5); (2,8); (5,5); (5,8) ;(8,8) = 6 pairs

and (3,6); (3,9); (6,9) = 3 pairs

s~ Total =3+ 10+ 6 + 3 = 22 pairs
9.The center of the circle passing through the midpoints of the sides of an isosceles triangle
ABC lies on the circumcircle of triangle ABC. If the larger angle of the triangle ABC
a® and the smaller one ° then what is the value of a — 7
Solution: The center of any circle with D and E on it must pass through the
(potentially extended) bisector of £A. For this centre to be on the circumcircle of A
ABC ,the only possibility is for the centre to be A itself.
AF= AD since they are both radii of the same circle.
AD = BD since D is the midpoint of AB
AFLl BC,since A ABC is isosceles,
Therefore, since AB =2AF,2B = 30°, that makes £A = 120°, so the difference between
them is 90°.
10. One day | went for a walk in the morning at x minute past 5’0 clock, where x ix a two-
digit number. When | returned, it was y minutes past 6’0 clock, and | noticed that (i) |
walked exactly for x minutes and (ii) y was a 2digit number obtained by reversing the digit of
Xx. How many minutes did | walk?
Solution: Let x=ab

Where a and b are the unit digits

Time after 5’0 clock =5X 60 + 10a + b

= (300+10a +b) minutes
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Time after 6’0 clock =6Xx 60 + 10b + a
=(360+10b+a) minutes
~3604+10b+a—-300—-10a—b =10a+ b
60 +9b — 9a =10a+b

60 + 8b =193
b= 19a8—60
Now a & b are integers from (1 to 9) by putting different values of a, we get a= 4, b=2

& x = 42 minutes
11.find the largest value of a? such that the positive integers a,b > 1 satisfy a?h® +
ab + b® =5329.
Solution:a,b>1
a’bh® + a? + b* = 5329
a’h® + aP+b* + 1 = 5330
(a’ +1D(*+1)=2x5x13 x 41
=65X 82
a’ +1=82
a? =81 =3*
A=3,b=4
Now, b = 43 =64 asb*+ 1 = 65
~ Largest values of a® = 81
12. Let N be the number of ways of choosing a subset of 5 distinct numbers from the set
{10a+b: 1< a <51 < b < 5}
Where a, b are the integers, such that no two of the selected numbers have the same units
digit and no two have the same tens digit. What is the remainder when N is divided by 73?
Solution: 10a+b; 1 <a <5,1<bh <5
Let us divide numbers into different sets, such as
Set 1: {11,2,13,14,15}
Set 2: {21,22,23,24,25}
Set 3: {31,3,2,33,34,35}
Set 4: {41,42,43,44,45}
Set 5:{51,52,53,54,55}
Now to make a number having no two unit’s digit and no two ten’s digit same, we can select
any 1 number from each of set 1, set 2, set 3, set 4 and set 5
~ Number of ways : C; X C X C3 x C X C}
=51=120
~ 120 + 73 = Remainder = 47
13. Consider the sequence
1,7,8,49,50,56,57, 343,
Which consists of sums of distinct powers of 7, that is 7°,7%,7° +
,in increasing order . At what position will 16856 occur int this sequence ?
Solution: Serial number Binary (Base), Series
1 (1) — (1), 7°=1
2 (10), — (10), 71=1
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(11), — (11), 71+70=8
(100), — (100), 72 = 49
(101), — (101), 72 4+7° = 50
(110), — (110), 72+ 71 = 56

(16856) = (100 100), — (100 100), = 2> + 22 =36!"

- 16856 is 36" term.

14. Let R denotes the circular region int the x y-plane bounded by the circle x? + y2? = 36

.the

Lines x=4 and y=3 divide R into four regions

R;, i = 1,2,3,4.1f |R;|denotes the area of the region R;and if [R;] > [R,] > [Rs]

> [R,], determine [R;] — [R,] — [R5]
+ [R,]. (Here [Q]denotes the area of the region ( in the plane).

Solution: We have }[R,] = 367

[R1] = [R2] — [R3] + [R4]

=2([R1] — [R.]) — XI[R4]

=2([Ry] + [R4]) — 36

Now cosa = g

7T
also, 8 = —a

1 7 1 1
[Rl]=E><36><(?n—a)+§(4+3\/§)x3+zx(3+2\/§)><4

Now £BOP = aascosa = g

= £LBOA =« —%

50,[Ry] =2x36(a—Z%) = 2x (25 -3) x 4—2(3V3—4) x3

Thus [R{] + [Ry] = 18 + 12+ 12 = 24 + 18m

~ Required answer = 48

15.In base -2 notation ,digits are 0 and 1 only and the places go up in powers of -2 .for
example ,11011 stands for(—=2)* + (=2)3 + (—=2)' +

(—=2)° and equals number 7 in base 10.If the decimal number 2019 is expressed in base
—2 how many non zero digits does it contain?

Solution: 2019= 2048-32+4-2+1

=212 4214 254214 20

=4096-2048-32+4-2+1

=1100000100111 (in base -2)

Numbers of non-zero digits =6

16.Let N denotes the number of all the natural numbers n such that n is divisible by a prime
p>Vn and p < 20.What is the value of N?

Solution: n=natural number

P=prime number

P<20

-~ p? <400

Also, vVn < p
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~n < p? <400
So, n€ {1,2,.....399}
If p=2, then n <22 >n<4
~ n=2 only case = 1 solution
If p=3, then n<3? >n<9
«sn=3n==6 = 2 solution
If p=5, then n<5?2 =>n<25
~n=>5,10,15,20 = 4 solution
if p=7, then n<7?2 >n <49
~n=714,21,28,35,42 = 6 solution
If p=11, then n<11? =>n <121
~n=11,22,33,44,55,66,77,88,99,110 = 10 solution
If p=13, then n<13?> =n < 169
~n=13,26,39, ,156 = 12 solution
If p= 17, then n<172 =>n < 289
~n=1734, , 272 = 16 solution
If p=19, then n<192 =>n < 361
~n=19,38,........,342 = 18 solution
Total 1+2+4+6+10+12+16+18= 69
17.Let a, b, ¢ be distinct positive integers such that b + ¢ - a, c +a-b and a +b-c are all perfect
squares. What is the largest possible value of a +b +c smaller than 1000?
Solution: Let b +c-a=x2
c+a-b=y? .. ....(i0)
a+b-c=z%.....(iii)
Now since a, b, c are distinct positive integers,
~ x,y,zwill also be positive integers,
Add (i), (ii), and (iii)
atb+c=x?+y? + z2
Now, we need to find the largest value of a + b+ c orx? + y2 + z?2 less than 100
Now, to get a, b, c all integers x, y, z all must be of same parity, i.e. either all three are even
or all three are odd.
Let us maximize x? + y?2 + z2, for both cases.
If x, y, zare all even.
>b+c—a=8%2=64
cta-b=4%2 =16
a+b-c=22=4
Which on solving, give a=5, b=34, c=40and a + b + c =84
If x, y, zare all odd
>b+c—a=92=81
cta-b=32=09
a+b-c=1% =
Which on solving, give a=5, b =41, c=45 and a + b + c<100 =91
s Maximum value of a+ b + ¢ <100 =91
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18. What is the smallest prime number p such thatp® + 4p? +
4p has exactly 30 positive divisors?
Solution: p3 + 4p? + 4p
=>p(p?+4p +4)
= p(p +2)*
This number has 30 divisors so it can be in the form of
a.hb*
a?.b®
a.b?.c*
a?®
Out of these cases, we will check cases in which p can be minimum which seems to be
possible with a.b?.c* case
So, by simply checking several cases,
We can put p=43
v = 43(45)?
= 43 x 152 x 32
= 43 x 52 x 32 x 32
= 43 x 52 x 3%
Whose number of divisors are
(1+41). (2+1). (4+1)
2x3x5=30
~p =43
19. If 15 and 9 are lengths of two medians of a triangle, what is the maximum possible are of
the triangle to the nearest integer?

Solution: Area of ABGC = % X 6 % 10 sin 6

To maximize the area of ABGC, sin 8
~ maximize area of ABGC = 30
Maximize area of AABC = 3ABGC
=3X 30 = 90sq. units

20.How many 4-digits numbers abcd are there suchthata <b <c<dandb —a <c —
b<d-_c?
Solution: abcd
ca<b<c<d
ca=1

b> 2

c=3

d> 4
Aso,b—a<c-b

i.e.2b<a+c
and c-b<d-c

2c<b+d
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We can make a table applying all these conditions,
b C

OOV ||| N |

3 4
So total 7 numbers are possible.
21. In parallelogram ABCD, AC =10 and BD =28. The points K and L in the plane of ABCD

move in such a way that AK =BD and BL= AC. Let M and N be the midpoints of CK and DL,

, . . ANC
respectively. What is the maximum value of cot? (4%) + tan? (£ %).

Solution: Produce CD to K’ such that CD=DK’
Then BDK’A is a parallelogram
“ AB = CD = DK'

AB| | DK’
~ AK' = BD
Draw a circle with center A and radius BD which cuts CD produced at K’ and CB produced at
k’ then K”” Ak’ are collinear as 2ZCDA + £BAD = 180°
LCDA = £DAK' + £DK'A = £tDAK' + «£BAK' [+ BA||DK']
&~ .DAK' + £BAK" + £BAD = 180°
Thus K'AK” is a diameter.
Let K is any point on this circle
Since M is a midpoint of CK
D is a midpoint of CK’
Then MD| | KK’
InACK'K",
D is a midpoint of CK’
DB|| K’Ai.e., DB]| | KK’
~ B is a midpoint of CK"
InACK"'K
B, M are the mid points of CK”” and CK respectively,
&~ In ABMD and AK"" KK’

BM| |K”K

MD| | KK’

BD| | K"K
&~ ZBMD = £K"KK' = 90°
~ K"K'is a diameter similarly for other A
£LANC =90°

£ZBMD

$0,———=
ZBMD LANC
cotz(z—)+tan2%= 141=2
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22.let t be the area of a regular pentagon with each side equal to 1. Let P(x)=0 be the
polynomial equation will least degree, having integer coefficients, satisfied by x=t and the
GCD of all the coefficients equal to 1. If M is the sum of the absolute values of the

coefficients of P(x). What is the integer closest to VM?
(sin18° = (/5 — 1)/2))
Ans: sin 18° value in the question given wrong. Originally sin 18° = (/5 — 1) /4).

. a’n
Solution: Area of regular polygon RPPNCED)
n

n=number of sides
a=length of side
~ for regular pentagon of side length 1,

> _~171
4tan36° 4(0.73)

Now, P (1.71) =0 to be found with least degree and integer coefficient such that GCD of all
coefficients is 1.
Let x=1.71
100x=171
%~ P(x) = 100x — 171 = 0 is the required polynomial
Which satisfied all the conditions.
~m=[100| + |-171| = 271
s~ Afm = 16.46
~ nearest integer = 16
But this question can have multiple solutions as student can take tan36°
as 0.72,0.726 or even 0.7 , every time we will get dif ferent answers.
So this question should be bonus.
23.Forn > 1,let a,, be the number beginning withn 9'sfollowed by 744;e.g.,a, =
9999744'. Define f(n) = max{m € N |2™ divides a,}, for n = 1.Find f(1) + f(2) +
f(3)+.....+f(10).
Solution: a; = 9744
a, = 99744
az; = 999744
And so on....
© 9744 is divisible by 16
~ Each a,, is divisible by atleast 2*.
Now, a; = 10* — 256 = 0(mod 2%)
a, = 10° — 256 = 0(mod 2°)
a; = 10° — 256 = 0(mod 2°)
a, = 107 — 256 = 0(mod 27)
as = 108 — 256 = 256(390625 — 1)
=256x% 390264
=256x% 32 x 12207
=213 x 12207
=0= (mod 23)
ag = 10 — 256 = 0(mod 28)

Area=t=
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a, = 101° — 256 = 0(mod 28)
ag = 10! — 256 = 0(mod 28)
aq = 1012 — 256 = 0(mod 28)
a0 = 1013 — 256 = 0(mod 28)
~f(D)+fR)+......+f(10)
=4+5+6+7+13+8+8+8+8+8
=75
24. Let ABC be an isosceles triangle with AB =BC.A trisector
of 2B meets AC at D, AC and BD are integers and AB —BD =3, find AC.
Solution: Let B=66
Let BD =x€ Z
=>AB=x+3
Given ACe Z
A=(3+x) cos 36 = xcos@

= (3 + x) cos36 = x cosb
3

4(x +3)
Now AL =(3+x) sin@
= AC = 2(3 + x)(3sinf — 4sin0)
. 3
=2(3+x)sind(3 — 4 4(x+3))
V3 V3

=6(2x); == = 3(x + 2) =

33y +2)
-~
3(3z%2 — 1)
e

= sin%0 =

=>x =3y = AC

>y+1=2z2 = AC = 9z —

=>z=10r3
But z# 1 as x = 0 not possible
=>z=3 = AC = 26
25. A friction- less board has the shape of an equilateral triangle of side length 1 meter with
bouncing walls along the sides. A tiny super bouncy ball is fired from vertex A towards the
side BC. The ball bounces off the walls of the board nine times before it hits a vertex for the
first time. The bounces are such that the angle of incidence equals the angle of reflection.
The distance travelled by the ball in meters is of the
formVN ,where N is an integer. What is the value of N?
Solution: x? = 52 + 12 — 2 x 5 x 1 cos 120°
=25+1+5

x=v31

N=31
Folding the triangle continuously each time of reflection creates the above diagram.9 points
of reflection can be verified in the diagram above. Thus root(N) is the length of red line
which is root (31). Thus N =31 is the answer.
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26.A conical glass is in the form of a right circular cone. The slant height is 21m and the
radius of the top rim of the glass is 14.An ant at the mid-point of a slant line on the outside
wall of the glass sees a honey drop diametrically opposite to it on the inside wall of the glass
(See the figure).If d the shortest distance it should crawl to reach the honey drop ,what is
the integer part of d?(ignore the thickness of the glass).
Solution: Rotate AOAP by 120° in anticlockwise then A will be at B, P will be at P’
= AOAP = AOBP'
= PB+PA=PB+PB>P'P
Minimum PB+PA=P’P equality when P on the angle bisector of£A0B
= P'P = 2(21)sin60° = 21V3
[min (PB +PA)] = [21V/3 = 36
27.In a triangle ABC, it is known that A = 100° and AB =
AC .The internal angle bisector BD has length 20 units .
Find the length of BC to the nearest integer,
Given that sin 10° = 0.174
Solution: Given, BD =20 units
2A = 100°
AB=AC
INAABD
BD AD

sind - sin26
BD AD

sin100° _ sin20°
BD AD

cos10°  2sin10°co0s20°

= AD = 40.sin10° = 6.96

20—
2sin10°

InABDC

BD BC cD
Also, — = — ==

sin40° sin120° sin 20°
20 CD cD 20 20 10.65
= = = = = .

2s5in20°. cos20° sin20° 2c0s20° 2 %X 0.9394

~AD +CD = AC = AB =17.6
Now, since BD is angle bisector

BC _ CD ABXCD _ 17.6XCD
So,—=—=>B(C= =
AB  AD AD 6.96

= 26.98 = 27

28.Let ABC be an acute angled triangle with Ab=15 and BC=8.Let d be a point on AB such
that BD =BC .Consider points E on AC such that £ZDEB =

£BEC.If a denotes the product of all possible values of AE ,find

[@] the integer part of .

Solution: The pairs E;, E, satisfies condition or E; =

intersection of CBO with AC and E, = intersection of £bisector of B and AC
 that £DE,B = £CE,B and forE;£BE,C = £BDC = BCD = «£BE,D

= AE,,AC = AD.AB =7 x 15
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AE, XY
AC ~ XC
(for y is midpoint of OC and X is foot of altitude from A to CD)
Also, X _-7 and DY = YC
DYy 8
XD + DY 15 15

XC 7+8+8 23
XY 15 AE, 15

25— = = —

XC 23 AC 23

= — 2225:7:68.

30.For any real number x, let [x] denotes the integer part of x; {x} be the fractional part of x

x+[x]+[x+(%)]
20

=

({x}=x-[x]). Let A denote the set of all real numbers x satisfying {x}= If Sis the

sum of all numbers in A, find [S].
Ans: 21

. x+[x]+[x+%]
Solution: {x} —

= 20f =21+ f +|x+5]|
= 19f =21 + [x +1]
Let x=1 +F =[x] +{x}
CASEI:0< f <3 ie,[x+5|=1
So, 19f= 3le [0, E)
2
19
= Je [o, ?)
Hence, x=I+ f= [+ = E;
19 19
1=0,1,2,3
CASE II: fe [%1) ie. [x +§] —I+1
So, 19f=31 +1¢ [5, 19)
2
; [17 6)
= le|—,
“I'e

= =345
Hence, x= |+ f=I Pl 22 + i;I = 3,4,5

19 19 19
Thus, S=22 x 18 + — = 21

19 19
[5]=21.
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