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Number Theory

 Aninteger b is said to be divisible by a non- zero integer ’a’ if there is an
integer X’ such that b=ax and we then write a/b. In case ‘b’ is not divisible by
a we write a +b. The property a/b may also be expressed by saying that ‘a
divides b’ or ‘a is divisor of b’ or ‘b is a multiple of a’.

« Leta, b, c, m, x,ybe integers

(i)
(ii)
(iii)
(iv)
(
(

If a/bthen a/bc for any integer c

If a/b and b/c then a/c

If a/b and a/c then a/(bx +cy)for any integer xand y
If a/b and p « gthen ‘a‘ < ‘b‘

v) If a/b and b/a then 4 =+p
vi) 1f m=0 then «/b if and only if ma/mb
Congruences:-

« Letmbe anon-zerointeger. The integers a and b are said to be congruent
modulo m if and only if m/a —p and written a =5 (mod m)

« Leta, b, c, d, x, y denote integer then

(i)

a=b (modm)b=a (modm) and a-b=0 (modm) are equivalent
statements

If a =b (modm) and b=c (modm) then a =c (modm)
If a=b (modm)c=d (modm)then ax+cy=bx+dy (modm)
If a=b(modm)c=d (modm)thenac=5bd (modm) further, if

a =b (mod m)then 4* = p* (mod m) for every positive integer k

(V)

If @ =b (modm)and d/m, then a=5b (modd)

« The number ¢(m) is the number of positive integers less than or equal to m
and respectively prime tom

for Example ¢ (6)=2( 1 and 6,5 and 6)
¢ (8)=4(1and 8,3 and 8,5 and 8)
$ (11)=10(1and 8,3 and 8,7 and 8)



Note - for any prime number ‘p’

¢ (p)=p=1
Formula for finding ¢ (m) — If a number m written in the form

Where p,.p,.p,........... are different prime and n .n,n,............ are positive
integers then

¢(m>=m[1p%1]£1pizj(1p%j ..............

Total number of divisors of m
(n, +1)(n, +1)(n; +1)........

Euler’s Theorem : Let a,m be integers such that (a,m)=1 (i.e.aand m are
relative prime) Then 4" =1(mod m)

Fermat’s Theorem : Let p be a prime number and a be an integer then

a” = a(mod p)
Wilson’s Theorem: Let p be a prime Then
(p—D!=—-1(mod p)




Ex-1  Find total no. of integers n such that n?+1 is divisible by n+1
Sol:- Letn be anintegers such that (n+1)/n%+1

also n* -1=(n+1) (n-1

SO (n+1) (n*>-1)

= m+1)/(n* +1)—(n* -1)

= nm+1)/2

=>n+l==%1£2

=>n=-3,-2,0,1
Ex-2 If n=114+21+31+............ +100!

Find sum of digits of remainders when n is divided by 240
Sol:- We have 6!= 6x5x4x3x2x1

Which is divisible by 240

soall 6!, 7!, 8!..... 100! are divisible by 240

Now 114+2!+3!1+41+5!= 1+2+6+24+120

=153

50 remainder = 153

50 sum of digits of remainder =9
Ex-3 Find the unit place of (213) 31%4°
Sol:- We have unit place of (213)°'%*° is same as unit place of (3)°1%4°

Now divide the power of 3 by 4 and use the table
Remainderg 1/2|3|0 [ As

2= (4)

Power 1121314 (12)=14(4)
351645
445 (11
=3 44
1)
=3

Unit place =3



Ex-4 Find the remainders for (3°¢%/8)

SOI- ﬁ B (32 )280 B 9280
— 8 8 8

CCK I (280times)]
8

remainder for above expression
= remainder for (1.1.1............. (280 times)]/8
— Remainder =1
Ex-5 Find the tens place of the expression 3%

Sol:- In order to find tens place of a number we need to divide that
number by 100 and find remainder

we have 3%=(3%0)?x3°
By Euler’s theorem
a’™ =1(mod m) if (a,m)=1
Here (3,100)=1
We have 100=22x52

_ Lt
#(100)=100(1- )1~ )

=40
Therefore

(3"""=1)/(mod100)
= 3* =1 (mod100)
= (3*)’ =1* (mod 100)
= 3% =1 (mod100)

AlSO 3° = 243 = 43(mod 100)
i.e 35=43 (mod 100)



Now 3%x3° =1x43(mod100)

= 3% =43 (mod100)
so tens place of

= 3%is"4"

*hkkkkkkkkkkk



Practice Exercise
1. Find the last two digits of the number 7700-31%

Ans 00
2. find the least integer n such that n does not divide 2"-2 but n divides 3"-3
Ans 06

3. nis anumber, such that the 2n has 28 factors and 3n has 30 factors, then
find no of factors of 6n

Ans. 35

4. When 4444444 is written in decimal notation, the sum of its digitis Alet B be
the sum of the digits of A. Find the sum of the digits of B.

Ans. 07
5. Determine the number of all 3 digits number N , such that N is divisible by

N
ll&ﬁis equal to the sum of the squares of the digits of N.

Ans. 02(550 & 803)

6. Find the GCD of the numbers 2n+13 and n+7, Where ,, ¢ N
Ans 1

7. Find the remainder of 2'°° when divided by3.

Ans 1

8. If (a,4)=(b,4)=2 and a number n divides a+b Find n(n is greatest perfect
square.

Ans 4

9. Find Total number of Positive integers x =3 such that x - 3‘x3 -3

Ans 8
10. Find total number of divisors of 14400
And 63



Solution of Practice Exercise

Sol:-1 To find the last 2 digits of a number means to find the remainder when
that numbers is divided by 100

Note that 100=25x5 & (25,4)=1

We have 7 =3(mod4) = 7" =3'"(mod 4)

now (7,25) & (3,25)=1

By Euler’s theorem 7 =1(mod25) & 3™ = 1(mod 25)

= 7% =3 (mod 25) = 7' =3'""(mod 25)

- (25,4)=1, so 7' =3""(mod100)

Hence, the last 2 digits of the numbers 7' —3!% are 00
Sol:-2 If n does not divide 2"-2

— N is a composite number

The least composite numberis 4

but443*-3=78
Next composite numbers is 6 and 6 £2°5-2
but 61 3°-3
so least numbers is “6”
Sol:-3Since 2 n has 28 factors & 3n has 30
SO 2n = p/ x py x p? or p, x p: (- 28=2x2X7=4x7
&  3n=plxplxp or pyxp (- 30=2x3x5=5x06)
= py=p,=3 &p;=h, =2
NOW 6y = 3* % 2°
so 6n has (4+1)(6+1) =35 factors
Sol:-4 We have the remainder when 4444 is divided by 9 is 7
we can also find it by adding 4+4+4+4=16, 1+6=7

Let N=444444 < 10000%4, so N has at most 4x4444=17776 digits ,
each of which is at most 9. So A is at most 17776x9=159984. With the
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largest digits sum is 99999 so B<12 as sum of digits in B is at most
3+9=12

Now 1= A4 = B(mod9) & 4444 = 7(mod9)
-+ 7° =1(mod 9), we get
4444 = 7% = 7(mod 9)

as 4444 =1(mod?2)
Hence the sum of digits of p =7
Sol:-5Let N=100a+10b+c
-. N is divisible by 11
so either a+c=b or |at+c-b |=11
N .
Also T equalto 2 1 p% 42
When a+c=5 N =100a +10(a+c)+c

N =11(100 +¢)

=%=100+C=(12+b2+6‘2

so by putting ¢=0,1,2.....
we get N=550 or 803

Sol:-6 we know that for any two integers a,b not both zero
(a,b)=1 if and only if there are inegers x,y such that ax+by=1
we have 2(n+7)+(-1)(2n+13) =1
= mn+7,2n+13)=1
GCDof n+7, 2n+13=1

Sol:-7 We have 2'” = (2*)* = (16)* & remainder when 16 divided by 3 is 1
(27)” =(0)

25 25
o107 ()" 1
3 3 3

11



Hence remainder =1
Sol:-8 - (a,4)=(b,4)=2

=a=4n+2, b=4n+2
=>a+b=4m+n)+4

NOW (a+b,4)=4
SO n=4
Sol:9-Let x be a integers such that(x -3)/x’ —3 observe that
X' =277 (x=3)(x*+3x+9)
= (x=3)|x’ =27

= (x=3)[(x’ =3)—(x’ =27)

I.e x—3|24

= x-3=1,2,3,4,6,8,12,24

Hence there are 8 such positive integers
Sol:-10 14400 =144x100

=16x9x4x25

=26X32X52

Total numbers of divisors of

14400 is (6+1) (2+1) (2+1)

=63

12



ALGEBRA

1.1 Polynomial Functions:-A function f(x)=a x"+a, x""+.....+ax+a, IS @

polynomial function if a,(i =0,1,2,3,........ n) is a constant which belongs to the
set of real numbers and the indices , n,n-1, ----- 1 are natural numbers. If
a, =0 then we say that f(x) is a polynomial of degree n.

Example : f(x)=x"-x’+x> —2x+1 is a polynomial , of degree 4. and 1 is
a zero of this polynomialas f(1)=1' -1’ +1> -2(1)+1=0

Example: f(x)=x>-(3-+2)x-~/6=0, if x=/3
as f(\3)=3-3+/6-/6=0

i.e f(x) is a polynomial with degree 2 and ./3 is a zero of this polynomial

Degree  Polynomial

1 Linear

2 Quadratic

3 Cubic

4 bi-quadratic

Note : Above definition and examples refer to polynomial function in one
variable,

Similarly, Polynomials in 2,3,....... n variables can be defined.

Example : f(x,y,z)=x"—xy+z+5 is a polynomial in x,y,z i.e. three
variables , of degree 2 as both ,2 and xy have degree 2 each.

1.2 Remainder Theorem:- If a polynomial 7(x) is divided by (x —a), then the
remainder is equal to f(a)

Proof : f(x)=(x-a) QO(x)+R

13



f (a) = R (remainder)
If R=0= (x—a) is afactor of f(x)

Factor Theorem :- (x - a) is afactor of polynomial 7 (x)ifandonlyif f(a)=0

Fundamental Theorem of algebra:- Every polynomial function of degree
>1 has at least one zero in the complex numbers.

From this it is easy to deduce that a polynomial function of degree ‘n’ has
exactly n zeroes.

Note:- (i) If a polynomial equation with real coefficients has a complex
root p+iq (p,q real numbers, ¢ = 0) then it also has a complex root p —ig

(i) If a polynomial equation with rational coefficients has an irrational
root p +\/§(p,q rational, ¢ > 0) then it also has an irrational root p _\/5

, P . :
(iif) If rational number g s root of equation g x" +ax"" +......... +a, =0

where q,q,......... a, areintegers and a, # 0, then p is a divisor of ¢, and q is
a divisor ofq,

(V) (a+b)’ =a*+2ab+b’
(a+b) =da’ +3a’b+3ab’ +b’°
(a+b)° =a’ +6a’b+15a*b* +20a’b’ +15a°b* +6a4b° + b°
Pascal’s Triangle
row 0

|
| | row 1
1 2 1 row 2

1 3 3 1 row 3

1 4 6 4 1 row 4
I 510 10 5 I row5
I 615 20 15 61 rowb6

14



The n™ row of triangle represents the coefficients of (4 +5)" in standard
order.

Each term in polynomial has the powers of its two variables adding up to n.
(v) Factoring :- It is the opposite of expansion
m  oraquadraticeq*inthe form 2 i pxtc=0

_ —b+b* —4dac

2a

X is called Quadratic formula.

m  Method of completing the square

m Relation b/w roots and coefficients

: b
(a) If a, pareroots of equation ;2 L py+c=0thena+ 5= —;and af = 2

(b) If a, B,y areroots of equation ;3 1 px2 1 ex+d =0 thena+pB+y= o

c —d
aﬂ+ﬂ7+7a=;, aﬂ7=7

(c) If a,B,y s be roots of equation % + px® + cx® + dx + e = 0 then

b yola+ ) +afi(y +9)
{a+ﬁ+7+5:——}, d
a) |or affy+afo+oyd+ ro=——
a
aﬂ+a7/+a5+,6’y+,6’5+75:£

¢ >,{aﬂ75=3}
C a

or (a+ L) y+o)+af+yo=—
a

1.3 ldentities:-

(@) Ifa+b+c=0,a>+b>+c* =-2(ab+bc+ca)

15



(b) Wa+b+c=0a+b +c’ =3abc

(c) fa+b+c=0, at +b*+ct =2a’b* +b°c’ +c’a’
1 2 2 2N\2
=§(a +b” +c¢7)

@ +b +c’-3abc=(a+b+c) (a° +b* +c* —ab—bc—ca)

(a+b+c)Y =a’+b>+c +3(a+b) (b+¢) (c+a)

&+ +c —3abc:%(a+b+c){(a—b)2 +(b—c)’ +(c-a)’}

1.4 Pigeon Hole Principle (PHP): If more than ‘n’ objects are distributed in ‘n
boxes , then at least one box has more than one object in it.

1.5 Basic Properties and Facts

1. Arithmetic Operations

2. Exponent Properties

aa" = a™" (db)n —a"b"

16



(arn)n :amn a — -
0

a =1, a#0

Properties of Radicals

Properties of inequalities

If a<b then a+c<b+c and a-c<b-c

b
If a<b and c¢>0, then ac<bc and %<;

b
If a<b and c¢<O0, then ac>bc and 452

c ¢
Properties of absolute value

= {a ifa>0

—a ifa<0

20 |a=ld

Triangle Inequality |a + 5| <|a|+ |p|
Complex Numbers

i=J—1, i#=-1, ~-a= iNa, a>0

(a+ib)+(c+id)=a+c+i (b+d)
(a+ib)—(c+id)=a—c+i (b—d)
(a+ib)(c+id)=ac—bd + (ad + bc)i

(a+ib)(a—ib)=a’ + b’

17



Modulus of a complex= |a + ib| = Ja* +b*
Conjugate of a complex (4 + ip) = a — ib

7. Logarithms and Log Properties
Definition : log, x = y is equivalent to , — p>
Example log, 125 =3 because 353 =125

(natural log)log, x, (common log) log,, x

Where e=2.718281828........

log, a=1 log(a™) = x.loga
1
log, 4= log, 4 log, b=
log, b log, a
log, 1=0 log, (xy) =log, x +log, y
X
log, [;J =log, x —log, y The domain of loglog, x is x>0

8. Factoring formulae
2 2
x —a =(x+a) (x—a)
¥ +a=(x+a) (x> —ax+a’)
¥ —a'=(x—-a) (x> +ax+a’)
X' —a"=(x—a) (X" +ax" ... a")

X' +a" =(x+a)(x"" —ax"? +a’x"”

9. Absolute value Equations/ Inequalities

if b is a positive number

18



Pl=b =P=-b or P=b

P\<b — b <P<b

P|>b = P<-b or P>b
1.6 Arithmetic Progression (A.P)
a,atd, at+2d, ............ ,a+n—-1d

1. a,=a+(n-1)d

n n
2. S, —5[2a+(n—1)d] —§(a+an)

: : +b
3.  Arithmetic mean betweenaand b = - >
, +a, +o. 1 .
orin general, AM = 4“4 G~ 2N i
n n =l
(B) Geometric Progression (G.P)
a, ar, ar’, ar’,..... sar™!
a, = ar"”
n _1 1_ n
S, = alr " ) When r>1, §, = a(l ') When r<1
v — —r

sum of infinite G.P when r<1

5 - 4
|

Geometric Mean GM = /4

(c) Harmonic Progression

Whose reciprocals are in A.P

19



1 1 1 1
a a+d a+2d’ T a+n—1d

B 1
" a+n-1d

If Harmonic Mean ofaand b=H

L_l(1+lj
L

Note () AM>GM>HM | (AM) (HM) = (GM)?

1.7 MEAN, MEDIAN, MODE

in Zﬁ‘xi h Zﬁul
= == a+h =L—
Mean " n Z fi
Middle Most Mean of two N_ c.f
Median = | term when ¢ _ imiddle terms ¢ _ [+] 2 G h

n= odd when n= even

for median, first arrange data in ascending order

Mode =term (observation)with highest frequency

0+ S = o x h
me _fm—l_fm+1

Empirical Formula : Mean— Mode= 3(mean—median)

1.8 Inequalities
(i) Triangle Inequality : If x,,x,,y,,, be any real numbers, then

20



\/{(xl_x2)2+(yl_y2)2}S\/x12+y12+\/x22+y22

where ‘,/ ’ sign denotes the positive square root.

(i) Cauchy-Schwarz Inequality : for any a,,a,,......a, and b,b,,......b,

2 2 2 2 2
ab, +a,b, +...... Jratnbng\/a1 +a,” +....a, \/bl +b," +....... +b,

or (Xab) < Xa? Th?

Proof consider f(x)=(ax—4)" +(ax—b) +.....+(ax—b,) >0

or f(x)= (X4 )x’ —=2(Zab,)x+(Tbi’)—>()

which is a quadratic in x. It's graph is an up parabola. Since f >0, the

graph either touches x-axis or stays in upper half of it. — either (1) is a
perfect square or doesn’t have any real root. — Discriminant < 0

= 4 (Zaibl.)2 —4¥a’Yb’><0

= (Z ab, )2 < Zaiz Zbl.z HenceProved

(iii) Tcheby Chef's Inequality : If a,a,,a,,b,,b,,b, are any real numbers s.t.
a, <a, <a,b <b, <b,,then 3(a1b1 +a,b, +a3b3)2(a1 +a, —Ira3)(b1 +b, —|—b3)

Example 1- Let p(x)=0 be a fifth degree polynomial equation with integer co-

efficients that has at least one integral root. If p(2)=13 and p(10)=5.
Compute a value of x that must satisfy p(x)=0.

Sol. P(2)=13, P(10)=5 [Remainder Th™
[ Factor Th™

Let n be required value of x, which is integral root, so (x-n) is a factor of
P(x)

21



= P(x)=(x—n)Q(x) [degree of O(x)=4
P(2)=(2-n) O(x)=13 [13,5 are Prime number
P(10) = (10-n) Ox =5

—=2-n=+lort13 and 10-n = +lor+5

Possible values of n are

n={13,-11,3} and n={11,9,d5,5}

— n =15 IS required value of x (root).

Example -2 The roots of x* + px* + gx—19 =0 are each one more than the roots
of 3 _ 4x? + Bx—C =0. IfA,B,C,P,Q are constants, compute A+B+C.

Sol. Let x° + px* +gx—19=0——(1)

and x* — Ax*> + Bx—C =0——(2)

Let equation (2) has roots a,b,c

then equation (1) has roots a+1, b+1, c+1

= (a+1)(b+1)(c+1)=19

Tofind A+B+C = (a+b+c)+(ab+bc+ca)+abe
= (a+1) (b+1) (c+1) -1
= 19-1
=18

Example 3 : The roots of the equation x° —40x* + px’ + gx* +rx+s=0 arein G.P.
The sum of their reciprocal is 10. Compute the numerical value of |s|

4 a
r

Solution : Let the roots be ek

2
,a,ar,ar

I 1
. sum of roots = a[r—2+;+1+r+r2}:40—>(1)

22



1 I 1
& Sum of reciprocals = E[Fz +i’+1+;+r—2} =10—(2)

Dividing (1) by (2), > =4 ~.q=+2

: a a : s
since, s = - (r—z.;.a.ar.ar j:—a

s =, +32o0r|s|=32

Example 4 : Let p(x)=0 be the polynomial equation of least possible degree with
rational coefficients, having 3/7 + 3/49 as aroot. Compute the product of all
the roots of p(x)=0.

Solution : Let x = 3/7 + 3/49
X =7+49+3€/7%/@(%/7+%/@)

€. x*=56+21x
Thus p(x)=x* —21x-56=0
and product of the roots is 56.
Example 5: If log 2 = 0.301 and log3=0.4771, find the number of digits in 482
Sol. we have log 48> =12xlog48

=12 x log (2*x3)

=12 x [4 log 2 + log 3)
= 12 x [1.204+0.4771]
=20.1732

Now, characteristic is 20, so required number of digits = 20+1=21

23



PRACTICE PROBLEMS

Evaluate :

y = 4/log, 3.log, 12.log, 48.log, 192 +16

—log, 12.1og, 48+ 20

Suppose a,b are positive real numbers s.t.

aJa +b\Jb =183,a\/b + bJa =182

find %(a +b)

The product of two of the four roots of * _20y® 4 2 +590x-1992 = 0 IS 24.

Find k.

If x=2+4/3, then find the value of 2% _ 4./3x° —8x + 44

[Ans=106]

[Ans=73]

[Ans=41]
[Ans=42]

24



Practice Exercise
1. Find the last two digits of the number 7700-31%

Ans 00
2. find the least integer n such that n does not divide 2"-2 but n divides 3"-3
Ans 06

3. nis anumber, such that the 2n has 28 factors and 3n has 30 factors, then
find no of factors of 6n

Ans. 35

4. When 4444444 is written in decimal notation, the sum of its digitis A Let B
be the sum of the digits of A. Find the sum of the digits of B.

Ans. 07
5. Determine the number of all 3 digits number N, such that N is divisible by

N
ll&ﬁis equal to the sum of the squares of the digits of N.

Ans. 02(550 & 803)

6. Findthe GCD of the numbers 2n+13 and n+7, Where ,,c N
Ans 1

7. Find the remainder of 2% when divided by 3.

Ans 1

8. If (a,4)=(b,4)=2 and a number n divides a+b Find n(n is greatest perfect
square.

Ans 4
9. Find Total number of Positive integers -3 such that x — 3‘x3 -3

Ans 8
10. Find total number of divisors of 14400
And 63

25



Solution of Practice Exercise

Sol:-1 To find the last 2 digits of a number means to find the remainder when
that numbers is divided by 100

Note that 100=25x5 & (25,4)=1

We have 7 =3(mod4) = 7" =3'"(mod 4)

now (7,25) & (3,25)=1

By Euler’s theorem 7 =1(mod25) & 3™ = 1(mod 25)

= 7% =3 (mod 25) = 7' =3'""(mod 25)

- (25,4)=1, so 7' =3""(mod100)

Hence, the last 2 digits of the numbers 7' —3!% are 00
Sol:-2 If n does not divide 2"-2

— N is a composite number

The least composite numberis 4

but443*-3=78
Next composite numbers is 6 and 6 £2°5-2
but 61 3°-3
so least numbers is “6”
Sol:-3Since 2 n has 28 factors & 3n has 30
SO 2n = p/ x py x p? or p, x p: (- 28=2x2X7=4x7
&  3n=plxplxp or pyxp (- 30=2x3x5=5x06)
= py=p,=3 &p;=h, =2
NOW 6y = 3* % 2°
so 6n has (4+1)(6+1) =35 factors
Sol:-4 We have the remainder when 4444 is divided by 9 is 7
we can also find it by adding 4+4+4+4=16, 1+6=7

Let N=444444 < 10000%4, so N has at most 4x4444=17776 digits ,
each of which is at most 9. So A is at most 17776x9=159984. With the
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largest digits sum is 99999 so B<12 as sum of digits in B is at most
3+9=12

Now 1= A4 = B(mod9) & 4444 = 7(mod9)
-+ 7° =1(mod 9), we get
4444 = 7% = 7(mod 9)

as 4444 =1(mod?2)
Hence the sum of digits of p =7
Sol:-5Let N=100a+10b+c
-. N is divisible by 11
so either a+c=b or |at+c-b |=11
N .
Also T equalto 2 1 p% 42
When a+c=5 N =100a +10(a+c)+c

N =11(100 +¢)

=%=100+C=(12+b2+6‘2

so by putting ¢=0,1,2.....
we get N=550 or 803

Sol:-6 we know that for any two integers a,b not both zero
(a,b)=1 if and only if there are inegers x,y such that ax+by=1
we have 2(n+7)+(-1)(2n+13) =1
= mn+7,2n+13)=1
GCDof n+7, 2n+13=1

Sol:-7 We have 2'” = (2*)* = (16)* & remainder when 16 divided by 3 is 1
(27)” =(0)

25 25
o107 ()" 1
3 3 3
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Hence remainder =1
Sol:-8 - (a,4)=(b,4)=2

=a=4n+2, b=4n+2
=>a+b=4m+n)+4

NOW (a+b,4)=4
SO n=4
Sol:9-Let x be a integers such that(x -3)/x’ —3 observe that
X' =277 (x=3)(x*+3x+9)
= (x=3)|x’ =27

= (x=3)[(x’ =3)—(x’ =27)

I.e x—3|24

= x-3=1,2,3,4,6,8,12,24

Hence there are 8 such positive integers
Sol:-10 14400 =144x100

=16x9x4x25

=26X32X52

Total numbers of divisors of

14400 is (6+1) (2+1) (2+1)

=63
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Equations and inequalities
Equations are the foundation of mathematics. All forms of maths rely on the
principle of equality.

An equation states that two expressions have the same value. Expressions
are what are on either side of the equation. The main rule to solve a linear
equation in one variable is that “ Whatever is done to one side of an
equation must also be done to the other side.

A linear equation in one variable x is of the form ax+b=0, Where aand b are
real numbers and , »x¢.. The value of x which satisfies a given linear
equation, is called its solution or root.

—-b

ax+bh=0 = ax=—b = x=—
a

-b . . : .
Thus, 7 is a solution of given linear equation.

An equation of the form ax+by+c=0, Where a,b,c are real numbers such
that , -0 and p o is called a linear equation in two variables x and y. If
x=a and y=p satisfy the equation ax+by+c=0 then we say that the
ordered pair (a, ) is its solution. A linear equation in two variables has
infinitely many solutions.

A set of multiple equations with same variables is called a system of
equations. In most cases, for a system to be solvable, the number of
variables must be less than or equal to the number of equations given

Quadratic Equations : The general form of a quadratic equation in x is
ax* +bx+c=0,Where a,b,ce R and 4 0. The solution of quadratic

—b++b*—4ac
2a

The expression p2 _440 = p is called the discriminant of the quadratic
equation.

equation, ;2 +pr+c=0 iS given by x =

If « and g are the roots of quadratic equation 4x? + bx + ¢ = 0,then

(i) a+ﬁ=_7b (i) ap== (iii)a_ﬁ:g
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(1)

(2)

3)

(4)

Nature of Roots:

Consider the equation gx? + bx +c¢ =0, Where a,b,ce Rand 4 =0, then;

() D>0 < Roots are real and distinct

(i) D=0 < Roots are real and equal

(iii) D<0 < Roots are imaginary

(iv) If p+iqis one root of a quadratic equation, then the other must be the
conjugate p-iq & vice versa (p,qeRandi= /1)

Consider the equation ax* + bx + ¢ =0, Where a,b,c € Q and a # 0,then;

(i) IfD>0 & is a perfect square, then roots are rational and unequal).
(i) If @ =p+./q isoneroot (Where p is rational and /4 is a surd) then
the other root must be conjugate of iti.e p=p —\/5 & Vice Versa.

A quadratic equation whose roots are gand g is (Xx-« ). (X-B)=0 i.e
X —(a+PBx+af =0

Consider the quadratic expression, y = ax* + bx + c,a = 0and q,b,c,< R then;
The graph between x,y is always a parabola.

If a>0 then the shape of the parabola is concave upwards and if a<0 then
the shape of the parabola is concave downwards.

Maximum & Minimum Value:

b

Maximum and minimum value of y =ax* +bhx+c¢ Occurs at x:_(Zj

according as:
a<0 or a>0

2 2
yE dac=b ,oo)ifa>0&ye(—oo,4ac b if a<0
4a 4a

Important Results: For the quadratic equation ;2 1 px+c=0

(i)  One root will be reciprocal of other if a=c
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(i) One root is zero if c=0

(iii) Roots are equal in magnitude but opposite in sign if b=0
(iv) Both roots are zero if b=c=0.
(

v) Roots are positive if a and ¢ are of same sign and b is of opposite
sign.

(vi) Roots are of opposite sign if a & c are of opposite sign.

(viii) Roots are negative if a,b,c are of the same sign.

Theory of Equations:

If ¢, a, ¢, «a, are the roots of equations

f(xX)=ax"+ax"" +a,x" +......... +a, x+an=0

Where a,,aq, .....a,all are real and ¢, = 0,then

Zal—_aza1a2_ ,Zalazog— ..............
a, a, a

0

(i) If  is arootof the equation f(x)=0, then the polynomial f(x) is exactly
divisible by (x-« ) or (x-« ) is a factor of f(x) and conversely.

(2) Every equation of n"degree (n>1) has exactly n roots & If the
equation has more than n roots, it is an identity

(3) If the coefficients of the equation f(x)=0 are all real and « +igis its
root, then « —ip is also a root.

(4) Ifthe coefficients in the equation are all rational & o +./ is one of its

roots, then a_\/ﬁis also a root. Where o, < Q and g is not a
perfect square.

(5) If there be any two real numbers a and b such that f(a) & f(b) are of
opposite signs, then f(x)=0 must have atleast one real root between
aandb.
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(6) Every equation f(x) = 0 of degree odd has at least one real root of a
sign opposite to that of its last term.

Inequalities

We denote the set of all positive real numbers by R* ,the set of all
negative real numbers by R~. R is the union of R*, R-and {0}. Given a real
number a, eitheraisin p+oraisin p- or a=0. One and only one of these
possibilities is true. We note that, given any two real numbersaand b, ais
said to be less than b (or b is greater than a) is b-a is a positive real
number. We write this a<b (or b>a). We record the following important
properties of this ordering in R.

(i) Given any two real numbers a and b, one and only one of the following
three conditions is true
a<bora=bora>b
(i) ifa<b and cis any real number, then a+c < b+c
(iii) ifa<b and c>0, then ac<bc
(iv) ifa>0, b>0 and a<b, then é>%
(v) Foranyreal numbera, ;2>
(

vi) Inequalities exists only between two real numbers( not complex
numbers).

vii) If a,b>0 then a+b>0 and ab>0
viii) a>b if a-b>0

ix) a<bifb-a>0

X) axbif eithera>b or a=b

xii) if a>b then ac>bc if a,b,c>0
xiii) if a>b and b>c then a>b>c and a>c
xiv) if a>b>0 and c>d>0 then ac>bd

xv) In a given inequality terms/coefficients from one side to other side
can be transferred as in case of an equality

(
(
(i
(
(xi) a<bif either a<b or a=b
(
(
(
(
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(xvi) We can add/ subtract the same real number on both sides of an
inequality, the direction of inequality does not change.

(xvii) Two inequalities with same direction can be added( always) and
multiplied ( if both sides of inequality are positive). But they can
never be subtracted or divided.

(xviii)Both sides of an equality can be multiplied by same positive quantity
without changing the direction of inequality.

(xix) The direction of inequality changes if it is multiplied by a negative
number on both sides of inequality

Some Basic Inequalities 1. AM-GM inequalities
We know that ,2 > o for any real number a. This is an important inequality in
itself. As a consequence of this property, We can derive many inequalities.
Let c and d be any two real numbers. Then we have (c —a’)2 >(0-Expanding
this, we get c?>-2cd+d?=0
2 +d’
2

SO >cd

if a and b are non negative reals, by takingc = \/a, d =+/b in the relation (1)

we get
“;b > ab 2)

Here the number a—;b is called the Arithmetic Mean (A.M) ofaand b. ./,

is called the Geometric Mean (G.M) of a and b. Thus the relation (2) asserts
that the geometric mean of two non negative real numbers is always smaller
than ( and utmost) equal to) their arithmetic mean

The relation (2) holds equality iff a=b for any two non negative real numbers
aandb.

ie @J‘;b iff a=b
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Ifa. a, a,...., a, are n real numbers, the real numbers

is called the arithmetic mean of a, a,a,...., a,. Ifa>0fori=123, ....... n
We define their geometric mean as the real number

1
(a,.a,.4,......a,)"

a generalization of (2) to a set of n positive numbers
a, a, a, ... a_is the inequality

L > (a,a,....a,)" (3)

This inequality is known as “ Arithmetic Mean - Geometric mean inequality)”
we write (3) also in the form

(4)

Equality holds in (4) iffa,=a,=a,= ......... a

For two positive numbers a and b, if A, G and H be respectively the
arithmetic mean, the geometric mean and Harmonic meanthen 4>gG> H

If A, G and H be respectively the arithmetic mean, the geometric mean and

Harmonic mean of n positive integer q,,qa,,......a,then 4>G>H
The equality sign holds ifand only ifa .=a, = ......... =a_
if g, >a,, a,>a,..... a, >a, then g >aq,
If a, >b, a,>b,........ a, > b then
a +ay + ... a, 2b +b, +.. b, and equality

Sign holds iff ¢, =5, a,=b,......... a, =

Let a>b>0, p,q>0 and let ,v« and p's denote positive q" roots of a and b
respectively then
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10.
1.

12.

13.

14.

al?’ > bp/qand a Pl < Pl
Let a>b>0, p>0 a non negative integer and q is a postive integer and
4" p"1 denotes 4" roots of a and b respectively then

a?? > prla and a P < prl
The equality holds iff a=b or p=0
Triangle inequality:- |a| - |b| <|a + b| < |d| + |

The lengths a,b,c can represent the sides of a triangle if and only if a+b>c,
b+c>a, a+c>b

‘Ziaz“SZf

Weierstras’s Inequality :- For positive integers a, a, a,.....a

4

(1+a,)(1+a )(1+a,)....... (1+a )> 1+a +a +a,+........... a

If a, are fractions (less than one) then

(1-a,)(1-a,)(1-a,)....... (1-a )> 1-(a,+a,+a,*........... a)
Cauchy Schwartz Inequality:-

(ab, +ab, +........... ab) <(a’+a, +..... a’)b’ +b} +...... b?)
Tchebychev Inequality ::- if x, >x, >x, >........ x, and
V2V 2P >, y, Or x, <x, <x; <......... x and y, <y, <y <..... y, then
(x1y1+x2y2+ ...... xnynj>(x1+x2+ ............ xnj(yl+y2+ .......... ynj
n B n n

If one of the sequence is increasing and other is decreasing then the
direction of the inequality changes.

Holder’s Inequality:-

(@)(a,b, +ab, +..... +ab ) <(a’+a, +....+a, ) > (B +b! +....+b)

1 1
Where » +; =14 and b are non negative real numbers.
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Equation and inequalities
Questions :-

1. Let x,x,,....x, be a sequence of integers such that
(i) —1<xi<2 fori=1,2,.......... n

(i)  x +x,+....+x, =39and
(i) x 2#x2+.....+x>=99

Determine the minimum possible value of x *+x*+......... +x °  Ans.39

1 1 1
2. Leta,b,cbe distinct non-zero real number such thata+g=b+;=6+;, then

find the value of |abc| Ans = 1
3. Find natural x for which

8" +27* 7

12 +18" 6 Ans.=1
4. Leta, b, c, dbe positive integers such that abcd=a+b+c+d
Find the maximum possible value of max (a,b,c,d) Ans.= 2
5. Find all real number x satisfying the equation. 4 + 3* _16* +12* —9* =1
Ans. 0
6. Determine the number of ordered pairs of integers (m,n) for which mn >0
and m*+n3+33mn=113 Ans.=13
7. Given that the real numbers a,b,c,d satisfy the condition a+b+c+d=6, and
a’+b?+c?+d?=12, determine the maximum value of a. Ans.=3
8. If a,p yare roots of the equations 3 1+ 252 +3x+35=0,
Find the value of ¥ a’p Ans. =99

1+ o 1+B+1+y

9. If a,p rareroots of 33 _4x+2 =0, then find value of —a + 1-p T1oy
Ans. 11

10. Solve for x, x*-2x3+4x°+200x—10400=0,
given that sum of two of its roots is zero. for xe N Ans. 10
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1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

If a+B+y=6,02+p>+v> =14 and o® + p° +r* =36, Then value of ¢* +p* +y* is

................. Ans. 98
If X,y,z be positive real numbers suchthat x*> + y* +z> =27 and x* +y* +z° >n
Then max valueofnis ................. Ans.81

1+ab 1+b 1
If a,b,c>0 and abc=1 such that — > + —>= 1+ 8C
1+a 1+b 1+cC

IS veieennen. Ans=3
If a,b,c>0 and a+b+c=1, such that

>n, then maxvalue of n

1 1 1
(5+ 1)(B+ 1)(E+ 1) 2N Then maxvalue of nis ................... Ans. 64

1 1 1
If a, b, ¢ > 0 and a+b+c=1, such that (5—0(5—1)(5—1)2 n Then max

valueofnis......... Ans. 8

11 1
>
Ifa,b,c>0and =+ 7+

NIS o, Ans.8

=1, such that abc>n, Then max value of

If a, b, c, d are real number satisfied the conditions a+b+c+d=6,
a2+b2+c?+d?=12, such that 4 ( a3+b3+c3+d3)— (a*+b*+c*+d*)<n

(@) Thenleastvalueofnis ......cccooeeeininnnnn, Ans. 48

(b) Then mostvalueofnis .......cccceeeeeeiiniennnn, Ans.36
If a, b, ¢ > 0 such that

(a+ b)(baJtr):,) (c+a) >n, Then maxnis .c..cceveveeeeennen.n. Ans 8

If a,b,c, d are (+) ve real such that

(ab+cd)(i+i) >n Thenmaxnis ............ Ans. 4
ac bd

1T 1 1 1
If a, b, ¢, d > 0 satisfying the condition (@+b+c+ d)(g+g+g+a) 2N, Then

maxnis ........ Ans16

The smallest value of the sum a3+b3+c?® for a+ b, ceR satisfying the
condition ;21524 2=2710S iveennnnnnnn, Ans.81 4



1.

Solution

Then a,b,c are non-negative integers satisfying

-a+b+2c=39 and a+b+4¢c=99
— a=30-c and b=69-3c
where 0<c<39[.b>0]

3
SO X' +x, +.etx,” =(—1) a+1b+2c=—a+b+8

= -30+c+69-3¢c+8c=39+6¢C
when ¢c=0 — a=30, b=69 - min=39

1 1 1
ltsgiven a+—=b+—=c+—
b c a

a-b = ,
= bc ca ab

on multiplying |abc| =1A4ns
Let 2* =a and 3" = b, then given equation became

a+b _M(a2+b2—ab) 7

a’b + ba’ B abw _6
= 64’ +3ab+6b* =0
= (2a—3b)(3a—2b) =0

=2a=3b OR 3a=2b

=2x2" =3x3" or lx2x =1x3x
2 3

=x=1 OR-1 Ansx=1

Let a <b<c<d, soonlyrequired the max. value of d

since d<a+b+c+d<4d
then d < abcd < 4d
= 1<abcd <4

Let a,b,c denotes the number -1s, 1s and 2s in the sequence respectively
(Not consider zero)
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Hence (a,b,c)=(1,1,1) (1,1,2) (12,1) (2,1,1)
Total=4 maxd=2
5. Let 4* = 4 & 3* = p then equation become
T*a> +b>—~ab—a-b=0
= 2+2a’+2b°—~2a—-2b—2ab=0
=(a’ +1-2a)+(b* +1-2b)+(a’ +b* —2ab) =0
= (1-a) +(b-1) +(a—b) =0

Therefore | = 47 — 3* — x = ¢ only equation

6. We know that (m+n)®= ;3 4 ;3 +3mn(m+n)
If m+n=11 then

12 (MAN)*=p® + 1® + 3mn(m + n) = m® +n* +33mn
Here m+n-11 is a factor of ;3 ; ;3 + +33mn—11

We have m*+n®*+33mn—113=(m+n—-11) (;,;2 & ,2—mMn+11m+11n+112) (Identity)

(m+n—11) [(M—4)?+(m+11)>+(n+11)?]

N[ =

so solution are (0,11) (1,10) (2,9) (3,8) (4,7) (5,6) (6,5) (7,4) (8,3) (9,2)
(10,1) (11, 0) (=11,~11) Total =13 Ans.

: . . . 6 -
7. Since the b,c,d is 6—a, their average is x =Ta
Let b=x+b,c=x+c &d=x+d,

Thenp +c +d =0[b—x+c—x+d—-x=[b+c+d-3x=

[6—a]—(2!><—6;“=0>

a=0

and 12 =a* + 3x? +b12 +C12 +a’12 >a’ +3x?
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=36>3a>+36+a°—12a
= 0>4a" —12a = 4a(a-3)
= 0<a<3,wherea=0iff b=c=d =2
and a=3 iff b=c=d=1 Max=3

8. Ingeneral equation x® + px*+qx+r=0
a+B+y=-p af+By+ra=q opy=r
s aB = a4+ Pla+ Yo+ aly + B+ By
=(af+ pr+ay)(a+f+y)-3afy=—-(pq)-3y
=3r-pq
Here p=2, q=3,r=35
Y 0’B=3x35-2x3 =99

1+ x Y
9. Let y=a=>x—m

therefore 3[;/—;1)3 —4(§—:J+2 =0=y’-11y’+19y+3=0
. Sum of roots = 11

10. If o,B,y,8 are roots of equation then
oa+B+y+0=2=2>7y+6=2. .. a0+B=0
so equations whose roots are a,p is 2 +px+p=0= x?+p=0
so equations whose roots are y,5 is 2—2x+q=0
SoXE=2x° +4x% +200x - 10400 = (X*+p)(x*—2x+q)=0
=x*=2x*+(p+q) X*~2px+pq
L p+qg=4, pg=25 -2p=200=P=-100
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q=104
Hence x*—2x3+4x%+200x—10400=(x?>-100) (x>-2x+104)=0

=x=10

11. Let «, B,y be the roots of the equation x* + px> + gx +r=0-(1)

Here a,=1,a4, = p,a, =q,a,=0
Las, ta=s,+p=0=>s=-p
Buts =>a=6=>-p=6=p=-6
Also as, +as, +2a, =s,+ ps, +2g =0=s, =—ps, - 2q
=36-2q
Buts,=>d*=14=36-2¢g=14=¢=11
Now putting x = «, 3,7 in (1) & adding
Sy +ps,+qs, +3r=0= s, +(-6)x14+11x6+3r=0
= s, =18-3r
Buts,=Ya’=36=18-3r=36=r=-6

Equation (1) is now x’ —6x* +11x—-6=0-(2)

on multiplying by X — x* —6x’ +11x* =6x=0- (2)
Putting x=a, 3,7 in (3) & Adding

s, —6s; +11s, —6s5, =0

=5, =6x36—-11x14+6x6 =98 Ans

12. Applying Cauchy-Schwraz inequality - to the numbers

a,a,..a, &b b,,....b, 2R

S b +b: +....bn°
then(alb1 +a,b,+ab )2 S(al 4, an”)(b 2 n j

n-n
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3/2 3/2 3/2 1/2 1/2 1/2
Xy, x N,y T,z " wehave

(x2 +y° +22) S(x3 +y° +Z3)(x+y+z)—(1)

Again applying C-s inequality to x,y,z,1,1,1
(x+y+z)2 S(x2+y2+zz)(l+l+1)

= (x+y+z)2 S3(x2 +y° +ZZ)—(2)

Squaring both sides (x+y+z)' <9(x*+y* +2°)-(3)
Multiplying (1) by 9 both sides

9(x2 +y° +22) < 9(x3 +y° +Z3) (x+y+z) - (4)

from (3) & (4) (x+y+z)4 S(x3 +y° +z3)(x+y+z)

Squaring (1) (xz +y° +22)4 S(x3 +y° +Z3)(X+y+Z)2 —(5)

4

from (5) & (2) (x2+y2+22) S3(x3+y3+z3)2(x2+y2+22)

3
= (x2+y32+22) S(x3+y3+z3)

2

Putting x* +y°+2° =27 x’+)y’ +2° =81

l+ab abc+ab

1 " , sinceabc =1
+a +a

_ ab(l_i_cj
l+a

1+ab 1+bc 1+ac 1+c¢ 1+a 1+b
+ + =ab +bc +ca
l1+a 1+b l+c 1+a 1+b 1+a
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>33/(abc)” =3 [AM >GM]]

a+b+cT 1 Af‘sz?’
=—, since a+b+c=1

14. Since abc S[

3
1 1 1 I 11 1 1 1 1
—+1 | =+l -+l |=l+—+—+—F+—F+—F+—+—
(a j(b j(c j a b ¢ ab bc ca abc
3 3 1

>1+ + + AM > GM
Jabe {/(abc)z abc ( )

1 3
=(1+ j >4° = 64 Ans

3abc
15. Here
l_l_l—a _atb+tc—-a b+c
a a a a

o Y ey b
=Jbexeaxslab  AM >GM
= 2x2x2=8 Ans

1 1 1
16. Let l1+a _x’1+b_y’1+c

=z=>x+y+z=1

1 1 1
=x=>—=1+a=a=—-1 Now proceed as 15

Now
1+a X X

Ans =8
17. Here

4(a3+b3+c3+d3)—(a4+b4+c4+d4)
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= [(a=1)" +(b=1)" +(c=1)' +(d=1)" |+6(a’+b" +c* +d”)
4 (a+btc+d)+4
=-[(a ~1) +(b=1)" +(c-1)" +(d _lﬂ +52 (By given conditions)
Now let a-1=x, b-1=y, c-1=z, d-1=t
Xy 4t :(a2 +b* +c° +d2)—2(a+b+c+d)+4:4

X +y 4z +d
4

2
Syt 2( J +4q where q is non negative
x4+y4+z4+t4S(x2+y2+zz+t2):16
again atb+c=6-d & 4’ +p*+c*=12-d>

Hence by power mean inequality (Power inequality)

2
a+b+c
—=a’ +b* +c° 2(—)

nn

(tl)qx +..t+t X r)l/r Z(tlxls +—+tnxns)ys

2
u—fz@_@

=2d (d—-3)<0
S0<a,b,c,d <3
Now xz(x—Z)2 >0 forxeR

— 4x® —x* <4x?

= (4a —a*)+ (40’ =b*)+(4c’ - ')+ (4d* —d*)<4(d’ +b* +* +d°)
= 48
Also x [0,3]= (x+1)(x—1) (x~3)<0

=4 —x*'>2x* +4x+3
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::(mf—aﬂ+(ﬂf—bﬂ+(mf—cﬂ+(mf-wf)22@f+b2+&41ﬂ)

+ 4 (a+b+c+d)
=36 Ans
(a+b)(b+c)(c+a) (a+b)(b+c)(c+a)
8. =
abc a b C
_a+b b+c c+a,, ox2-8 AM > GM
~ Jab  “bc  Jea -
19. 1 1 ab ab cd 99
(ab+cd) ac bd " ac bd ac bd
_b a d.c¢c AM > GM
c d b

Lo

20. By cauchy’s inequality

[\)

(AYRE7AR +...+1/tnvn)2 S(ul2 +u22 +u. +unz) (vl2 +v22 Fee V)
equality occurs iff

1
v, =tu When 1<k<n, teR Here“'zzf’kzl, 2,3,4

Jl 1 1 1
= |—+—+—+—
a b ¢ d

SinceU, &V, € R SOV, =,

Jl+l+l+$:#Ja+b+c+d

a b c

It is possible if a= b= c=d=1=4

(a+b+c+wﬂ( +]-F1+1j>t2=42=16
a b ¢ d

Ans=8
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By Power means of degree 2,& 3  a,b,c satisfy the condition

/a +b2+c /a +b3+c _y /_<3\/ +b+ 3<3\/ +b+ ¢
3

=a +b +c°>81
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Triangles
Basic Proportionality Theorem

If a line is drawn parallel to one side of a triangle to intersect the other two
sides in distinct points the other two sides are divided in the same ratio.

Converse of BPT :

If a line divides any two sides of a triangle in the same ratio, then the line is
parallel to third side.

Pythagoras Theorem :

In a right triangle the square of hypotenuse is equal to the sum of squares
of other two sides.

Converse of Pythagoras Theorem :

In a triangle if square of one side is equal to the sum of squares of other two
sides then the angle opposite to first side is right angle.

Apellonius Theorem :
In a triangle ABC if AD is the median bisecting BC then

AB® + AC? =2(BD2 +AD2) A

Stewart’s Theorem :

In a triangle ABC if AD is the angle bisector then

DC.AB*> + BD.AC? = BC(AD* + BD.CD)

Theorem 01 : B D C
. . . AB _ BD
In /\ ABC, if AD is the angle bisector then C-DC



8.

10.

11.

12.

Theorem 02 :
o . 2 _4be s(s—a)
In AABC, if AD is angle bisector then (b+c)2 R
Where a,b & c are the sides of A ABC and s is the
semi-perimeter.
Steiner Lehmus Theorem : 2 5 2

In a triangle, if two angle bisectors are equal then the
triangle is isosceles triangle.

Theorem-03

The ratio of the areas of two similar triangles is equal to the square of the
ratio of their corresponding sides.

Theorem - 04
In an obtuse angled triangle ABC if 4p 1 cB produced, then
AC? = AB* + BC* +2BC.BD A

90°
Theorem-05 D_' 5 o
In an acute angled triangle ABC if 4p | Bc then
AC? = AB> + BC* —=2BC.BD A

B D C
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Some Solved Problems
1. Rhombus PQRB is inscribed ina o ABC as shown in the figure. IfAB=12 cm

and BC=6 cm find PQ.

A

B R C
Sol. Let PQ=a then In A ABC, PQJ|BC as PQRB is a rhombus.
Hence AAPQ~ A ABC

AP P
then E=%
12—a _a
12 6
72-6a=12a
72 = 18a
a=4cm.
2. Inanisosceles triangle ABC,AC=BC, /p4c is bisected by AD where D lies
on BC. IfAD=AB then find /4B
Sol. In A4BC,AC = BC and AD=BD where AD is angle bisector of /4 Let
/BAC=2xthen ,p4p=X B

.- AC=BC Hence £BAC=Z4BC
ZABC =2x 5




In AMBD, AD=AB Hence £4ADB = ZABC = 2xthenin AABD

2x+2x+x=180°
SX = 180°
X = 36°
SO /BAC =2X 36° =72
ZABC =72
Now in A4BC
ZBAC+ ZABC + ZACB =180°
72°+72°+ ZACB =180°
ZACB =180°—-144°

ZACB =36°
3. Inatriangle ABC,AB=12 cm, BC=14 cm, AC=16 cm then find AD where AD
is the angle bisector of /p4C

Sol. Let Ao4pc having a=14 cm, b=16 cm, c=12 cm

_a+b+c
2

_14+416+12
2

= £:2lcm
2

_4bcs(s —a)

AD?
(b+c)

4x16x12x21(21-14)
- (12+16)

4x16x4x3x3x7x7
) (28)°
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Ax4x4x4x3x3x7x7
Adx4x3x7
28

4. Inadjoining figure ABC is a triangle right angled at Band gp 1 4¢. IfAD=4
cm and CD=5 cm then find AB.

Sol -BD1 AC

AD =

=12cm

S AADB ~ ABDC

BD CD D

AD.CD = BD*?
4.5 = BD?

BD*=20 B C
Now in Ao4pp By Pythagoras theorem
AB* = AD* + BD’

= (4)"+20
AB* =16+20
AB:vgg:6cm

5. Let a4BC ~ ADEF and their areas be respectively 64cm® and121cm’if a

median of Apgr is 16.5 cm find the corresponding
median of A4BC.

A
Sol. Let AK be the median of S
ABcC. and DL be the me-
dian of ApEF
E L F
B K C
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Ratio of areas of two similar triangle is equal to the ratio of squares of their

corresponding sides.

ar ABC _ AB’
ar DEF  DE*

64 _(4BY
121 \ DE
4B _ [64
DE 121

AB : DE = 8:11
Now - A4BC ~ ADEF

4B _BC
DE EF

AB 2BK

RETTA As AK and DL are medians

AB _ BK

DE EL

& ,p=,E ByCPST
AABK ~ ADEL

AB AK
" DE_ DL By CPST

8 AK

11 165

AK = %x16.5 =12cm
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Problems for Practice

1. Inadjoining figure, if A4BC ~ ADEF and their sides are of lengths (in cm) as
marked along them, then find the perimeter of A4pC

[Ans : 36 cm]

B 2x+2 C F 3x+9 E

2. For going to a city B from city A, there is a route via city C such that
AC 1L CB, AC=2x km and CB=2(.X +7)Km. It is proposed to construct a 26

Km highway which directly connects two cities A and B. Find how much
distance will be saved in reaching city B from city A after the construction of
the highway. [Ans: 8 km]

3. Inadjoining figure if £/4CB=,2CDA4,AC=8 cm C
and AD=4 cm find BD.

[Ans : 12 cm]

4. ABCD is atrapeziumin which AB||DC and P and Q are points on AD and BC
respectively such that PQ||DC. If PD=18 cm, BQ=35 cm and QC=15 cm,

find AD. [Ans : 60 cm]
5. Inanisosceles A4BC, AB=AC=13 cm and the median AD=12 cm. Find BC.
[Ans : 10 cm]
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10.

If AABC ~ ADEF, AB=4 cm, DE=6 cm, EF=9 cm and FD=12 cm, find the
perimeter of A4BC. [Ans : 18 cm]

Two sides of a triangle are 10 cm and 5 cm in length, and the length of the
median to the third side is 6.5 cm. The area of the triangle is 6/x cm?.
Determine the value of x. [Ans : 14]

Perimeters of two similar triangles ABC and PQR are in the ratio 4:5. If the
sum of their areas is 14,2, Find the area of smaller triangle.

[Ans : 64 cm?]
The areas of two similar triangles ABC and PQR are in the ratio 4:9. If the
sum of the perimeters is 30 m, find the perimeter of larger triangles.
[Ans : 18 cm]
A ladder 25 m long is placed so as to reach a road side window 24 m high

and returning the ladder over to the other side of the road, it reaches a point
7m high. Find the breadth of the road. [Ans : 31 m]
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1.

" AABC ~ ADEF

AB _BC _AC
DE EF DF

2x—1 B 2x+2 _3_x
18 3x+9 6x
Taking

2x—1 _3_x
18 6x

2x-1 3
18 6

2x-1=9
2x=10
X=5
Taking

2x+2 _3_x
3x+9 6x

12x+12=9x+27
12x-9x=27-12
3x=15

X=5

Taking

2x—=1_ 2x+2
18 3x+9

6x* —3x+18x-9
= 36x+36

6x> +15x—9—-36x
-36=0

Solution to Unsolved
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6x> —21x—45=0

2x* —7x-15=0

2x* —10x+3x-15=0

(x-5) (2x+3)=0

x=5, x=-3/2 NA

So x=5 is acceptable
AB=2x5-1=9

BC=2x5+2=12

AC=3x5=15

Perimeter = 9+12+15=36 cm
In Ao4pCc By Pythagoras theorem

AB* = AC* + BC?

(26)" =(2x)" +[2(x+7)T

676= 4x? +4x* +196 + 56x

4x* +4x> +56x+196—676 =0
8x* +56x—-480=0

2x* +14x-120=0

2x* +24x-10x-120=0
2x(x+12)-10(x+12)=0
(x+12) (2x-10)=0

either x+12=0

x=-12 N.A.

As distance cannot be negative
2x-10=0

X=5

26

2(x+7)

2X
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3.

Then AC+BC=2x5+2(5+7)
=10+24
=34 Km
Distance saved
= 34-26=8 km

In AACB and AADC

ZACB = ZCDA Given
/A4=,4 Gommon
AACB ~ AADC By AA Similarity
AC _4B
AD AC
AC? = AB.AD
(8)" =(4D+ BD) 4D
64 = (4+BD)x4
16=4+BD
BD=12cm

.- PQ||DC||AB

AD _ BC

~.

- PD QC /18
AD _ 50 D
18 15

P50 x 8"
AD = oy

=60cm
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5. .- In an isosceles triangle median to non-equal side is | , to that side.
. AABD is aright triangle.

In A4pp By Pythagoras theorem
AB* = AD* + BD?
(13)* = (12)* + BD?
BD? =169 —144
BD =+/25=5 12cm
. BC=2BD =10 cm
6. ‘- A ABCl A DEF 5 5 :

Perimeter of A ABC _ AB
Perimeter of A DEF  DE

Perimeter of A ABC _ 4
6+9+12 6

Perimeter of A ABC = %x 27

=18 cm

7. In A ABC By appolonius theorem
AB* + AC* =2(AD* + BD?)
(5)° +(10)* = 2[(6.5)* + BD’] & 7

25+100 = 2[42.25+ BD?]

1275 =42.25+ BD?

62.5=42.25+ BD?
BD? =62.5-42.25

BD? =20.25
BD =+/20.25 =45
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BC =9cm

5+410+9 24
S=———=—=12cm
2 2

area of A= [s(s—a)(s—b)(s—c)

6v/x =12(12-5)(12-10)(12-9)

6\/;=\/12><7><2><3

6/x = 6414

x =14 Ans.
‘A ABCL A POR

area ABC (Perimeter A ABC jz
Hence =

area POR | Perimeter POR

area ABC 16
area POR ~ 25

area ABC =16x
area POR =25x
ATQ

l6x+25x =164

41x =164

x=4

area of smaller A =16x4

=64 cm”

9. A ABC[ A POR

arABC [ PerimeterABC ’
arPRQ \ PerimeterPQOR
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(PerimeterABC jz

4
9 \ PerimeterPQOR

% _ PerimeterABC
3 PerimeterPQR

Perimeter ABC =2x
Perimeter POR =3x

ATQ. 2x+3x=30

5x =30

x=06

Perimeter of largerA =3x6
= 18cm

10. In A 4BC By Pythagoras Theorem

AC* = AB* + BC?

(25)* = (24)* + BC®

625576 = BC*

BC* - 49

BC =Tm

In A CDE By Pythagoras theorem
CE’ = ED* + CD?

(25)° =(7°) + CD?

62549 = CD?

CD* =576

CD =24m

breadth of road= 24+7=31m Ans

24m

25m

25m

m
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Leva’s Theorem

Let P be a point inside the A4pc continue lines 4P, BP,CP to hit BC,CA4, AB

at D, E, F respectively , then A

4F| |BD| |CE| _
8| |DC| |E4]

Converse of Ceva’s Theorem-

If D,E,F are on sides BC,CA, AB respectively s.t.

AF BD CE | .\
FB DC EA
lines AD,BE & CF are concurrent at a point P.

Menelaus’s Theorem-—

Let 4BC be atriangle and let line | cut the sides of the triangle( extended
if necessary) at points D,E and g, then

AD BE CF i
BD EC FA

62



Converse of Menelaus’s Theorem

Suppose three points D, E,F are on sides (or extension) 4B,BC, AC
respectively such that 1 or 3 of them are in the extensions of the sides, then
points D, E, F are collinear if and only if

AD BE CF
X X =1
DB EC FA

Centroid of a Triangle

The centroid of a triangle is a point where all three medians meets/ Intersect.

If 4(x,»).B(x,,y,) andC(x,y;) are A (X,,Y,)
vertices of triangle, then co-ordinate of
centroid
F E
(;E(x1+x2+xé YM+y2+)§j
3 ’ 3
B D C
Some Properties of centroid of Triangle (x.y.) (X3,Ys)

Centroid divide the medianin 2:1

AG :GD=2:1

¢ AGz%AD,GD:%AD

AB?> + BC* +CA* =3(G4A* + GB® + GC?)
¢ :§(AD2 +BE* +CF?)

. For any point inside the triangle

PA* + PB* + PC* = GA* + GB* + GC*
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¢

The three medians divides the triangle into six triangles, each of which
have the same area.

If BC=a,AC =band 4B = then length of median

2 2 2
AD:\/zb +240 a

2 2 2
BE=\/2a +24c b

CF =

\/Zaz +2b* —¢?

As Centroid divides medians in 2 : 1, therefore

AG = %\/21;2 +2¢% —a?

BG = %\/2a2 +202 —b*

CG = %\/2612 +2b? — >

If any line through the centroid hits 4p at p and 4¢ at O, then

A

£+Q:1
P4 04

64



Incenter of Triangle

The incenter of a triangle is a point where all three internal angle bisector
intersect.

— Incenter is equidistant from triangle’s side

— If A(x,»),B(x,y,)and C(x,,y,) are vertices of
triangle, then co-ordinate of incenter

5 :£az9c1 +bx, +cx; ay, +by, +cy3j

B a+b+c ~  a+b+c
if s is semiperimeter of triangle, ris inradius
, then (X2,Y2

area of Triangle 9§ A = 5.

Circumcenter of Triangle

The circumcenter of a triangle is a point where all three perpendicular
bisector of sides meets.

—  Circumcenter is equidistant from all vertices of triangle

— Circumradius

_a _abc
2sin4  4s

—  Euler’s Theorem [ Relation between inradius (r) and circumradius(R)]
(R—r)Y =d’+r’

Where R = circumradius

r = Inradius

d = distance between the incenter and the circumcenter
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Orthocenter of Triangle

The orthocentre of a triangle is a point where all three altitudes from
vertices of opposite side meets

In AABC , AD,BE and CF are altitudes on sides BC, 4Cand C4
respectively.

Azlahl A
2

1 AR

A=-bh2 \
2
1

A =—ch3

2
1 1 1 a b c
—t—t—=—t—
h, h, ha 2A 2A 2A
_a+b+c_Zs

2A  ZA
_s 1

Sror

1 1 1 1
—t—t—=—
h h, h r
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Inequalities in a Triangle-

If three line segments with lengths a,b and c are given, then triangle with
sides a,b and c exist if and only if

(i) atb>c
(i) a+c>b
(iii) b+c>a

these relations call “ Triangle existence inequalities”

. If two sides of a triangle are unequal, the angle opposite to the longer
side is larger (or greater)

egif g>p>c
— /A>/B>/C

. In any triangle, the side opposite to the larger (greater) angle is longer.

. In a right angled triangle, the hypotenuse is the longest side.
Angle bisector Theorem

An angle bisector of a triangle divides the opposite side in to two segments
that are proportional to other two sides of triangle.

Let CD be the angle bisector in A4B(C, then

BD _BC
AD AC

Xx_4a
y b

Length of Angle bisector CD

=\Jab—xy
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Some Solved Problem

Problem (1)

In AMBC, G is the centroid and AB= 6 cm, AC=8cm and medians
A

AD =5 cm

BE=\/§ cm

CF =./73 cm F E

Find the length of BC.

Solution -

GA ZEAD =Ecm
3 3

AB? + BC* + CA*> =3(GA* + GB* + GC?)

36+BC* +64 = 3(100 208 292)
9 9 9

BC?+100 = 3x%

BC*=100




BC =10cm
Problem- 2

In AABC, a =70 cm, b = 6¢m,c = 7em, Find the length of median AD

2 2 2
Sol. AD:\/Zb +24€ 4

=5cm

_\/72+98—70
4

Problem-3

If G is the centroid of APQRand a line passing through G meetPQatAand
PR at B such that

AQ=2cm
AP=5cm
BR=3cm
Find the length of PR

A BR
Sol. UsmgA—g E_l

2 3
— 4=
5 PB
PB=5cm
- PR=5+3=8cm
Problem-4
Let o (a,b) be the circumcenter of A ABC, Whose vertices are
A(1,4),B(-2,3) and ¢ (5,2), Find (a+b)

Sol. As circumcenter is equidistant from vertices
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. 0O4=0B=0C

OA’ = OB’

(a=1)°+(b—-4) =(a+2)>+(b-3)°
3a+b =2 (1)

OB* =0C*

(a+2)+(b-3)Y=(a-5"+(b-2)
Ta-b=8___ (2)

on solving eg (1) and (2)
a=1, b=-1

circumcentre =(1,-1)

a+b=1-1=0

Problem- 5
In A ABC, AB=15cm, BC=14cm AC =13cm

Find inradius .

Sol.
a+b+c
S:
2
_15+14+13
2
=2lcm

area (ABC)=/s(s—a)(s —b)(s—c)

= \/21(21—15)(21—14)(21—13)

=84 cm? (1)
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area (ABC)=ar (BOC)+ar (AOC)+ar (A0B)

:Ll4.r+l.l3.r+l.15.r
2 2 2

:14r+13r+15r
2
=21r cm’ (2)
from (1) and (2)
21r=284
r=4cm
Problem- 6

One side of some triangle is 5.3 cm, and the other is 0.7 cm, Find the third
side of triangle, if its length is a natural number

Sol. Let third side be x cm.

By Triangle existence inequalities

x<5.34+0.7 o
x<6 (1) 3
53<x+0.7

46 (2) 3 <o ’
0.7<x+5.3

x>46 _ (3)

from eq (1), (2) and (3)

46<x<6

or x€(4.6,6)
As x is a natural number

x=5cm
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Some Problems for Practice
In A ABC, BC =8cm, AC =+/82 cm median BE = 6¢m

Fine the length of AB.
[Ans AB=7cm]

In AABC, AB=5cm,BC=6cm, CA=8cmmedian BE=7cm,

Median CF gcm

Find the length of median AD. [AnNs 4D =6cm]

INnA ABC

equation of side 4p is
2x—y=-2

eq. of side BC is
x+y=28

egs of side 4(C is

B x+y=8 C
x—=2y=-7

If centroid of AABC, is G(x,y) then Find the value of x.y

Ans [x.y=10]
In A ABC, G is centroid and p be any point in the interior of A 4BC, such that
A
GA=5cm, GB=5Cm
GC =43 cm, PA=3cm ‘

PB = 5cm
Find length of PC

C
Ans PC=8cm
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5. In A ABC , Altitude AD = 4cm Altitude BE = 6 cm and Altitude CF =12cm

Find in radius Ans r-2cm

6. An artist has created a triangular stained glass

window and has one strip of siding left before )
completing the window. - 3
Find out the length of the last side (FB) based D
on the length of other sides as shown in figure
5 10
A 3 E 4 C
C
Hint :- Use ceva’s Theorem  [Ans FB=2cm)
7. Ingivenfigure E D

AF =6 cm

BD=7cm

CE=8cm A = 2
AE=6cm

Find CDxFB

[Ans FBxCD=56]

8. Arighttriangle with legs of length 3 cm and 4 cm. Find the radius of inscribed
circle. [Ans r-1 cm]
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9. Inthe following fig. CD in angle bisector of ,4cp such that

C
BC =8 cm
AC =12 cm 006
AB =10cm
Find (i) length of AD

(ii) length of CD 5 A
AnsAD = 6cm
CD = 6\/5 cm

10. For A ABC inradius = r=5/2cm
circumradius R=9 cm

Find the distance between incenter and circumcenter.]

[Ans d =6 cm]
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Solution of problems for Practice

a=8cm, b=\/8726m, C=?

median BE = 6cm

2 2 2
BE=\/2a +2¢° —b
2_
36:128+240 82

2¢? =98 C="7cm

AB=5cm, BC=6 cm, CA=8cm

J35

Median Bg = 7¢m, Mediancfr

cm
median 4p =2

AB*> + BC* +CA* = %(ADZ +BE* + CF?)

25+36+64=§(AD2 +49+3275)

375=4AD* +196 + 35

44D* =144 = AD* =36 = AD =6 cm

For vertex A
2X-y=-2 (1)
x-2y=-7 (2)

on solving 4=(1,4)

For vertex B

x+y=8

C
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2n-y = -2 (1)

x+ty=8  (2)
on solving B = (2,6)
For vertex C
x-2y=-7 __ (2)
x+ty=8 _ (3)

on solving C =(3,5)

1+2+3 4+6+5
37 3

Centroid G(x,y) = ( ) =(2,5)

wxy = 2x5 =10

4. GA=5cm, GB=5cm, GC=43 cm

PA=3cm PB=5cm pC="?

PA? + PB* + PC* = GA’ + GB* + GC*
9+25+ PC* =25+25+48
PC’=64 = PC=8cm
Altitude AD=h =4cm
Altitude BE = h, = 6cm

Altitude CF =h, =12cm

Inradius= ;- = 9
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34241 1 5
12 o lTE

6. By Ceva’s Th

FB EA DC_1
FA EC DB

FB. EA. DC = FA.EC.DB

FBx3x10=5%x4x3

FB =2cm
7. BY Ceva's Th

AF BD EC
X X =1
FB DC FEA

6x7x8
FBxCDx6

FBxCD =56

8. Inradius ;=9

Area of A=%><3><4=6cm2

S=3+4+5:&m
A =sr
A 6
r=—=—=1cm
s 6

9. ByAngleinsector Th

12

w

NN\
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12 X

8 10—x

8x=120—-12x
20x =120
x=06

AD =6 cm

(i) CD=\lab—xy
=J12x8—6x4 =72
CD:6\/270m

10. Inradius r=5/2 cm, circum radius R=9 cm Distance between incenter &
circumcenter d=?

By Euler’s Th

(R-r)Y =d*+r°

o-3) =[5

()}



(@)

(i)

()

()

A circle is symmetric about any of its diameter.

Given any three non-collinear points A, B, C there exist a unique circle
passing through A, B, C.

Equal chord of a circle are equidistant from center.

Given any two chords of a circle, the one which is nearer to the center, is
greater than one more remote.

For any arc of a circle the angle substended at the center is double the
angle substended at any point on the remaining part of circumference.

Angle in the same segment of a circle are equal.

If a straight line segment joining two points substends equal angle at two
other points on the same side of it, than four points are concyclic.

One and only one tangent can be drawn to a circle at any point on its
circumference and this tangent is perpendicular to the radius through the
point of contact.

If two circles touch one another than the point of contact lies on the line
joining the center.

If two tangents are drawn to a circle from an exterior point then :
(1) Thelength of tangent are equal.
(2) They subtend equal angles at the center.

(3) The angle between them is bisected by line joining the points and the
center.

In equal circles of two chords are equal than they cut-off equal arc on the
circle.

If any circle of angle between a tangent and chord through the point of
contact of tangent is equal to the angle in alternate segment.
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(m) A common tangent of two circles divides the line segment joining center
externally or internally in the ratio of their radii.

(n) The opposite angle of a cyclic quadrilateral are supplimentary.

(o) IfABCD is cyclic quadrilateral then any exterior angle of ABCD is equal to
interior opposite angle.

(p) If two opposite angle of a quadrilateral are supplimentary then it is cyclic.
(q) If AB and CD are any two chords of a circle meeting at point, P then :
PA.PB =PC.PD

(r) If, pis any point on a chord AB of a circle with center, O and radius, r then:
AP.PB =r?— OP?

Example : 1

Two circles are tangent to each other through the center of the second is
drawn a tangent to the first. The distance from the point of tangency to the
center of the second circle equals 3 times its radius. What is the ratio of
radii of the first circle to the second.

Solution:

According to question :

9R? +R2 —(R. +R, > on solving % _4

2
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Example : 2

Two circles are inscribed in a 60° angle, so that second circle is tangent to
first one. How much is the combined area of two circles greater than that of
first.

Solution:

Let PM = x
. Ao I,
sin 30° = =r =X
X+
, h
also sin 30° = =r,=X+2r=3r
X+2r+r,

According to question,

R A7) A9 o
71:/’12 - ,.12

Example : 3

Consider two tangent circles such that one is within the other. A line
passes through point B,C and the center of the smaller circle and
crosses the bigger one at point A and D. Find the ratio of radii of circles
of :
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|AB|:|BC|:|CD|=2:4:3

Solution :

Let r be the radius of smaller circle and R of bigger

AB 2
BC 2 orAB =r(-- BC =2r)
3r
Similarly CD= >
Now AO,.O0,D= MO,.ON
or
= 2rr—=r.(2R-r)
2
R
= — =3
p
Example : 4

The tangent to a circle at point K is parallel to chord LM of circle it is
known that LM = 48 cm and KM =40 cm. Find radius of circle.

Solution:
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> <

|
Elo \%
A
(90]
X
L iN
N 48cm > M

Using the pythagoras theorem is AKMN, KN =32 cm.
ON= x,s0 OK =32 — x=r = OM (radius)

Again
X2+ (24)? = (32 — x)?
= x=17
r=32-7=25cm
Example : 5

Triangle ABC is inscribed in a circle. Atangent dropped from vertex C of the
triangle intersects the extension of side AB from vertex B at point D. It is

known that: ~CDA+ /ACB=2/BAC. Find the angle between tangent and
chord CB.

Solution:
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Let /A = o and ZB =3

Using properties of a angle between tangent CD and chord CB are equal to
the angle BAC.

And /CDA+~/ACB = 2/BAC
= B—a+180—-—a—-B = 2a
= o = 45°

Question/Answer

1. The tangent point of a right triangle and an inscribed circle divides a leg into
segment of length 3 cm and 2 cm.

Ans. 12

2. Acircleisinscribed into a triangle with sides AB =8, BC=6 and AC =4. Find
the length of segment, DE in nearest integer of D and E are tangent to sides
AB, AC res.

Ans. 2

3. Anisosceles triangle, ABC, with sides of length 2 cm and 120° vertex angle
is given. Find the radius of the circle in nearest integer that can be inscribed

in AABC.
Ans. 5

4. Anisosceles, trapezium of base 9, and 16 cm circumscribed about a circle,
then find is height.

Ans. 12

5. ABCD is a cyclic quadrilateral such that angles between sides CB and DA
be 20° and between sides AB and DC be 30°, find ~/D.

Ans. 65°

6. Two circles of same radius /7 41 intersect each other so that distance
between their centers equal /7 + 1 . In a figure formed by intersection of two
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circles, a square is inscribed. Find the side of square.
Ans. 3

7. Four congruent circles are placed in a square of sides 40 cm, so that each
is tangent to two sides of the square and to two sides of other circle. A
smaller fifth circle is drawn tangent to each of the four circles. Find its radius
in nearest integer.

Ans. 4

8. The tangent to a circle at point, K is parallel to chord, LM of the circle it is
known that _|M = 6 and KM = 5. Find BR where, R is radius of circle.

Ans. 25

9. Chord AP and CQ of circle circumscribed about acute triangle ABC contain
its height dropped from verticle Aand C. Find the radius of the circle circum-
scribed about triangle PLO where L is the point of intersection of chords AP

and CQ, /BAC =65°, Z/ACB =70°and PQ = 22
Ans. 2

Circle : Acircle is the path travelled by a point which moves in such a way
that its distance from a fixed point remain constant.

The fixed point is known as center and the fixed distance is called radius.

(a) Circumference or perimeter of circle = 2nr = nd

nd® ¢ 1
=——=—cf
4 4 2

(b) Area of circle = nr’=

A Circumference
(© r=+ o=
r 21

(d) Ratio of area of the two circles :

Areaof circlecircumscribing square 2

Area of circleinscribing same square 1
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(e) Ratio of area of two squares is :

Area of square circumscribing circleis 2

Area of square inscribing in same circle 1

Sector : Asectoris a figure enclosed by two radii and an arc lying between

them:
21tn0
Arc = 360
2
Area of sector : 1>< Arcxr = Y
2 360

Semi-circle : Semi-circle is a figure enclosed by a diameter and the part of
circumference cut off by it.

Segment : Segment of a circle is a figure enclosed by chord and an arc
which it cut off. Any chord of a circle which is not a diameter divides the
circle into two segments, one greater and one less than a semi-circle.

A

*Area of segment ACB = Area of sector ACBO : Area of A OAB
*Area of segment ADB = Area of circle — Area of segment ACB.

*A circular ground of radius, r, has a path of width, w around it on outside.
The area of circular pathway is given by nw (2r + w).

*A circular ground of radius, r has a pathway of width, w around it as inside.
The area of circular pathway is given by nw (2r — w).

2
: : : : . . ma
*The area of largest circle can be inscribed in a sqaure of side, a is 2
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*Area of square inscribed in a circle of radius, r is 5,2 Area of largest
triangle inscribed in a semi-circle of radius, ris r2.

*The number of revolutions made by a circular wheel of radius, ris travelling

distance d is given by (ij

2nr

1.

A

3cm

£

(@]
(90]

® X cm
£
(@]
(q\]

C 2cm X cm B

Using pythagoras theorem
(5 +(2+x)*= (3 +Xx)°

— 25+4 +4x+x>= 9+6x+Xx°
= X= 10
-.SecondlegCB=2+10=12
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Let us introduce the variable x=FB =BD,Y =CF =EC and Z=DA=AE,
and r=0D = OE.

We can find the radius r, using the relationship between the area of triangle
ABC, the radius of inscribed circle and the half perimeter,
_6+4+8
p_—

5 - 9. By Heron’s formula,

s= JP(P-a)P-b)(P—c) = \/9(9-6)(9-8)(9-4)=315  -.(1)

ands= pr=9r

(2)
_1s
3

From (1) and (2) r

Nowx+y=6,y+z=4,z+x=8 =x=5,y=1,2z=3

Now area of AEQOD in two different ways.

DEOA _ ,rz e _
2 T2 =
2153 215 @)
3.0A OA
Again OD2= OD? + AD? — m? . (4)
From (3) and (4)
DE = @:02
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Using the formula S = Pr.

In AABD sin 60°

_AD

AB~

ﬁzﬂjADﬂo\@
20
— AC= 2043
o 20+20+20J§=20+10ﬁ
S %xzoﬁxm:mo\@
10043 1043
= TI=

= =05
20+10J3 2++/3

89



AE g,AB=AS + SB=AQ +BP=§+9

2
o5
— AB = ?
In A AEB
AB2 = BE2 + AE?
625 _ e, 49
4 4
(-BE=h)
h= 12
5,
We knowthat /B + #D = 180° (i)
and /A+ ZC = 180°
...(ii)
In AAND /A +/D = 150° ...(iii)
In A MCD £C +2D - 160° (iv)

On solving these four equation
/D = 65°
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6.

Radius of both circles are same centre of both the circle lie on one another.

~.00,=R

Let first circle’s centre is on (0, 0), -. (R, 0) is the centre of second circle.
Equation of first circle will be x2 + y2 = R.

Let ABCD be the required square then AC diagonal inclined at 45° with
0,0,. So equation of AC will be y — 0 = tan 45 (x — R/2)

R
= Yy= X_E' Now point of intersection of (1) and first circle x> + y? = R? is

AT )

R
. Length of one side of square will be E(ﬁ—ﬂ here

R=7+1
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. Side = (

3

V7 +)(WT7 1)
2

Radius of each big circle will be 10 cm. Let r be that of 5m one.

In ABCD right angled at C
BD? =BC? + CD?and in BO? E
0O%B? = BE? + O2E?2 (i)

X = 10(vx —1)
and BD = 2x + 2r + 40 = 20 (/2 —1) =20 (V2 +1)+2r

from (i) r=10 (\/5—1)1:4
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,
5cm
o)
X r
A N
6Ccm M
In AKMN
25= (r+n)’+9
= r+x= 4
(i)
againin AMNO
r2—n2= 9
r+x)(r—=x)= 9
... (i)
from (i) and (ii)
25
r=—=8R=25

8




CAN and AMC are right triangles so Z~ACQ =25° and ZCAP =20°
From the inscribed angle theorem
ZAPQ = /ZACQ =25, ZCQP=«CAP =20°
= /QLP = 180-25-20=135°

Finally, applying law of sine to the triangle PLQ and find the radius of its
circumscribed circle

P02y
“2sinZPLQ T 2sin+135°

R
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Combinatorics

Rule of sum : If one event can take place in m ways and 2" event can take
place in n ways then any one out of these 2 events (either first only or 2
only) can take place in m+n ways.

Rule of multiplication : If one event can take place in m ways and 2™
event can take place in n ways then both the events (one after the other or
simultaneously) can take place in m n ways:

Difference between permutations & Combinations:
(between arrangements & selections)

No. of permutations means no. of different arrangements. Order of objects
is important in this case. No of combinations means no. of different groups/
selections. Order doesn’t have any importance in this case.

Example: If there are 3 objects a, b & c, then different permutations of 3
objects taken 2 at a time are ab, ba, bc, cb, ac & ca i.e. 6 arrangements
while for these 3 objects different combinations (selections) if 2 are taken
at a time are ab, bc & ca i.e. 3 only. Please note ab & ba are 2 different
permutations but it is only one combination.

No. of permutations of n objects taken r at a time (repetition not allowed)
[n

In—r

Where |n= n! = factorial n

=1%x2x%3....... n.

No. of permutations of n objects taken all at a time if out of these n objects,
p, are of same kind, p, are of same kind......,......, p_are of same kind is

In
PP e [P, -

No. of ways in which m+n things can be divided into 2 groups containing m

- nPr = r:p=

& n objects respectively is m [n’
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If m=n then ways of subdivision is m m 2

No of ways in which m+n+p objects can be divided into 3 groups

m+n+p

containing m, n & p things is m

No. of permutations of n things taken r at a time, when each object

may be repeated once, twice, thrice, ............. rtimes =n’

No. of combinations/selections of n different objects taken r at a time
I

- Cr— l_r n_r_ Cn—r

No. of combinations of n different objectstaken1or2or3, .............. or

n objects at a time = 2"-1.
No. of objects, when no. of combinations out of n objects is maximum is:

(i) g if n is even & no. of combinations =nC;
(i) “T”or”T”, if n is odd.

& no. of combinations =  Cw10r "C,.,

No. of selections by taking some or all out of p+q+r+..... objects,
where p are all of one kind, q are alike of a Il kind, r are alike of Il kind

is (p+1).(q+1). (r+1).......~1.
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Q1.

Q2.

Find the number of ways in which a selection of 4 letters can be made from
the letters of the word ‘PROPORTION'.

Ans. There are 10 letters of 6 different sorts.
0,0,0,PPRRTIN
Possible groups of 4 letters are as follows.

(@) 3 alike 1 differentis 3 O’s & 1 different letter out of PR, T,|,N i.ein 5
ways.

(b) 2alike & 2 different : Selection of 1 set of 2 alike out of 3 pairs in °C,
=3 ways & selection of 2 out of 5 =°C_=10, . No. of ways = 3x10=30

(c) 2alike & 2 alike : Selection of 2 alike groups out of 3 groups =°C_=3.
(d) All four different : No. of selections = °C,=15

-. Total no. of selections = 5+30+3+15 = 53.
If words formed by all the letters of the word MOTHER are arranged as in

n

a dictionary, If there are total n words before mother then find 1

Ans. In alphabetical sequence,

Words starting with No. of words
E | 5=120

H | 5=120

ME | 4=24

MH | 4=24
MOE | 3=6

MOH | 3=6

MOR | 3=6

MOTE | 2=2
MOTHER :

- n=120+120+24+24+6+6+6+2=308

n

Z=77
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Q3.

Q4.

Q5.

L

36"

Ans. To form a rectangle we need 2 horizontal and 2 vertical lines. 2 lines
out of 9 lines can be chosen in °C, ways

- N=9C_x9C_= 36x36

If total n rectangles can be drawn on a chess board then find

L
Iy 36 -
In how ways can 6 speakers A, B, C, D, E and F address a gathering if A
speaks after B.? If answer is n then find n/6.

36

Ans. Total ways of addressing the gathering =| 6
=720

Using symmetry it is clear that out of 720, %i.e. 360 ways are there

when A speaks after B. n/6=60

If n distributions are possible of 5 identical objects into 7 distinct boxes.
If there is no restriction on how many each box many contain. Find n/7.

Ans. Let boxes are repressented by B, ,B,,,......... B.. And identical objects
are represented by xIs. Let one of the distributions is

B,B,B,B, B,
Then we can write is as |x x|| x||| x x
there are 6 vertical separators to separate 7 boxes

Now the question is in how many ways can we arrange these 6 separators
& 5 X’s.

11
i =——=66x7=n
l.e. 615 X

-1 _6s.
7
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Q6. Find the number of all rational numbers %s.t. (i) 0<?<1, (ilm & n are

relatively prime and (iii) mn= |25 . If answer is n find n/16.

Ans. We have to resolve |25 into 2 relatively prime factors. Outof p/q&q/ p
any one out of these 2 will be less than 1. The distinct primes occuring in the
expression of |25 are the exponents of 2,3,5,7,11,13,17 19 & 23. As these

are 9 distinct primes so there will be %[g=256 ways expressing (25 .

. There are 256 required numbers. 16

E =
Q7. If in any set of n distinct integers chosen from the set {1,4,7,....... 100}
there will always be 2 distinct integers whose sum is 104. Find minimum

value of n.

Ans. No.s {1,4,7.....100} can be divided into 17 pairs (4,100), (7, 97), (10,94)....... :
(49,55) and (1,52). The sum of integers in first 16 pairs is 104. Sum of last
pair is not 104.

Now we construct largest set, sum of whose any 2 integers is always other
than 104. So we will choose exactly 1 no. from each of the first 16 pairs
and 2 no.s from the last pairi.e 18 nos can be chosen. Now if we choose
and 19" no. then it will be 2 no. of any one pair sum will be 104.

-. Answer to this questions =19
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Q8. Ten points are taken at random within a square of side 1 unit. If maximum
possible distance between 2 nearest paints is d. Find the value of 9d2.

Ans. First 9 points can be placed in 9 small squares having side %unit, Now 10"

point will be in any 1 of these 9 squares.
-. Maximum distance between 2 nearest points
= length of diagonal of smaller square

d=£ -9 d%=2.
3
] 4
....... }----.-%----...
N
L} 1 v

—1—>

9. If 12 things can be divided equally among 4 persons in n ways then find

4620

[12
Ans. n= @=11X10x6x7x5x4x4

. n —
14620

80.
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Questions (1to15)

How many strings of digits from 1-9 of length 5 have an odd number in the
odd positions and an even number in the even positions? suppose the

answer is n then find % Ans-20

Rob has 4 blue socks, 7 red socks, 5 white socks and 3 black socks. Rob
likes to wear either a red sock on his left foot with a blue sock on his right
foot or a white sock on his left foot with a black sock on his right foot. How
many ways are there Rob to choose his socks? Ans-43

There are 5 candidates for 2 posts. In how many ways can the posts be
filled? Ans-20

The students in a class are seated according to their marks in the previous
examination. Once it so happens that four of the students got equal marks
and therefore the same rank. To decide their seating arrangement, the
teacher wants to write down all possible arrangements one in each of
separate bits of paper in order to choose one of these by lots. How many
bits of paper are required? Ans-24

For a set of five true or false questions, no student has written all the
correct answers, and no two students have given the same sequence of
answers. What is the maximum number of students in the class for this to be
possible. Ans-31

How many different numbers of two digits can be formed with the digit
1,2,3,4,5,6, no digits being repeated? Ans-30

The number of ways in which none gets his umbrella of the 5 gentlemen. at
the end of the party. Ans-44
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10.

11.

12.

13.

14.

15.

Find the number of positive integers not greater than 100, which are not
divisible by 2,3, or 5. Ans-26

Find the number of ways of dealing a five cards hand from a regular 52 card
deck such that the hand contains at least one card in each suit If number of

z
57122

ways are equal to z. then find ( J .Ans-12

How many integers from 1 to 10° (both inclusive) are neither perfect squares

P
nor perfect cubes nor perfect fourth powers? If answer is P then find (—1 0090)-

Ans-99

If nis a positive integers, the number of integers less than n and prime to it
called the Euler function ¢ (n). Calculate the value of ¢ (100) using the IEP.
Ans-40

In how many ways can we arrange three objects into five slots if exactly two
of the objects are identical? Ans-30

Find the number of three elements subsets of a set with 9 distinct elements.
Ans-84

A girl has three markers of different colours and one black pen. She is going
to colour a grid of six white squares. Three of the squares are going to be
coloured with the markers and the remaining three will be either coloured
black or left white. The black pen can be used multiple times, but each
marker can only be used to colour one square. How many different ways

N
are there to colour the grid? If number of ways be N then find (E) Ans-48

Ram has 12 bricks, each painted with a different pattern he chooses 4 of
these bricks, one at a time, and stacks the bricks in the order that she
choose them. How many different stacks can she obtain? If number of

Z
different stacks be z. then find (@J Ans-12
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Ans. 1.

Ans. 2

Ans. 3.

Ans. 4

Ans. 5.

Ans. 6.

Ans. 7.

Ans. 8

Solutions of question (1-15)
Total strings (n) = 5° x4’ =2000

A 200050 s
100 100
Number of ways to choose his socks =(7x4)+(5x%3)
= 28+15
=43
5 5!
Number of ways = "P, = 3 20

Number of bits of papers are required =41- 24

Total number of different sequence of answer = 55 _ 3> there is only
one correct answer.

Here the maximum number of students = (32-1)=31 Ans

=P,
Number of ways 6 s
4!

1 1 1 1 1

Total number of ways = 5! (1 - TR TEETR T
1 1 1 1

B TR TR TRy
_st_st st s/t
21 31 41 5/
=5.4.3-5.4+5-1
=60-20+4
=44

Positive integers less than or equal to 100 that are divisible by at
least one of 2,3 or 5

= 50+33+20-16-6-10+3
=74
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Total numbers are not divisible by 2,3 or 5 = 100-74 =26
Ans.9.  Number of all 5 cards be *C,

If n(1) is calculated by removing one suit from the deck and dealing the
rest n(1)=4x%*C_
Similarly  n(2)=*C,x**C_ = 6x*C,
n(3)=*C,x"*C, = 4x35
n(4)=C,x0=0
Hence z=n(0) = **C,-4*C +6°°C_-4"C,
=685464

Z 635464

= =12 Ans
57122 57122

Ans. 10 Total perfect square be < (10*)?

Let n(1) be perfect squres , n(2) be perfect cubes and n(3) be perfect
fourth power.

Then P=10°- (n(1)-n(2) +n(3))

= 10°%~(10%+10%+31)+(10+3+31)-3 (1)

This is because the perfect squares less than or equal to 10°=(10%)?
are 12.22.32.42.- —(103)?

So that no. of perfect squares is 103.So also the no of perfect cubes
is the perfect fourth powers are

14.2.4 34 ___[(106)1/4)4 — (103 /2)4 — 314

i.e 14.24.3% - - 314

So that number of such perfect fouth power <10%;s31.Again to

calculate n(2), we look for integers which are perfect squares as well
as perfect cube e.9.82=64=2° The number are in fact

16.26.3° - - - 10¢%
Which means there are only 10 such.
If we look for perfect cubes which are also perfect forth power there
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are 12 22 32 only since 4'%>10°

Fromeq(1)... P = 100000-1131+44-3 = 998910
-.P/10090=99 Ans.
Ans 11.  Let the prime decomposition of n be

n=P1a1. Pa2 _____ P12a12

Where P is distinct primes and ,'g are all positive integers for each
i = 1,2 ---- k define property of having p° then

d(n)=n—-n)+n2)—n3)+—-——
=n—z %4-2_ n _ZA n o

i,j PP, % P.PP,

i<j i<j<k

| 1 |
—n(0=—)(1=— Y] =)= ——
nl=) (==

3
To illustrate we have,
100 = 22.52

11
# (100)=100 (1--)(1-)

:100xle
2 5

= 40
Ans. 12. We choose two slots to put the identical objects and then one of the

remaining slots to place the other objects total number of possible
arrangement = (3) °C,

_3x5x4
2x1
=30
Ans.13 In subsets the order of the elements does not matter
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Ox&8x7
Total number of elements =9c3 = =84
3x2x1

Ans. 14. (I) 3 outof6 squares to be coloured = 6C3=20
(i) 3 squares we choose a different colour = 3x2x1=6

(iii) Each of the three remaining squares can be either coloured
black or left white = 2x2x2

=8
Total distinct ways to colour the grid =20x6x8
N= 960
N _ 960 _
“20" 20 78

Ans. 15. Let number of ways that she can make a stack of bricks is number of
ways that she choose from bricks. From the set of 12. Where order
is not matter be P, .

|
ep 2121 11880
8!

If Z=11880

Z
then @—12Ans.
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TRIGONOMETRY
Basic Concepts:
1. Measurement of an angle:
(i) Sexagesimal System: In this system angle is measured in term of ‘degrees’

One right angle = 90 degree; 1 degree = 60 minutes; 1 minute = 60 seconds
(i) Circular measure of an angle: In this system, angle is measured in terms of “radians”. A radian
is a constant angle is defined as angle formed at the centre of the circle by an arc whose length is

equal to the radius of the circle.

2. Relation between Sexa-gesimal system and Circular system: 180° = z°

] = e

180 Vs

3. Anangle is formed by rotating a ray about its fix point in clock and anti-clock wise direction. If rotation
is anti clock-wise, angle is termed as positive and if it is in clock-wise direction it is taken as negative.

4. In a circle of radius ‘r’, if radian measure of an arc of length ‘I’ is & ,thenl=r.0

5. Y
l: All are positive
] I Il Only Sin and Cosine are positive

X! X [ Only Tan and Cot are positive
i v IV:  Only Cos and Sec are positive
A\ /
| Quadrant: &, 360+ ¢, 90-¢; Il Quadrant: 90+ ¢,180- @

Il Quadrant: 180 + 4, 270- ¢; 1V Quadrant: 270+ 6 , 360- 64 , -0

6. Forthevalues 90+ ¢ and 270 £+ &  Trigonometry values are changed as per table
Sin <> Cos; tan <—> cot; Cosec €«<—> Sec
Ilustrations: sin(90 — 8) = cos 8 , cot(270 + ) = —tan @
7. Some Basic Formulas :
sin%0 + cos?0 =1, 14+tan?0 = sec?0, 1+4cot?6 = cosec?6

8. Sum and Difference Formulas:

Sin (A + B) =Sin A Cos B + Cos A Sin B; Sin(A-B)=SinACosB-CosASinB
Cos (A + B) = Cos A Cos B - Sin A Sin B; Cos (A-B)=CosACosB +SinASinB
tan(A+B): tan A+tan B ; tan(A—B): tan A—tanB

l1-tan AtanB l+tan AtanB
cot(A+ B)zcotAcotB—l : COt(A—B):COtACOtB+1

cotB+cot A cotB—cot A
SifA—Sin’B = Sin(A+ B).Sin(A—B) Cos*B—Sin’A=Cos(A+ B).Cos(A—B)

1
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9. Product to Sum & Difference Formulas:
2 Sin A. Cos B =Sin (A + B) + Sin (A - B);

2 Cos A. Cos B =Cos (A + B) +Cos (A - B);

10. Sum/ Differecne to Product Formulas:

2 Cos A.SinB =Sin (A +B)-Sin(A-B)
2SinA.SinB = Cos (A -B)—-Cos (A +B)

SinC + SinD = 25in < ; D cos& . D SinC — SinD = 2Cos & ; D sin& . b
CosC+CosD=ZCosC;D.CosC;D: CosC —CosD =—28inC+D.SinC;D
11. Multiple angle formulas:
Sin2 A=2sinA.Cos A = %
Cos2A  =Cos’A-Sin’A =2Cos’A-1 =1-2Sin’A = ﬂ
1+tan® A
tan 2 A = %
Sin3A= 3SiNA—4Sin°A;  Cos3A=4Cos’A-3CosA, tan3A= SNA-aN A
1-3tan” A
12. Domain and Range of Trigonometric Functions
Function Domain Range
sin A R [—1,1]
cos A R [—1,1]
tan A R-[(2n+1)§,nez] R
cosec A R - [nm,n € Z] (=00, —1] U [1, )
sec A R-[2n+ DI nez| | (-oo-1]U[L )
cot A R-[nm,n € Z] R
Hence

Isind]| <1 i.e. —1<sindA<1
cosA|l <1 i.e. —1<cosd<1
secA=>1 or secA<—1and cosecA=>1 or cosecA < —1
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Problems on Basic Concepts

Ilustration 1. If 10 sin*x 4+ 15cos*x = 6 then calculate value of 27cosec®x + 8 sec®x.

Sol.:

10 sin*x + 15cos*x = 6
10 sin*x + 15cos*x = 6 (sin’x + cos?x)?
10tan*x + 15 = 6(tan?x + 1)?

(2tan’x —3)2=0 implies tan?x = %

27cosec®x + 8 sec®x =27(1 + cot?x)3 + 9(1 + tan®x)3 = 250

Illustration 2. If sinx + cosecx = 2 , calculate value of sin'°x + cosec'®x.

Sol.:

sinx + cosecx = 2 Implies sin’x +1 = 2sinx
sin?x —2sinx +1 =0 implies (sinx—1)2=0

sinx =1 Hence sin'%x + cosec®x=1+1=2

Problem set 1.

1. If sinx + sin?x + sin3x = 1 calculate value of cos®x — 4 cos*x + 8 cos?x [Ans.04]
2. If sin2x = % and value of sin3x + cos3x = % then calculate value of b [Ans.]
3. If sinfx | costx 1 and sin® x + costx _ 1 then calculate value of (a+b).c [Ans.15]
2 3 5 8 27 abc

4. If sinA.sin B sin C + cos A.cos B = 1 then calculate value of 23 sin C [Ans.23]
5. For cos(a + B) =§ and sin(a — B) = 15—3 with 0 < a, 8 <% and tan 2a =% then

calculate (a + b). [Ans.89]
6. Calculate tan1°.tan2°tan3°......................tan 89°. [Ans.01]
7. Calculate cos1°.cos2°cos3°......eveivenene.COS 179° + 34 [Ans.34]
8. Inatriangle ABC, sin A — cos B = cos C then calculate 28 sin B — 2 cos B [Ans.28]
9. Ifxsin@ = ysin (2?” + 9) = zsin (4?" + 9), then calculate value of (xy + yz + zx). [Ans.00]
10. If 3sin8 + 4 cos @ = 5, calculate value of 3 cos 6 — 4 sin6 [Ans.00]

Important Result

Maximum and Minimum Values

For trigonometric expression a sinx + b cos x
—Va?+ b? < asinx + bcosx <vVa?+b? (How? Explore)
Hence minimum value of asinx + bcosx = —Va? + b?

Maximum value of asinx + bcosx =+va? + b2
3
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lllustration 1. If a and b are respectively minimum and maximum values of the expression

6 sin x cos x + 4 cos 2x , then calculate the value of (2a + 7 b)

Sol.; 6sinxcosx + 4 cos2x =3sin2x + 4 cos 2x as sin2x = 2sinx.cosx
a = Minimum value of 3sin2x + 4 cos 2x = —V3%2 + 42 = -5

Maximum value of 3sin2x + 4cos2x =V32+42 =75
Now (2a+7bhb) = -20+35=15

O
1]

Ilustration 2. Calculate the maximum value of expression 5cos 6 + 3 cos (0 + g) + 37

SO|.Z5COS@+3COS(9+§) = 5c059+3cos@.cosg—SsinQ.sing

13 3V3 .,
:7c059 +Tsm9

2 2
Maximum value of £ cos 6 + igsinH = \/(E) + (ﬁ) =7
2 2 2 2

Hence Maximum value of 5 cos 8 + 3 cos (9 + g) +37=7+37=44

Ilustration 3. The maximum and minimum values of 4sin?x — cos2x are m and n respectively.
Calculate value of (2a + b?).
Sol.: Let 4sin®x — cos2x = 2(1 — cos2x) — cos 2x = 2 — 3cos2x
—1<cos2x <1 —3<3cos2x <3 2—3<2+3cos2x<2+3
—1<2+4+3cos2x <5
Hence m =minimum value = -1and n = maximum value =5
Hence (2a +b?)=-2+25=23

Problem set 2.

1. The least value of 5 cos x + 3 cos (x + g) + 15 ism. Calculate value of (3m-2) [Ans.22]

2. Calculate the difference in maximum and minimum value of the function 4 sinx — 3 cosx + 7
[Ans.10]

3. The ratio of greatest value of 2 — cos x + sin?x to its least value is %. Calculate value of

(b? + 3a) [Ans.55]

4. Find sum of mini. and max values of expression cos?x — 6sinx cosx + 3 sin?x +2  [Ans.08]

1
sin20+3sin 8 cos B+5cos20

5. Calculate the maximum value of the expression [Ans.02]

6. If maximum value of cos? (g — x) — cos? (g + x) = % then calculate (a* + 10 b) [Ans.29]

7. Calculate minimum value of expression 9 tan?8 — 4 cot?6 [Ans.12]

8. Calculate maximum value of expression 12 sin8 — 9 sin?6 [Ans.04]

9. Ifu=+16cos20 + 25 sin20 + V25 cos?6 + 16 sin?6 , Calculate maximum value of u?
[Ans.82]

10. Evaluate  v/3cosec 20° — sec 20° [Ans.04]
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TRIGONOMETRIC EQUATIONS AND INEQUATIONS

Solutions of Trigonometric Equations
(i) Principal solution of trigonometric equations lie between 0° and 2 &

(i1) General Solution of the trigonometry equations

S. No. Equation General Solution
1 Sinx=0ortanx=0 X=Nm ,n€z
2 Cosx=0orCotx=0 X=0@2n+1l) z/2,ne€z
3 Sinx = Sina x=nz +(-1)"a,n€z
4 Cosx = Cosa X=2n7 ta,n€z
5 tanx =tana X=nrz +a,n€z
sin’x = sin*a X=nr+ta,n€z
6 cos?x = cos®a
tan’x = tan’a

Ilustration 1. Find the maximum value of “k” for which equation k cos x — 3 sin x = k + 1 is solvable.
Sol.: We know that |a sinx + b cos x| < VaZ + b2 for all x
Hence |k + 1| <Vk%2+9 implies (k+1)2 <k%+9 k<4
Hence Maximum value is 04.
llustration 2. If ‘m’ is the number of solutions of the equation 2 sin3x + 2 cos3x —3sin2x +2 =0
in [0,47], then calculate value of “2 m? + 3.
Sol.: 2sin3x + 2 cos3x —3sin2x+2=0

sin®x 4+ cos3x —3sinxcosx+1=0

. . X X X X . X X
sinx+cosx+1 =0 251n5c055+260525=0 26055(51n5+c055)=0
X
cos;=0 x =m, 31
. X X X 3t 7
(sm—+cos—)=0 tan-= -1 X =— —
2 2 2 2' 2

(13 2

Hence number of solutions “m” =4 Hence 2m?+3=235
Problem Set 3
1. Find the integral number of solutions of the equation 1 + sin x sinzg = 0in [—m, ] [Ans. 00]
2. Calculate the integral value of “k” so that the equation 7 cosx + 5 sinx = 2 k + 1 has a solution.
[Ans.08]
3. If ‘m’ is the number of solutions of the equation 3 sin3x — 7 sinx + 2 = 0 in [0,57], then calculate

value of “2 m? + 3 m + 7”. [Ans.: 97]
4. If 2 tan®x — 5secx = 1 has exactly seven solutions in [O,n g] then calculate the sum of least and

largest value of n. [Ans.: 28]

5. The number of solutions in [0,27] of equation 1650°% 4 1605°% = 10 is [Ans.: 08]
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SOLUTIONS PROBLEM SET 1

sinx + sin®x + sin3x = 1 == sinx + sin3x = 1 — sin’x == sinx (1 + sin’x) = cos?x
sinx (2 — cos?x) = cos?x == sin’x(2 — cos?x)? = cos*x == sin’x(2 — cos?*x)? = cos*x
(1 — cos?x)(4 — 4cos’x + cos*x) = cos*x — cos®x — 4 cos*x + 8 cos?x = 4

. . 1.
sin3x + cos3x = (sinx + cos x) (1 —>sin Zx)

:m(l—%sirﬂx)= /1 +%(1_Z):i7

16
227 Henceb = 16
16

b
5 5 3\ . 2 .
Esm“x + Ecos‘*x =1 = (1 + 5) sin*x + (1 + g) cos*x = (sin®x + cos?x)?
2 2 2

(7sm2x) + (? coszx) — 2sin?x cos?x = 0 == (7sm2x - 7smzx) =0
V3o, 2 V2 2 2 2
5 sin®x = cos®x == tan’x =3
sin?x 2 sin?x _ cos?x __ sin?x+cos?x 1 . 9 2 2 3

— == - = = = == sin’x ==, cos’x ==
cossx 3 . 2 3 2+3 5 5 5
sin®x | cos®x 2+3 1 1
Smxgeosx 231 _ L, (a+b).c=(1+2).5=15

s T g 526 125  abc (a+b) (1+2)

AscosC <1

sinA.sinBsinC + cosAcosB <sinAsinB + cosAcos B
sin A.sin B sin C + cos A cos B < cos(A — B)
1<cos(A—B) == cos(A—B)=1== A=B
sinA.sinBsinC + cosAcosB =1

sin?AsinC 4+ cos?A =1 Hence sinC =1 Hence 23sinC = 23.1 =23

cos(a + ) =§,sin(a—[)’) =15—3

tan(a + B) = Z, tan(a — B) = %
5

3
tan 2a = tan((a + B) + (@ — ) = tan(a+p) +tan(a—f) 7ty 56

1—tan(a + B).tan(a — B) 1_§ i_§
; 4°12
%=£ Hence a + b = 89
tanl.tan2 ... ..........tan45 ... ... ... ... ... tan89
(tan1.tan89).(tan2tan 88) ... ...... ....... (tan 44 .tan 46).tan 45
1.1 v (D1 =1
cosl.cos2.cos3......... ... ...COS 179 + 34
=cosl.cos2.cos3...... cos90 ... ... ... cos 179 + 34
=cosl.cos2.cos3........ (1) I cos 179 + 34
=0+34=34
sinA = cosB + cosC implies 2 sin%cos% = 2 cos (Bzi) .COS (
sin%cos% = CoSs (g — g) . COS (%) implies sin%cos% = sin (2) . COS (BZ;C
ImpliesA =0 In Triangle ABC , Not Possible

Hence cos%1 = cos (%) Implies A=B—C Implies A+C =B

Hence A+ B+ C =180 Implies B =90
Hence 28sinB —2cosB = 28— 0 = 28

. 2 . 4 . . 2 , 4
sin ® sm(G +Tn) sm(e +?n) sinf +sm(9 +?n)+sm(9 +Tn)
= 1 = 1 = 1
1 1 1 1,1,7
x y z Xy z
sin9+25in(n+9).cos§
- T
EEE
X'y z
0
=53=0
_+_ p—
X

B—-C

2

)
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sinf. G + % + E) = O.i =0 Implies G + % + i) = 0 Implies (
Hence xy + yz+zx =0

10. 3sinf + 4cosf = 5 implies 9sin?0 + 16 cos?6 + 24 sin6 cos O = 25
9(1 — cos?8) + 16(1 — sin?6) + 24 sinh.cos 6 = 25
9c0s%0 + 16 sin?0 — 24 sinB cos 8 = 0 implies (3cosf — 4sinf )2 =0
Hence 3cos8 —4sinf =0

xy+yz+zx) -0
xXyz -

SOLUTIONS PROBLEM SET 2

1. 5cosx + 3 cos (x + g) = 5cosx + 3 (cosx. cosg — sin xsin g)

3 3V3 ., 13 3v3 .
= 5cosx + 5 COSX ——=Ssinx = —cosx ———sinx

169 27 _ 13 3V3 ., 169 = 27
—f—+—§—cosx——smx§ —+—
4 4 2 2 4 4

13 33

7 < — — ——=i <
7< 2cosx > sinx <7

3v3

13
-7+ 15 S7cosx—Tsinx+ 15<7+15

13 33

8 < 76059( —Tsinx +15<22
Minimum value =m =8, 3IMm-2=22
2. —V42 + 3% < 4sinx — 3cosx < V42 + 32
—5 < 4sinx — 3cosx <5
2 < 4sinx —3cosx +7 <12
Minimum value = 2 and maximum value = 12
Difference in maximum value and minimum value = 10

3. Lety =2 —cosx.+sin’x = 3 — (cosx + cos?x) = 14—3 - (cosx + %)2
Now —1 < cosx < 1 implies —% < cosx + % < %
Hence 0 < (cosx + %)2 < % implies —z < - (cosx + %)2 <0
Hence 1 < % - (cosx + %)2 < 14—3 implies 1<y < 14—3
Hence yay = %,ymin =1 Hence % = % Hence b? 4+ 3a = 16 4+ 39 = 55
4. cos?*x — 6sinx cosx + 3sin’x + 2

(1+c;752x) — 3sin2x +3 (@) + 2 = —cos2x — 3sin2x + 4

—V1+4+9 < —cos2x — 3sin2x < V1 +9 Implies
—V10+ 4 < —cos2x — 3sin2x +4 < V10 + 4
Minimum Value = —v10 + 4, Maximum Value = v10 + 4

Hence Sum of maximum value and minimum value = 8

5. sin%6 + 3sinfcosO + 5cos?6 = 1_“2)529 + 3sinf cosf + 5 (

1+C0529)
2

=3+ 2c0s26 + zsmze

— /4 +§S 2co0s26 +§sin26 < ’4 +%

—§+3 < 3+2€0526+%sin29 S§+3
%S 3+ 2cos26 +%sin29 < %

2 1 .
—< — < 2 Hence Maximum value = 2
11 3+2c0529+551n29

6. cos g—x — CO0S ;+x = COS;COSX‘FSln;Slnx - COSECOSX—SlTLESlnx

T . om . V3 .
=4 cos; cosx ) { sin sinx =7sm2x

2
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—1<sin2x <1

V3 V3

—_<—5i <
> S 2SLan_
a

Maximum Value = o=

a*+10b =9+ 20 =29
7. 9tan?@ — 4cot?0 = (3tanf — 2cotf)? + 2.3tanb. 2cotd = (3tand — 2cotH)? + 12
(3tanB — 2cotf)? > 0 implies (3tand — 2coth)? + 12 > 12
Hence Minimum value = 12
8. 12sinf — 9sin?0 = —(2 — 3sinf)? + 4
—1 < sinf < 1 implies —3 < —3sinf < 3 implies —1 < 2 — 3sinf <5
Hence 0 < (2 — 3sinf)? < 25 Implies —25 < —(2 — 3sinf)? < 0
Hence —21 <4 — (2 — 3sinf)? < 4
Hence Maximum value = 4
9. Letu =Va2cos20 + b2sin20 + Va?sin26 + b2cos?0
u? = (a? + b?) + 2Va2cos?6 + b%sin26 Va?sin?6 + b%cos20
u? — (a? + b?) = 2vVa2cos%6 + b%sin26 Va?sin?6 + b%cos20
[u? — (a? + b?)]? = 4[(a* + b*)sin?6cos?0 + a’b?(cos*Hsin*0)]
[u? — (a? + b?)]? = ((a* + b* — 2a2b2))zsin229 + 4a?b?
u* — 2u?(a® + b?) + (a? — b?)? = (a® — b?)?sin?26
u* — 2u?(a? + b?) + (a® — b?)?2 < (a> — b?)? as 0<sin?20<1
ut —2u?(@*+ b3 <0
u?[u? — 2(a® + b?)] < 0 implies 0 < u? < 2(a? + b?)
Hence Maximum value of u? = 2(a? + b?)
For u = V16c0s26 + 25sin26 + V16 sin260 + 25 cos26
Maximum value of u? = 2.16 + 2.25 = 82
SOLUTIONS PROBLEM SET 3

a‘\’lél

~ |

1. 1+ sinx sinzg =0
For0<x<m, sinx Sinzgz—c >0 implies 1 + sinx sinzg >1
Hence 1 + sinx sinzg = 0hasnosolutionfor0 <x <=
For—-mt<x<0,—-1<sinx SinZESO
0 <1+ sinx sinZ;—C < 1 implies 1 + sinx Sinzgz—c # 0
Hence 1 + sinx sinzg = 0 has no solution for -t < x < 0
Hence number of solutions are 00
2. We know that equation a cosx + b sinx = ¢ has a solution if |c| < VaZ? + b?

Hence 7 cos x + 5sinx = 2k + 1 will have solution if |2k + 1| < V49 + 25 =74
Hence —/74 < 2k + 1) <74
For integral values —8 < (2k + 1) < 8 implies k = —4,-3,-2,-1,0,1,2,3
Hence k = 8
3. 3sin?x — 7sinx + 2 = 0 implies (3sinx — 1)(sinx —2) =0
sinx = é as sinx + 2 Implies

x =sin™1 (1) m—sin~! (l) 2 + sin™1 (l) 3m —sin™t <l> 41 + sin™?! <l> 57 — sin™! <l>
B 3/ 3/ 3/ 3/’ 3/ 3
m=6 Hence2m?+3m+7=72+18+7 =97
4. 2tan®x — 5secx = 1 implies 2 sec’x —5secx —3 =0
(2secx+1).(secx—3) =0
As [secx| =1 Hence2secx+1#0
Hence secx = 3
Solutions are points of intersection of curves y = secxandy = 3

8
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The 7™ solution is between [0, 137”] and [O, 157”]
Hence sum of values of max. and min. values = 28

165 4 —2>- =10 implies y? — 10y +16 =0 fory = 16"
y =28 hencey = 16%"* = 2,8

24sin2x =2 and 24sin2x —g =23
Hence 4sin’x=1 and 4sin’x =3

sin?x = sinzg and  sin’x = sin?Z
x=nni% and x=nni§
mw 5m 7m 1llm m 2m 4m 5m
Hencex s Asal sl Sansenl Rl A R A
6’6’6 '3"3"3"3
Hence Number of solutions = 08
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PRE-REGIONAL MATHEMATICAL OLYMPIAD - 2017 | 20-08-2017

o There are 30 questions in this question paper. Each question carries 5 marks.
e Answer all questions.

e Time allotted: 2.5 hours.

1. How many positive integers less than 1000 have the property that the sum of the digits of each
such number is divisible by 7 and the number itself is divisible by 3 ?

Ans. 28

Sol.  coefficient of x*' : (x° + x" +x* +........ +x%)°
(1=x10)
(1=x)?

(1=3x""+3x*+..)(1-x)"
: 3+21—1C21 —3.3+11_1C11 +33
23x22  3x13x12

23 13
=7Cy;—-3.7C1+9= 9
21 11 2 2
=23x11-39x6+9
=253 -234 + 9=28 Ans.
2. Suppose a, b are positive real numbers such that ava+bvb =183 , ayb +bya =182 .

Find g(a+b).
5
Ans. 73
Sol. a+a +bvb =183anda+b +Db+a =182 we have to find %(a+b)
Let a=A% b=B’

A*+B°=183........ (i)
A’B +B°A=182.......... (ii)
(1) +(2)
A’ + B’ + 3AB(A + B) = 183 + 3 x 182
(A + B)> = 183 + 546
(A +B)*=729
=A+B=9
from (2) - AB(A + B) = 182
AB =182
9
a+b=A+B?=(A+B) - 2AB
364 _ 365

=81 - —=
9 9

9 365
X =

5 9

73
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3. A contractor has two teams of workers : team A and team B. Team A can complete a job in 12
days and team B can do the same job in 36 days. Team A starts working on the job and team B
joins team A after four days. The team A withdraws after two more days. For how many more days
should team B work to complete the job ?

Ans. 16

Sol.  Let total worker in team A be x
Let total worker in team B be y
Given12x =36y
x =3y
Per worker work done per day be W.
total work 36 x W x y
36Wy =6 x Wx + MWy
M = 2 + Number of more days.

36y=18y + My
M =18y + My
M=18

Hence 16 more days

4. Let a, b be integers such that all the roots of the equation (x2 +ax + 20)(x2 +17x + b)=0 are
negative integers. What is the smallest possible value of a + b ?
Ans. 25

Sol.  (x*+ax+20)(x*+17x +b) =0

z_/\z_ z_/\Z_

so a > 0 and b > 0 since sum of roots < 0 and product > 0
(since 20 = (1 x 20) x (2 x 10) or (4 x 5)

mina=9
-17 =a+B = (ap) = (-1, — 16), (-2, — 15), (-8, -9)
min b =16

(a+b)min = a8min t bmin =9+16=25

5. Let u, v, w be real numbers in geometric progression such that u > v > w. Suppose u*® = v" = w®

Find the value of n.
Ans. 48
Sol. =a

240 = o = 5n =240
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9
6. Let the sum z; written in its lowest terms be £ . Find the value of q-p.
~n(n+1)(n+2) q
Ans. 83
9 —
Sol. zl n+2—n
~2 n(n+1)(n+2)
_1§i( 1 1 J
24\ n(n+1) (n+1)(n+2)
1(( 1 1 1 1 1 1
= || || == | F e + -
2\\1.2 23 23 34 9x10 10x11
S O
2\2 110
= 1 i_‘l = 2_7:>q_p=110_27=83
2 110 110
7. Find the number of positive integers n such that ~/n +/n+1<11.
Ans. 29
Sol. N +JN+1 <11
N=1,23,45,6,78 ....... 16...... 25
IWIN+1+WN=11 . (1)
; =11
IN+1-+N
IN+1 YN = % ........ )
24N+ =E = JYN+1 =g =>N+1= @
11 11 121
N= 2090 _ 5975
121
So 29 values
8. A pen costs ¥ 11 and a notebook costs ¥13. Find the number of ways in which a person can
spend exactly ¥ 1000 to buy pens and notebooks.
Ans. 7

Sol. Cost of apenis 11
Cost of a notebook is ¥13
11x + 13y = 1000

1000 — 11x
y=— 2]
13
12-11x | (18-1)-(138x=2x) _|
13 13
2

13x— (X +6) X+6

x—1 12x -6
el =
13 13

el

el =
13 13

el

x=13L-6 (1<x<90)
x € {7,20,......,85} {»={1,2,...,3}}
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9. There are five cities A,B,C,D,E on a certain island. Each city is connected to every other city by
road. In how many ways can a person starting from city A come back to A after visiting some cities
without visiting a city more than once and without taking the same road more than once ? (The
order in which he visits the cities also matters. e.g., the routes A > B - C —» A and
A —» C —> B — A are different.)

Ans. 60

S
Sol. Ae oC

*D

E

ways = “C,2! + C,3! + “C,4!
=12+24+24=12 + 48 = 60

10. There are eight rooms on the first floor of a hotel, with four rooms on each side of the corridor,
symmetrically situated (that is each room is exactly opposite to one other room). Four guests have
to be accommodated in four of the eight rooms (that is, one in each) such that no two guests are in
adjacent rooms or in opposite rooms. In how many ways can the guests be accommodated?

v v
Sol. - P
_ v _ <
2% 41 =48
X 3x /
11. Let f(x) = sin §+cosﬁfor all real x. Find the least natural number n such that f(nn + x) = f(x) for
all real x.
Ans. 60
Sol. f(x)= sin> + cos 3
3 10
period of sinZis 6—nand period of cos X is Zx o A%
3 1 10 3/10 3
LCM is 6—(1Jn = n=60
12. In a class, the total numbers of boys and girls are in the ratio 4 : 3. On one day it was found that 8
boys and 14 girls were absent from the class and that the number of boys was the square of the
number of girls. What is the total number of students in the class ?
Ans. 42
Sol. Ratio is 4 : 3 therefore
Boys are 4x
Girls are 3x

given (4x — 8) = (3x — 14)?
9x° + 196 — 84x = 4x — 8
9x® —88x + 204 =0

_ 88++/88%-4x9x204

18
_ 2(22++22° -9x51)
9
= w =2x 2_7 or2 x 1_7
9 9 9
X=6o0r 34
9

7x =42 or non integer = 42 students
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13.

Ans. 24

Sol.

14,

Ans. 10
Sol.

In a rectangle ABCD, E is the midpoint of AB : F is point on AC such that BF is perpendicular to
AC and FE perpendicular to BD. Suppose BC = 8/3 . Find AB.

sind = ﬁ = ﬂ
2X X
D DY g e
RN F.-
Po>¢ " 0
e ~Q
/// IOI\Vl\
/’ i \\
AL-S0 90+0 K90-0 67\B
2x E
FA = 2x cos0
FB = 2x sin0

MB = FBx sin 20 = 2x sin0 sin20
ME? + MB? = BE? = x*

x%sin®0 + 4x° sin®0 sin® 20 = x*
sin? 0 + 4sin0 sin® 20 = 1

4sin® 0 sin® 20 = cos? 0

16 sin* 0 = 1
a1 . 1
sin“g = — = sind = —
4 2
LN x=12 = 2x=AB = 24 Ans.
x 43

Suppose x is a positive real number such that {x}.[x] and x are in the geometric progression. Find
the least positive integer n such that x" > 100. (Here [x] denotes the integer part of x and

{x}=x-[x])

[X]? = x{x}
{x}=a
[X]=ar

x = ar?
a+ar=ar
F-r—1=0

= 112\/5:”: 1445

2

ar=1

S
(1++/5)
_1(¥5-1)

a_—

2
O<a<1
0< @<1

2
5-1

0<I<
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ar=1=a= 2 =@

&

1+
\/§+1

x=arf=r=
2
N
V5 +1 > 100 = N logso 1),
2 2
N>9.5= Npmn=10
15. Integers 1,2,3........ n where n > 2, are written on a board. Two numbers m, k such that

1<m<n.1<k<nare removed and the average of the remaining numbers is found to be 17.
What is the maximum sum of the two removed numbers ?

Ans. 51
n(n+1)_(2n_1) n(n+1)_3
Sol. <17<_2
n-2 n-2
n?+n-4n+2 n®+n-6
_ <17 < —
2(n-2) 2(n-2)
2
n“+3n+2 <17 < (n+3)(n-2)
2(n-2) 2(n-2)
n-1 <17 < n+3
2

n<35andn> 31
n =32, 33, 34
case-1, n=32

n(n+1)
2 =47 M0+ _47(m-2)=p
(n-2)

p=18

case-2, n=33 => p=34

case-3, n=34 = p=51

Maximum sum = 51
16. Five distinct 2-digit numbers are in a geometric progression. Find the middle term.
Ans. 36
Sol. Letthe numbersbe a ar ar’ ar’ ar’

w

since all are 2 digit number r = %or — (as fourth power of integers greater than 3 are 3 digit

N

numbers)
Hence the five numbers are (16, 24, 36, 54, 81)
Hence middle term is 36.
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17.

Suppose the altitudes of a triangle are 10,12 and 15. What is its semi-perimeter ?

Ans. Bonus

Sol.

18.

Ans. 21
Sol.

19.

ha:hy:h,=10:12:15

1 1 1

a:b:c=6:5:4
(a,b,c) = (6k, 5k, 4k)
2s = 15k

A= \Js(s—a)(s-b)(s-c)

- (5]

15k 3k 5k 7k
2 2 2
\/1527k2 5
2x -~ AJ7k?
i

£
2

If the real numbers X, y, z are such that x* + 4y* + 162° = 48 and xy + 4yz + 2zx = 24. what is the

value of x>+ y* + z2° ?

X2+ 4y? + 162° = 48

(x)* + (2y)° + (4z)° = 48

2xy + 8yz + 4zx = 48
now we can say that

(x)°+ (2)° + (42)° - (2xy) - (8y2) -
(x =4y =0

[(x — 2y)* + (2y — 4z)* +

X=2y= 4z:>—=X
4 2

(X, 'y, z) = (44, 2k, 1)
X2+ 4y? + 162° = 48

1602 + 1602 + 16).% = 48

sor?=1

X2+ yP+ 22 = 2107 = 21

Suppose 1,2,3 are the roots of the equation x* + ax® + bx = c. Find the value of c.

Ans. 36

Sol.

10k _ 5kj(ﬂ — 4k

2 2

(4zx) =

1,2,3 are roots of x* + ax’ + bx —c =0

since sum of roots is zero and fourth root is — 6

Hence ¢ = 36
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20. What is the number of triples (a, b, c) of positive integers such that (i)a < b < ¢ < 10 and (ii) a, b, c,
10 form the sides of a quadrilateral?
Ans. 73
Sol. a+b+c>10
.. (a,b,c) can be
c
8,9
7,89
6,7,8,9
6,7,8,9
7,8,9
8,9
9
6,7,8,9
5,6,7,8,9
6,7,8,9
7,8,9
8,9
9
5,6,7,8,9
6,7,8,9
7,8,9
8,9
9
6,7,8,9
7,8,9
8,9
9
7,8,9
8,9
9
8,9
9
9

VOO NONOOOONOO NN POONOOOOAPRAWONOOOPR,WDNDT

a
1

1

1

1

1

1

1

2
2
2
2
2
2
3
3
3
3
3
4
4
4
4
5
5
5
6
6
7
T

otal 73 cases

21. Find the number of ordered triples (a, b, ¢) of positive integers such that abc = 108.
Ans. 60
Sol. abc =3°2?

a= 312k p=3%22P2 c=3% 2P
o +op+oz=3and B1+B2+B3=3
°C, and *C,

Total = “C, x °C, = 10x6 = 60

22, Suppose in the plane 10 pair wise nonparallel lines intersect one another. What is the maximum
possible number of polygons (with finite areas) that can be formed?
Ans. 46
Sol. Number of non-overlapping polygons = 56 — 20 = 46
1 line divide plane into 2 regions
2 lines divide plane into 4 regions
3 lines divide plane into 7 regions
4 lines divide plane into 11 regions
5 lines divide plane into 16 regions
6 lines divide plane into 22 regions
7 lines divide plane into 29 regions
8 lines divide plane into 37 regions
9 lines divide plane into 46 regions
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10 lines divide plane into 56 regions
Now open regions for 3 lines are 6

Similarly for 10 lines are 20
Note : If we consider overlapping polygons then maximum possible number of
polygons = "°C3+ "°C4+....+ °Cyo =20 - 1-10 - 45 = 968

23. Sugpose an integer r, a natural number n and a prime number p satisfy the equation
7x° —44x + 12 = p". Find the largest value of p.
Ans. 47
Sol. 7x’—44x+12=p"
7x*—42x —2x +12=p"
(7x-2)(x —6) = p"
7x—2=p" and x—6=p"
(7x—2)—7(x — 6) = p* - 7p°
40 =p*-7p°
If a,p € N, pisdivisorsof 40 —=p=2o0r5
lfp=240=2"-7.2° = 2°5=2-72°
= B=3and 2° =40 + 56 = a ¢ Z hence not possible
If p =5 then 40 = 5 — 7.5° = 2°5= 575"
= B=1and 5°=40+ 35 = a ¢ Z hence not possible
sof=0 = p*=47 =>p=47and a =1
24, Let P be an interior point of a triangle ABC whose side lengths are 26, 65, 78. The line through P
parallel to BC meets AB in K and AC in L. The line through P parallel to CA meets BC in M and BA
in N. The line through P parallel to AB meets CA in S and CB in T. If KL, MN, ST are of equal
lengths, find this common length.
Ans. Bonus
Sol.

Let MN=ST=KL=1/¢

A S CER)
26 \(a+b+c)?
¢ _ b+c
26 a+b+c

¢ _ a+c
65 a+b+c
‘0

78 26

/ / /

26 65 78

¢ =30 which is not possible as ¢ has to be less than 26
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25. Let ABCD be a rectangle and let E and F be points on CD and BC respectively such that area
(ADE) = 16, area (CEF) = 9 and area (ABF) = 25. What is the area of triangle AEF ?
Ans. 30

Sol.
a E y—a
D C
16 3 |b
X F
25 x—b
A y B
xa =32 = xa =32
bly—-a)=18 = by —ab =18
y(x-b)=50 = xy — by = 50
by—ﬁ=18:> b= 18b
X xy —32
Xy — 18xy =50
xy —32
xy =t
2
t°-32t-18t _ 50
t-32
t* — 50t = 50t — 1600
t* — 100t + 1600 = 0
t=80, 20
Now xy = 80
Area of AAEF = 80— (16 + 9 + 25) = 30
26. Let AB and CD be two parallel chords in a circle with radius 5 such that the centre O lies between

these chords. Suppose AB = 6, CD = 8. Suppose further that the area of the part of the circle lying
between the chords AB and CD is (mr + n) / k, where m, n, k are positive integers with
ged(m, n, k) = 1. What is the value of m + n + k ?

A=2|1x25x0|+ L x3x8+ )\ x4x6
2 2 2

0=[n—(01+0)] = {n—[tan”%ﬂan‘1 %H

0=

i
2
A=24+22n . A=48+225n

(M+n+Kk)= (48 +2+25)=75
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27.
different from O. Suppose another circle Q, with centre P lies in the interior of Q4. Tangents are
drawn from A and B to the circle Q; intersecting Q4 again at A, and B4 respectively such that A,
and B, are on the opposite sides of AB. Given that A; B =5, AB; = 15 and OP = 10, find the radius
of Q.
Ans. 20
Sol.
2
1
r+10 3
3r—=30=r+10
2r =40
r=20
28. Let p, q be prime numbers such that n*—nisa multiple of 3pq for all positive integers n. Find the
least possible value of p + q.
Ans. 28
29. For each positive integer n, consider the highest common factor h, of the two numbers n! + 1 and
(n+ 1). For n <100, find the largest value of h,.
Ans. 97
Sol. n! + 1 is not divisible by 1,2,....,n

Let Q4 be a circle with centre O and let AB be diameter of Q. Let P be a point on the segment OB

(n + 1) is divisible by 1,2,....,n

SsOHCF >n+ 1

also (n + 1)l'is not divisible by n +2, n + 3.....
so HCF can be n + 1 only

Let us start by taking n = 99

= 99! + 1 and 100!

HCF = 100 is not possible as 100 divides 99!
composite number will not be able to make it
so let us take prime i.e. n =97

now 96! + 1 and 97! are both divisible by 97

so HCF = 97

(by Wilson's theorem (p — 1)! + 1) is divisible by p)
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30. Consider the areas of the four triangles obtained by drawing the diagonals AC and BD of a
trapezium ABCD. The product of these areas, taken two at time, are computed. If among the six
products so obtained, two product are 1296 and 576, determine the square root of the maximum
possible area of the trapezium to the nearest integer.

Ans. 13

Sol.

Case-1 a’r* = 1296
ar’ = 576

_(36Y_9
24) 4

2?=24x24x % o a=24x 2
9 3

a=16
Case-2 a’r=576

a’r’ = 1296

2 _ 1296

576

, (3¢ 3
r=|=|=r=—
2 2

a2 =576 x 2
3
a’=192x 2
a’ =384
Case-3 a’r’ = 1296
a’’ = 576

2 _ 1296
576

9
r=—
4

2_ 576x16
a=———
81
32

a= —
3

area=a(r+ 1)

2
Case-1:area= 16 [1+%} =169 = square root is 13

2
Case-2 : area = [ng =122.47

32(, 9V
Case-3 : area = ?[HZJ SO maximum area is 13

127



PRE-REGIONAL MATHEMATICAL OLYMPIAD - 2018 | 19-08-2018

INSTRUCTION

Number of Questions : 30 Max. Marks : 102

1. Use of mobile phones, smartphones, ipads, calculators, programmable wrist watches is
STRICTLY PROHIBITED. Only ordinary pens and pencils are allowed inside the
examination hall.

2. The cirrection is done by machine through scanning. On OMR sheet, darken bubbles
completely with a black pencil or a black blue pen. Darken the bubbles completely only
after you are sure of your answer : else, erasing lead to the OMR sheet getting damaged
and the machine may not be able to read the answer.

3. The name , email addredd.a and date of birth entered on the OMR sheet will be your login
credentials for accessing your PROME score.

Incomplete /incorrectly and craelessly filled information may disqualify your candidature.
Each quaestion has a one or two digit number as answer. The first diagram below shows
improper and proper way of darkening the bubble with detailed instructions. The second
diagram shows how to mark a 2-digit number and a 1-digit number.
INSTRUCTIONS Q.1 Q2
2. Marking chout be dane with Blua/Black BoR Poini Pen only. [o]5]
3. Darken only cne circle for each question as shown in | |-
Exampig Below . OO | O
WRONG METHODS CORRECT METHOD D [ ]en)
5 8 ® & ®» ® 6 | ololllole)
4 If mors than one circle is darkened or If the response is -0 oo
::;-k:ada;: ::ﬁriayyﬂ?;im-‘wsﬁNG' abova, i shall g g %5
5. Make the marks only in the spaces providoed. - :
e e o Suptoese cupy of tom OMP mtions oo |od
7. Please do not make any stray ma_rks:m'lha answer sheet. “ | oo

6. The answer you write on OMR sheet is irrelevant. The darken bubble will be considered as
your final answer.

7. Questions 1 to 6 carry 2 marks each : Questions 7 to 21 carry 3 marks each : Questions
22 to 30 carry 5 marks each.

All questions are compulsory.
There are no negative marks.

10. Do all rough work in the space provided below for it. You also have pages at the end of the
guestion paper to continue with rough work.

11. After the exam, you may take away the Candidate’s copy of the OMR sheet.

12. Preserve your copy of OMR sheet till the end of current olympiad season. You will need it
further for verification purposes.

13. You may take away the question paper after the examination.
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Sol.

Hindi :

A book is published in three volumes, the pages being numbered from 1 onwards. The page
numbers are continued from the first volume to the second volume to the third. The number of
pages in the second volume is 50 more than that in the first volume, and the number pages in the
third volume is one and a half times that in the second. The sum of the page numbers on the first

pages of the three volumes is 1709. If n is the last page number, what is the largest prime factor of
n?

T YIS OF GUEl § YRR B, R Gl IS W& 1 ¥ Y BNl 2| SR WS B TS G Uge
TS P AN W YH Bl 8 G AR DI TR P N A | TN TS H Tgal TS ¥ 50 0w 7 &, 9
TR @ # R W S T US 2| AH S B YUH TS B g FE&IT BT A 1709 B | TR n
3 g | g, A1 n @1 RAFIRTa = aTell 999 991 1Sy 6T didl ® ?

17

Let the number of pages in volume-1 be x

Number of pages in second volume = x + 50
Number of pages in third volume = g(x + 50)

Moreover 1+(x+1)+(2x+51)=1709
= 3x+53=1709 = = x = 552
So n =552 + 602 + 903 = 2057

So n=11°x 17
Hence largest prime factor of n = 17

AT 91 H gl @ A x B |

AW 1 H gOf @ G4 = X + 50
Wﬁ?ﬁg@iﬁm:g(x+50)

SR 1+(x+1)+(2x+51)=1709

= 3x+53=1709 = = x =552

39feTT n =552 + 602 + 903 = 2057
SEfTT n=11°x 17

3d: N BT DA TG YOHAETS = 17
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2. In a quadrilateral ABCD, it is given that AB = AD = 13, BC = CD = 20, BD = 24. If r is the radius of
the circle inscribable in the quadrilateral, then what is the integer closestto r ?

T agye ABCD ¥ 3 fam gam & f& AB = AD = 13, BC =CD =20, BD =24 2| I r 39 =q4T &
IR TN W1 W dTel 3 g B Foa1 8, @1 r ¥ Mwedd guie &1 A9 a1 811 ?

Sol.  (8)

D 20 C

/20

N
A

13 B

Area of ABCD = Area of AABD + Area of ABCD

= J25x12x12x1+ +/32x8x12x12

=60 + 192 = 252

Area _ 252 84 _—

Indadius(r) = - - = 7.64
semi-perimeter 33 11

Hence integer nearesttoris 8

D 20 C

Hindi : /o0

N

A 13 B

ABCD &7 &3%d = AABD &1 &% + ABCD &1 &3%hd

= J25x12x12x1+ +/32x8x12x12
=60+ 192 = 252

&TBoT 252 84 _—
3t 3 () B e TR

A r & frdwedd quie 82 |
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Sol.

Hindi :

Consider all 6-digit numbers of the form abccba where b is odd. Determine the number of all such

6-digit numbers that are divisible by 7.

VY 6-371 P G=AT abecba & IR H G H b favg 21 T fha 6-37di B G B ST

6 74 Rurfea &1 o € 7
(70)

abccba (b is odd)
= a(10® + 1) + b(10* + 10) + c(10° + 10?)
=a (1001 - 1) 100 + a + 10b(1001) + (100) (11) ¢
=(7.11.13.100)a — 99a + 10b(7.11.13) + (98 + 2)(11)c
= 7p + (c — a) where p is an integer
Now if ¢ — a is a multiple of 7
c-a=7,0 -7
Hence number of ordered pairs of (a, c) is 14
since b is odd
Number of such number =14 x5 =70
abccba (b fawH 2)
= a(10® + 1) + b(10* + 10) + c(10° + 10?)
=a (1001 - 1) 100 + a + 10b(1001) + (100) (11) ¢
= (7.11.13.100)a — 99a + 10b(7.11.13) + (98 + 2)(11)c
=7p+ (c—a) &l p TP OIS ©
9 AT c—a, 7H IO B
c—a=7,0-7

AT (a, €) P BT T B T = 14
f% b faws 2|

T UHR B &1 = 14 x 5= 70
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4, The equation 166 x 56 = 8590 is valid in some base b >10 (that is 1,6,5,8,9,0 are digits in base b
in the above equation). Find the sum of all possible values of b >10 satisfying the equation.
TAHIHRUT 166 x 56 = 8590 fheft 3MeR (base) b >10 # I& & (Ada9 & 1,6,5,8,9,0 MR (base) b |

3id g) VA 9l T Eenell b > 10 &1 AW T BRI P

Sol. (12

166 = b? + 6b + 6

56 =5b+ 6

8590 = 8b> + 5b” + 9b

Now

(b + 6b + 6) (5b + 6) = 8b° + 5b” + 9b
5b° + 36b” + 66b + 36 = 8b° + 5b° + 9b
3b®—31b*—57b—36=0
(b—12) (36> +5b+3)=0

b=12

We have only one b which is 12

Sosum =12

Hindi : 166 = b*+ 6b + 6

56 =5b+ 6

8590 = 8b> + 5b” + 9b

SE)

=

(b + 6b + 6) (5b + 6) = 8b° + 5b® + 9b
5b% + 36b” + 66b + 36 = 8b® + 5b* + 9b
3b®—31b*-57b—36=0
(b—12) (3b*+5b+3)=0

b=12

b &7 ®ad U T 12 2 |

37d: ANTHA = 12
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Sol.

Hindi :

Aréé49

Let ABCD be a trapezium in which AB || CD and AD 1 AB. Suppose ABCD has an incircle which
touches AB at Q and CD at P. Given that PC = 36 and QB = 49, Find PQ.
ABCD U% dqad agqsl & forad f& AB || CD @ AD L AB 9 @l f& 59 agqsl &1 Us 3ia: g AB

AQHICDH PH fActar 81 "R PC =369 QB =49 dl PQ & A9 &1 BIIT ?

(84)

D r P36 C

A r 9 S 49

Let incircle touch BC at R

So CR =36,BR =49

Further let inradius = r

So AQ=PD=r&AD =2r

Let perpendicular from C meet AD at S

So BS =13, BC =85

Now (CS)*=85°—13%=98 x 72 =49 x 144
So CS=7x%x12=84

Hence PQ = 84

D r P36 C

AT JTgged BC H1 R R w2} & 2|
$9feTy CR = 36, BR = 49

g HET 3 B =
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Sol.

gqielt AQ=PD=r&AD=2r
AMT CH o AD &1 S &R e 2|
gafe BS = 13, BC =85
SIE| (CS)?=85°—13%=98 x 72 =49 x 144
So CS=7x12=84
o PQ =84
Integers a, b, ¢ satisfy a + b —c = 1 and a® + b> — ¢? = —1. What is the sum of all possible values of
a’+b’+c??

abc e g e ffMa+b-c=19a’+b°—c®>=-1.a°+ b> + > & S M A9 Ava & |
ITHT AT FT B 2
(18)

atb-c=1, a’+b’-c’=-1

a+b-1=c

—a’+b’+1+2ab—2(a+bh)=c? = ab=a+b =@-1)(b-1)=1
So a-1=b-1=%1 —a=b=2ora=b=0

So c=3(whena=b=2)orc=-1(whena=b=0)

Hence a®+b’+c*=170r1 .. Sum =18

Hindi:a+b-c=1, a’+b*-c’=-1

a+b-1=c

— a’+b’+1+2ab—2(a+h)=c? = ab=a+b —((@a-1)(b-1)=1
gafelt a—1=b-1=+1 —a=h=2o0ra=b=0

gAfelt c=3(SW9a=b=2)Ic=-1(59 a=b=0)

ad: a’+b?+c’=17or1 I = 18
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Sol.

A point P in the interior of a regular hexagon is at distance 8,8,16 units from three consecutive
vertices of the hexagon, respectively. If r is radius of the circumscribed circle of the hexagon, what
is the integer closestto r ?

g P t& T9—veya &1 N fdg 2 iR Yyl & dF FAgd Sl 9 SAS! g4 HA: 8,8 9 16
21 9TR r ¥yl & URI & B &1 A9 8 @ r B I BRG BT qoItd BN |
(14)

Note that CF = 2AB, PA = 2PC & PB = 2PF

Hence APAB is similar to APFC, hence A;P;C & B;P;F are collinear. Let each side of hexagon be

equal tox.

Let Q & R be foot of altitudes from P to base AB & CF respectively. So R is centre of hexagon

2
Now 1>< \/§X= 64—X—
3 2 4
2 2
= X—=64——
12 4
ﬁ—64 = x =843
12

Note that circumradius of a regular hexagon = side of regular hexagon
Hence r = 8+/3 ~ 13.856

Hence nearest integer = 14
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f&am a1 8 CF = 2AB, PA = 2PC & PB = 2PF

31d: APAB , APFC & |H%U B 31d: AjP;C & B,P1F W@ B | A Y4l &I IA®H ol X & IR & |

A QUd R, P¥ AB T3 CF R &Hel: e &1 Ulg B, SAfY R Yoyl & &% 2 |

2
379 —X \/§X= 64—X—
2 4
2 2
= X—=64——
12 4
2
= 4L=64
12
== x:8J§

fean w8 wHueys @ uREFrsan = qHveys @1 goT

3T r=8+/3 ~ 13.856

31 ey gurie = 14
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8. Let AB be a chord of circle with centre O. Let C be a point on the circle such that £~ ABC = 30° and
O lies inside the triangle ABC. Let D be a point on AB such that #DCO = ZOCB = 20°. Find the
measure of £ CDO in degrees.

AB U& 9 & Sia1 8 i@ &= O § | 9l f& C g R e v a5 & et & £ ABC = 30°
g O Y9 ABC & ok 2| wMel f& D 30 AB W & v fig & foww &
/DCO= ZOCB=20° | ZCDO &I A &0 # uar a1 |

Sol.  (80)

Z0CB = 20°
&
Z0BC = 20°
&
Z0BA = 10°
&
Z0AB = 10°
Since /BOC =140 = ZA=70°
&
Z0OAC = 60°
&
ZACD = 40°
Now C is circumcenter of AAOD
as £Z0CD = 2£Z0AD
&

ZAOD = % Z0AD = 20°
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&

«/DOC = ZAOD + ZAOC

=20+60

=80

SN ~0DC = 180 — (/DOC + ~OCD)

= 180 — (80 + 20)

= 80°

Hindi.

Z0CB = 20°

au

Z0BC = 20°

au

Z0BA =10°

au

Z0AB = 10°

9f «BOC = 140 = LA =T70°
qAT

Z0AC = 60°

auan

ZACD = 40°
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31 C, AAOD &1 IRa= 2
gfé  £OCD = 2/0AD
qAT

ZAOD = % Z0AD = 20°

aun

«/D0OC = ZAOD + ZAOC

20 + 60
= 80

=N ~0DC = 180 — (/DOC + £OCD)
= 180 — (80 + 20)
= 80°

9. Suppose a,b are integers and a + b is a root of x? + ax + b = 0. What is the maximum possible
values of b® ?
AT f% a,b QUG & T21 a + b FHHRU x> + ax + b = 0 BT UH & & | b’ B MDA F=d A4 a1

g7
Sol.  (81)

If “a + b” is a root it satisfies the equation

Hence (a+b)’+a@+b)+b=0

= 2a’+3ba+ (b’+b)=0

Now  since “@” is an integer Discriminant is a perfect square
= 9b? — 8 (b? + b) = p?for same p € Z

= (b - 4)° - 16 = p

= (b—4+b)(b-—4-p)=16
b-4+p=48, b-4-p=42, b—-4+p=b-4-p=+4
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Hindi :

10.

Sol.

So b-4=5-54,-4
- b=9-1,80 = (0%)max = 81

I “a+ b’ B, I8 & TS FHHR P GIE AT 2 |
Ia:  (a+b’+a@+b)+b=0

= 2a’ + 3ba+ (b*+b) =0

39 “a” Uite & fadas, gof @t & |

= 9b? -8 (b*+ b)=p? f&fl pezad forw

= (b - 4)° - 16 = p

= (b—4+b)(b-4-p)=16
b-4+p=48, b-4—-p=+2, b— 4+p=b-4-p=+4

safy b-4=5,-5,4,-4
b=9,-1,80 = (b%)max = 81
In a triangle ABC, the median from B to CA is perpendicular to the median from C to AB. If the

median from A to BC is 30, determine (BC? + CA?+ AB?)/100.
T st ABC § B 9§ CA T @I HIftadl C 1 AB T I HIfedsd] o & | 3R A I BC T& &l

AT P TS 30 8 d (BC? + CA?+ AB?)/100 &1 | ST Nl |

(24)
A
F E
<]
L
: C

D
Let G be centroid, D,E,F be mid-points of BC, CA, AB & M be mid-point of FE.
Let BE = 3x, CF = 3y, given AD = 30
Hence AM=5,GM=5,GD =10,BG=2x, GE=%x,CG =2y, GF =y
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11.

Sol.

Hindi.

Now D is mid-point of hypotenuse of right angle triangle BGC

So D is circum centre of the triangle

SOBD=GD=10= BC =20

Hence 4(x* + y?) = 400 = x* + y* = 100

Now 9(x* + y?) = %{2Bc2 +2AB? — AC? + 2BC? + 2AC? —ABZ}

= 900 x 4 = 4BC? + AB® + AC?

= AB? + AC? = 3600 — 1600 = 2000

AB? +BC? + CA® 2400 _
100 100

Hence 24

There are several tea cups in the kitchen, some with handle and the others without handles. The
number of ways of selecting two cups without a handle and three with a handle is exactly 1200.
What is the maximum possible number of cups in the kitchen ?

fFa § B3 I & FU L, HB H 2SA B, 3R FB H TR | PR T ¥ QA HY {1 g & 9 A=
FY 28 & g4 81 a1 I8 1200 T F fHar o g | fFem # fhan 39 ' 2
(29)

Let cups without handle equals to x & cups with handle equals to y

=N *C, x YC3=1200 = 2* x 3 x 52

X(x2—1) « y(y—lé(y—Z) — 2% x 3 x 52

x=25y=4andx=16,y=5
X +yis maximum when x = 25,y = 4
maximum possible cups equals to 29

AT a1 ¥vst aTel BT P A& X TAT =S Tl HUT B TE&AT y B

=N *C, x YC3=1200 = 2* x 3 x 52

X(x2—1) y y(y—l()s(y =2) _ 5ty 3% 52

X=25y=4dax=16,y=5
X +y JAfeHTH B o x = 25,y = 4

Ifrpas F=IIfad HY 29 B IV B
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12. Determine the number of 8-tuples (<,,<,,...,€5) such that €;,<,,...,.eg € {1, -1} and
g +2e€, +3 €3 +...+8 ¢
is a multiple of 3.
U9 B FHIR—TTT (€,€,,...,65 )8 NTAH €),6),..,65 €{L-1 T € +2¢€, +3 €5 +...+8 5 &I

A9 39 915G B 7

Sol.  (88)
€1, €2, €3yuevvrenn... €g {1, 1}.
€1+ 2e,+ 3e3+........ + 8eg
== (e1+t4dey4+7e7) +(2e,+5e5+ 8eg) + 3(e3+ 2¢€p)
== (e1+ €4+ €7) +2(ex+es+ €g) +3m (m is an integer)
= (e1— €2) + (e4—€5) +(e7—<g) + 3q (q is an integer)

€1— €,=2, 0, -2 & similarly others

P12 + Pas + Prs + 39 (where pi, =€;— €,

P45 =€4— €5

P7s =€7— €g)

P12 =Pas =P =0 = 8 cases
P12 = Pas = Prg = 2 (Or =2) = 2 cases
P12=2, Pas=-2, ps=0 = (2 x 6) cases

Hence number of tuples = 22 x 4 = 88

\

(e3& egcan be any one of 1 or —1)

Hindi.
€1, €2, €3yuevvreen.... €g {1, 1}.
€1+ 2e,+ 3e3+........ + 8eg
== (e1+4dey4+7€7) +(2e+5e5+ 8eg) + 3(e3+ 2¢€p)
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= (e1+ €4+ €7) + 2(e2+es5+ €g) +3m (M NI B)
= (e1— €2) *+ (€4—es) +(e7—€5) + 3q (0 U qUiieh ®)
€1— €,=2, 0, -2 AT T YBR 3= similarly others
P12 + Pas + P7s + 30 (SET pp=ei—-e;
Psas =€4— €5

P7s =€7— €s)

P12 =Pas =P =0 = 8 Rerfort
P12 = Pas = Prg = 2 (Or —=2) = 2 Rerfaat
P2=2, Pas=-2, prs=0 = (2 x 6) Rerferat

3 HHIR—TT B GAT = 22 x 4 = 88
A

(e3& T 1AT-1H A BIS Th B FhdT B)

13. In a triangle ABC, right-angled at A, the altitude through A and the internal bisector of £ A have
lengths 3 and 4, respectively. Find the length of the median through A.
e 391 ABC, fa Hior A §9aIvl 2, (AT & fb A 9 o9 & 18 @ LA DIU—FAGASIS B

RIS U 3T 48| A ARGHT P oHTs fha BrR?
Sol.  (24)

B C

/£ CAE = 45° = / BAE
AD =3
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14.

Sol.

LetBC=a, CA=b, AB=c

1bc = %-a-3 =bc=3a

2

2bc A 6a 1
cos—=4=> — =

b+c 2 b+c 2

= 2\/§(b+c)=3a

= 8(b? + ¢ + 2bc) = 9a°
— 8(a’ + 6a) = 9a°

—48a=a’=a=48
SoAF=2-24
2
If X = cosl°cos2°cos3°.....cos89° and y = cos2°c0s6°cos10°

nearest to ; loga(y/x) ?

G BRI BT QUITH BT 2

(19)
Yy _ c0s2°c0s6°cos10°......... c0s 86°
X  €0sl°cos2°cos3C......... cos89°

— 2%y 2 cos2°cos6°cos10e......... c0s86°

sin2°sin4°......... cos88°
_ 2%/2gin4°sing°sin12°.......... sing88°
sin2°sin4°sin6e.......... sin88°
289/2
 c0s4°c0S8°C0S12°............. cos88°
_ 289/2 B %Jrzz
1
?
133
=22
133
2 2 - 2 133
Zlogy(y/x) = =log,2 2 = = x ==—=19
7 g2(y/x) 7 02 7 5
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15. Let a and b natural numbers such that 2a — b, a — 2b and a + b are all distinct squares. What is the

smallest possible value of b ?

Ael f6 a @ b U wgfde w1 & a9 f6 2a — b, a — 2b 9 a + b A =TT YUiiel & aif

21 b BT gATH TG A FIT B ?

Sol. (21)
2a-b=k? ... (1)
a-2b=k, ... 2)
a+tb=kg® ... (3)

Add (2) & (3) we get
2a—b=k,"+ ky’
= Ky + kg = Ky (Ko < Ks)
For least ‘b’ difference of k32 & k,’is also least and must be multiple of 3
= k,’=a—-2b=a’& ky* =a+b=12

= ky”— k,”=3b=144-81=63=b=21

= least b is 21

Hindi. 2a—b=k? ... (1)
a-2b=k, ... ®)
a+tb=kg® ... €)

(2) 9 (3) BT e W
2a—b=k,"+ ky”

= K, + kg = ky° (Ko < Ka)

‘DB AT AT B Y k7 & k,® B GHAGH IR GAdH I qAT 3 BT O BT

= k,’=a—-2b=a’& k;* =a+b=12
= ky”— k,"=3b=144-81=63=b=21

=  b® YIaH HH 218

145



16.

Sol.

17.

Sol.

What is the value of z (i+]) — z (i+]) ?

I<i<j<10 I<i<j<10
i+j=odd i+j=even
P & am o &L Y (i) - Y (i+) ?
I<i<j<10 I<i<j<10
i+j=o0dd i+j=even
(55)
10 (@) O) S /ﬁ ~ O
’ ’ s ’ ’ -, ’ ’ 14
, ’ 4 -, 7’ s ’ s 7’
-, ’ ’ ’ 14 ’ 4 ,
9 7 7 z |\
' s 7z 7’ 7 e // s
// // ‘ ‘ // // e //
8 3 7’ ~/
7 4 s 7’ 7 // ,/
// 7 7 ,/ // ’ ’
7 7 7 1
7 7 e ’ e 7
6 // 7’ // // // //
/, 4 ’ // /)J
5 // // // P //
7’ 7 7’ /).I
// ,/ ,/ //
4 7 N
’ s ’
’ s ’
7’ / ’
3 )I
e 4
’
2¢< i
. T ,/,
J 102
i—1 2 3 4 5 6 7 8 9 10

Sumofodd= 3+5+7+9+....... +19+5+7+........ +17+7+9+........ +15+9+11+13+11
9 7 5 3

Sumofeven=4+6+....... +18+6+8+....... +16+8+10+12+14+10+12
8 6 4 2

Difference = (-1 -1 -1.......... 8times) + 19+ (-1-1-1.......... 6times) + 17 + (-1 -1-1-1)+ 15
+(-1-1)+13+11
=-8-6-4-2+19+17+15+13+11=75-20=55

Triangles ABC and DEF are such that /A= D, AB=DE =17, BC =EF =10 and AC - DF =12,
What is AC + DF ?

ABC 9 DEF ¥ w1 8 f6 #A= /D, AB=DE =17, BC=EF =103R AC - DF =128 AC +
DF &7 |19 &1 8 ?
(30)

Let A coincides with D, B coincides with E. With E(B) as centre draw a circle with radius 10

intersecting the line, making angle 6 = ZA with AB, at F & C.
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Hindi.

10

T10

A(O)

Let N be the foot of perpendicular from B(E) to CF

So BM =8

Hence AF=15-6=9&AC=15+6=21

17

Hence AM = V172 -82 = /(25)(9) =15

So AC + DF = 30

AT A, D& 1 FHRH & 921 B, E S 91 §9R & | E(B) @ @< A9 g¢ 10 = &1 & 99

T ST 8 S YE1 B gfese $eal & 9 AB D G F 3R C W 0= LA BT g1 &

10

B(E)

T10

A(O)

17

B(E)

AT N, B(E) d CF R o &1 o=UE 8

gafet BM =8

ad: AM = /172 8% = [(25)(9) =15

T AF=15-6=9&AC=15+6=21

gafelt AC + DF = 30
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18.

Sol.

19.

Sol.

If a,b,c > 4 are integers, not all equal, and 4abc = (a + 3) (b + 3) (c + 3), then what is the value of
atb+c?
R a,b,c > 4 Yuries B, AW IRTeR &1 &, 3R dabc = (@a+3) (b+3) (c+3) W a+ b+ cH a9 &A1

g7
(16)

dabc =27+ 3(@b+bc+ca)+9(a+b+c)+abc

= 3abc=27+3(@b+bc+ca)+9(a+b+c)
= abc=9+(@b+hbc+ca)+3(a+b+c)
= abc—(ab+bc+ca)+(a+b+c)-1=8+4(a+b+c)

= @-1)(b-1)(c—-1)=8+4(a+b+¢c)
Puta-1=Ab-1=B,c-1=C,

= ABC=20+4(A+B+C)

A= 45+B+C)
BC-4

= B=3,C=4A=6

or they can be interchanged

= (a, b, ¢) are anangemets of (4, 5, 7)

= a+b+c=16

Let N=6 + 66 + 666 + ..... + 666....66, where there are hundred 6’s in the last term in the sum.
How many times does the digit 7 occur in the number N ?

AT T N=6 + 66 + 666 + ..... + 666....66 STBI TR AT § A 6’ D b 8| N § i 7 fban

IR AT ?
(33)
N=6+66+666+........ 6666..........66
100times
6
= — 19499+ +999............. 99
9 100times
= g[(lO —1)+ (0% 1)+ i, + (10" - 1)]
= g[(lo +10° +...s +10'°) - 100]
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20.

Sol.

— g[(lo2 + ]_O3 o + 10100) —90]

(1099 - 1)

102 -60

©o|o

= % (10* - 1) - 60

99times

-1 {222 ......... ZOOJ—GO
3 —

= 740 740......... 7400- 60

740 comes33times

= 740 740......... 740 + 340

32times

= 7 comes 33 times

= 7, 339K 3T 2

Determine the sum of all possible positive integers n, the product of whose digits equals n?—15n —
27.

T 9l IS QUITT &1 AT UdT BRI R 37l &1 [UHHS n°— 150 — 27 § |

17)

n?—15n— 27 is always odd number for all n < |
n must be maximum of two digit number.

because maximum product of three digit number is 729 & minimum value of n? — 15n — 27 for 3
digits number is 10000 — 1500 — 27 which is greater than 729.

n?—15n — 27 is increasing function foralln € {8, 9, 10,............... }
at n=17, n?—15n — 27 is equal to 17
at n=19, n®—15n- 27 is equal to 49
at n=21, n®-15n- 27 is equal to 99
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Hindi.

21.

Sol.

And maximum product of digits of two digit number is 81

= So n must be less than 21
= Between 1 to 15, n’ — 15n—27 is negative
= Son =17 only

Sum of possible number equal to 17

n?—15n—27 9ag 99 n e | & foru vy dw=m &
n gl 3 B G&IT DI fhad dM I

F®Nfe T 36 F& BT JAVBTH JOFHS 729 T n°— 150 — 27 FT JAqH A , N 37 B

He 89 & forg 10000 — 1500 — 27 S 729 | ¥ B |

n>—15n—27a¥ ne{8,9,10,.............. Y& fog w2
n=17 W, n°—15n— 27 &1 A9 178
n=19 W, n° — 15n — 27 &1 919 49 &
n=21W,n°—15n—27 & 99 99 &

qAT QT 37 DI GE&T BT AfAHAA JoHA 81 &

= n, 219 &H I |

= 1915 HF , n° — 15n— 27 FUTHD 8

= g4qfete n = 17 Bad
JHIAT AT BT ANTHS 17 B SIS &

Let ABC be an acute-angled triangle and let H be its orthocentre. Let G;, G, and Gz be the
centroids of the triangles HBC , HCA and HAB respectively. If the area of triangle G,G,Gzis 7
units what is the area of triangle ABC ?

Ael f ABC T& ADI0T 3 & iR H S¥@T ddd= © | 99al b Gy, G, I G; B 31yt HBC
,HCATHAB & = 2 | 3R B G,G,G3 &1 &3%d 7 &, A1 31yl ABC &1 &13%d fdhan &I ?
(63)
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AB=2DE ... (1)

In AH G; G, &AHDE

HG, GG, 2
HD DE 3

Becomes A G G,G;3 = AABC

Area of AABC _ (AB)? _[ AB Jz _(3}2

Area of AG,G,G; (G,G,)? |GG, 1

= Area of AABC =9 x (Area of A G; G, Gg)

= Area of AABC=9x7=63

Hindi.

AB=2DE ... (1)

AHG,;G, 3R AHDE®#

HG, GG, 2
HD DE 3
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22.

Sol.

Case-l

Case-ll

Case-lll

dAG;G,G; ~ AABC

=

=

A positive integer k is said to be good if there exists a partition of {1,2,3,.....,20} in to disjoint proper
subsets such that the sum of the numbers in each subset of the partition is k. How many good

AABC &31heT  (AB)?

AG,G,G, &35 (G,G,)?

AABC &1 &F%d = 9 X (A G, G, G3 T &5 el)

AABC &1 &%l = 9 x 7 = 63

numbers are there ?

T qUiie k Pl BH 31T dedl 3R {1,2,3,

(6)

Sum of numbers equals to

20x21

20} @I &9 Sfad Su9H=adi (proper subsets) #
famford o= d%d & Q9 % (& I & & Su9ged # 8) difd & SUddedd § 37 drel
H@si ®1 N k 81 | fha g ol § ?

=210 &210=2x3x5x%x7

Number of partition sum
I 2 105
I 3 70
" 5 42
v 7 30
\% 6 35
VI 10 21

So K can be 21, 30, 35, 47, 70, 105

Good numbers equal to 6

A=1{20, 10, 12}, B ={18, 11, 13}, C = {16, 15,9, 2}, D={19, 8, 7, 5, 3}, E = {1, 4, 6, 14, 17}

A={1,2, 34,5, 16,17,18,19,20},B=1{6,7, 8,9, 10, 11, 12, 13, 14, 15}

A =1{20, 19, 18, 13}, B ={17, 16, 15, 12, 10}, C={1, 2, 3, 4,5, 6, 7, 8, 9, 11, 14}
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Case-IV A =1{20, 10}, B ={19, 11}, C = {18, 12}, D = {17, 13}, E = {16, 14}, F = {1, 15, 5},
G={2 34,678}

Case-V A ={20, 15}, B ={19, 16}, C = {18, 17}, D = {14, 13, 8}, E = {12, 11, 10, 2},
F={1,3,4,56,7 9

Case-VI A={1,20}, B={2,19},C={3, 18}....c0.co....... ,J={10, 11}

20x21

Hindi. G&mall &1 INT%d = =210 &210=2%x3x5x%x 7

A B G ARTHE
| 2 105
T 3 70
I 5 42
IV 7 30
v 6 35
Vi 10 21

K &1 99 21, 30, 35, 47, 70, 105 81 Gl &

I G 6 B aRTER B

Rerfa-| A={1,2 3, 4,5, 16,17, 18,19, 20} ,B={6, 7, 8, 9, 10, 11, 12, 13, 14, 15}

Rerfay -11 A =1{20, 19, 18, 13}, B={17, 16, 15, 12, 10}, C={1, 2, 3, 4, 5, 6, 7, 8, 9, 11, 14}

Rerfay 111 A={20, 10, 12}, B ={18, 11, 13}, C={16, 15, 9, 2}, D ={19, 8, 7, 5, 3}, E= {1, 4, 6, 14, 17}

Rerfay -1v A ={20, 10}, B ={19, 11}, C = {18, 12}, D= {17, 13}, E = {16, 14}, F = {1, 15, 5}, G = {2, 3,
4,6,7,8}
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F={1,3,4,5,6,7, 9}

Retfa -vi A={1,20}, B={2,19},C={3,18}................ ,J={10, 11}

23.

Sol.

What is the largest positive integer n such that

A ={20, 15}, B = {19, 16}, C = {18, 17}, D = {14, 13, 8}, E = {12, 11, 10, 2},

2 2 2
a b c
>
b C+C a+a b_n(a+b+c)
—t— — = —+—
29 31 29 31 29 31
holds for all positive real numbers a,b,c.
T I §1 YOI n HI41 B R %
2 2 2
a b (o}
>
b C+C a+a b_n(a+b+c)
— = — = —+—
29 31 29 31 29 31
J) g TS adfad Gl a,b,c ® U 9= B ?
(14)
2 2 2 2
Since a_+b_+c_zm
X 'y z X+y+2z
a’ b? c? (@a+b+c)?
So >
£+£ £+ a i_}_g a i+i +b i+i +C i_i_i
39 31 29 31 29 31 29 31 29 31 29 31
Z(a+b+c)
1 1
7+7
(29 31}
a+b+c
Z—
60
29x31
229X31(a+b+c)
60
>14.98 (a+b+c)
So n=14

154



Hindi, w1 fs 2,00 ¢ @+bro)
' X Yy zZ  X+y+z

2 b? c? (@a+b+c)?

a
TN B e e, aa b1 1), 1, 1] 1.1
39 31 29 31 29 31 29 31 29 31 29 31

S (a+b+c)
1 1
7+7

(29 31}

a+b+c

P ——
60

29x31

5> 29x31 . b+e)
60

>14.98 (a+ b +c)
sqfelt n=14
24, If N is the number of triangles of different shapes (i.e. not similar) whose angles are all integers (in

degrees), what is N/100 ?
TR N 37 e ATBR & B (\(dad qawd B2rpor) & o 9+t ®ro1 (30 #) gories € @

[N/100] &1 AT T 8RT ?
Sol. (27)

X+y+z=180
x'+yt+ 2t =177

Total =*"*2C, = Total = w -179x89

Total =3! (aPy)+3(aaf)+aaa
=6(apy) +3(aap)+1
For (o o o), number of ways = 1

For (o a B), 2a + B = 177, number of ways = (88 cases)
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_ 179x89-3x88-1

For o By, number of ways 5

_ 15931-265
6

= 2611
So total way 2611 + 88 + 1 = 2700
Ans. 27
Hindi. x+y+z=180

x'+yt+ 2t =177
Fa Ta =172, = A WD = wzl79x89

Fd Wb =3 (aPfy)+3(@ap)+aca

=6(apy)+3(aaf)+1l

(o o )B forg, TpT B e = 1

(oo B)d 1T, 20 + B = 177, TRIBI B a1 = 88

a By forg , afret @ den = 179X89g3x88—1

_ 15931-265 _ 2611

FA TId 2611 + 88 + 1 = 2700

Ans. 27
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25.

Sol.

26.

Sol.

Hindi.

27.

Sol.

Case-l

Let T be the smallest positive integers which, when divided by 11,13,15 leaves remainders in the
sets {7,8,9}, {1,2,3}, {4,5,6} respectively. What is the sum of the square of the digits of T ?

A & f6 T 999 BITT g91Ad Qoiie & @t 11,13 9 15 ¥ (9o &-1 W A9 HAe: Sl
{7,8,9}, {1,2,3}a{4,5,6} & B @1 fhx T & il & I BT AN FgT &I ?

(81)

What is the number of ways in which one can choose 60 units square from a 11 x 11 chessboard
such that no two chosen square have a side in common ?

11 x 11 & ;RS B 9T F 60 sH1E a9 fhal aRe F g9 G @ b g gy a7 B Drs A
oI ST AT B ?

(62)

Either select 60 black squares from 61 black square or select all 60 white squres

=N Total equal to **Cgo + ®°Ceo = 61 + 1 = 62

g1 A1 61 BIal a0 | 60 Brel g7 A1 T FH 60 {1 Hha a Gl
Fd TOD ' Cop + PCqo = 61 + 1 = 62

What is the number of ways in which one can colour the square of a 4 x 4 chessboard with colours
red and blue such that each row as well as each column has exactly two red squares and blue
squares ?

4 x 4 B TRS Bl 9T & &R Th T 1 ofad T A | I 8, W fhaw N B 5 &)
91 UfaT 3R &R Th @ ufdd & <1 Al 9 <1 ot 99 B
(90)

First row can be filled by “C, ways = 6 ways.
Second row is filled same as first row
= here  second row is filled by one way
3" row is filled by one way

4" row is filled by one way
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Total ways in Case-l equals to “C, x 1 x 1 x 1 = 6 ways

Case-ll Exactly 1 R & 1 B is interchanged in second row in comparision to 1% row
= here  second row is filled by 2 x 2 way
3" row is filled by two way
4" row is filled by one way

= Total ways in Case-Il equals to “C; x 2 x 2 x 2 x 1 = 48 ways

Case-lll Both R and B is replaces by other in second row as compared to 1% row
= here  second row is filled by 1 way
3" row is filled by “C, way
4" row is filled by one way

= Total ways in 3" Case equals to ‘C, x 1 x 6 x 1 = 36 ways
= Total ways of all cases equals to 90 ways
Hindi. Yo ufdd &1 ‘C,d&® A W1 ST Aol ¥ = 6 TRIb
Reafay -1 T ufdd B7 ugel! ufRk & WA WRT ST ®
= Jg g Ufdd @ UE RIS WRT ST B
3" ufdd @1 Th XD W WRT O B

4" gfeg B T TS W W) Sl §
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Rerfar -

Reafar -11

Reafar -1

28.

Fgad Wb =C;x 1x1x1=6TD

3% 1R AR 1B B g8 Ul &I Mo H A1 ST 8 dAT Ugel! ufdd | Jor f Sl @
= TE ufed @1 2 x 2 TP | W A 2
N ufed & A TS | W1 T 2
el afd @1 TP TP W W A1 2

= Rerf —Il A ga WP =Cyx2x2x2x 1=48TWH

Sl RIB &1 37 g% Ufdd & UM ufdd & o # gl ol § |
= A9 UfdRk B Vb AID A AR ST ©

3" ufem @1 ‘C, B | W WA B

el ufd @1 TP TP | W A1 2
= Rerf -1l H g TP ="C, x 1 x6x 1=36 T

= 91 Rerfy 9 | @8 90

Let N be the number of ways of distributing 8 chocolates of different brands among 3 children such
that each child gets at least one chocolate, and no two children get the same number of
chocolates. Find the sum of the digits of N.

A ol & IclT—3reliT HHfAT &1 8 Albeic B o gzal § N d¥ldl W dieT o dhdl & o fb
B I B BH A B Uh dldbaic B IR f=l 9 T 9= Bl REX B GG § el A1 Fel |
N @ 3! BT A fbar s ?
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Sol.

29.

Sol.

(24)
8—>(1,25)0r(1,3,4)

Number of ways 8 x[3+ 18 x|3

2551~ 13[4
_ (8><;><6+8><726><5jx6

=56 x 6 (3+5) =56 x 48 = 2688
Sum of digits = 24

Let D be an interior point of the side BC of a triangle ABC. Let I, and I, be the incentres of

triangles ABD and ACD respectively. Let AL, and AI, meet BC in E and F respectively. If
ZB1, E =60°. What is the measure of ZCI,F in degrees ?

A9 & f& D T s ABC @ 4o BC &1 3fidRs g 8 | a9 & f& 1, 9 1, He: f39yst ABC @
S ACD & 3fa: &= 2| AFall % @1 Al 9 ¥&T Al, 3@ BC & %I E 9 F § fAerht 21 oWR
/BILE=60°.¢1 f$l § ZCI,F &1 A &1 8170 ?

(30)

ZBAD =120° -
ZCAD = ZA —(120°-B)
= A+B-120°

A+B C C

ZFAC = —60°:>90°—E—60°:>30°—E

ZAFC =180° - (C +30°— %)
=150 -C/2

ZCLF =180°m— (150° % CZ:J 30°
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30. Let P(x) = a, +a;x +a2x2 +....+a,x" be a polynomial in whicha; is non-negative integer for each
i€{0,123,....,n}. If P(1) = 4 and P(5) = 136, what is the value of P(3)?
IR P(X) = g +ax +a,X° +....+a,x" U 98UQ © S8l a MNP QUiid &, g P(1) = 4 T P(5) =
136 1 P(3) &1 A9 I 8R1 2
Sol. (34)
Qt+tagtat..... +a,=4
= a<4
a, + 5a, + 5°a, + .... +a 5"a, = 136
> a=1+5A=>a=1
Hence 5a; + 5%ay + ..... + 5"a, = 135
a; +5a;+.... 5" a,, =27
S a;=bA+2=a, =2
= 5a, +....5" " a, 1 =25

a,+5az+ ... 5"2a,,=5

> a=5=a,=0

Az + 55+ oo, +5"3a,,=1
az=1
—as+5as+...+5"%a,3=0
a=as=... a,=0

Hence P(n) =x>+ 2x + 1

P(3) = 34
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INSTRUCTION

Number of Questions: 30 Max. Marks: 102

1. Use of mobile phones, smartphones, iPads, calculators, programmable wrist watches is
STRICTLY PROHIBITED. Only ordinary pens and pencils are allowed inside the
examination hall.

2. The correction is done by machine through scanning. On OMR sheet, darken bubbles
completely with a black pencil or a black blue pen. Darken the bubbles completely only
after you are sure of your answer: else, erasing lead to the OMR sheet getting damaged
and the machine may not be able to read the answer.

3. The name, email address and date of birth entered on the OMR sheet will be your login
credentials for accessing your PROM score.

Incomplete /incorrectly and carelessly filled information may disqualify your candidature.
Each question has a one or two digit number as answer. The first diagram below shows
improper and proper way of darkening the bubble with detailed instructions. The second
diagram shows how to mark a 2-digit number and a 1-digit number.
INSTRUCTIONS Q.1 Qb2
2. Marking chout be dane with Blus/Black 8o Point Pen only. [o]5]
3. Darken only one cifcle for each guestion as shown in | (.o
Exampie Selow : OO | DG
WRONG METHODS CORRECT METHOD D ]
-l MO Ol _BCONCH OO | OD
4 if more than one circle is darkened or If the response is - oo
marked in any olher way as shown “WRONG” above, it shall oo o
& MAue #im ooy 1 e e providec, oo D9
e e wlctie copy of e O et oo |2
7. Please do not make any stray marks-?.n'lhe answer shest. “ @ oo

6. The answer you write on OMR sheet is irrelevant. The darken bubble will be considered as
your final answer.

7. Questions 1 to 6 carry 2 marks each: Questions 7 to 21 carry 3 marks each: Questions 22
to 30 carry 5 marks each.

All questions are compulsory.
There are no negative marks.

10. Do all rough work in the space provided below for it. You also have pages at the end of the
question paper to continue with rough work.

11. After the exam, you may take away the Candidate’s copy of the OMR sheet.

12. Preserve your copy of OMR sheet till the end of current Olympiad season. You will need it
further for verification purposes.
13. You may take away the question paper after the examination.

PRE-REGIONAL MATHEMATICAL OLYMPIAD - 2019 | 11-08-2019
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Sol.

Sol.

From a square with sides of length 5, triangular pieces from the four corners are removed to form a
regular octagon. Find the area removed to the nearest integer?
T I fTga! Yorall Bl dw1s 5 8, SHb ARl Bl 4 FYSTeR Ths Pl IR P AT ey

AR ST 2 | fhd &F%he S TR B, BT A1 A IR qUIies Od A BRI |
(4)

X 5-2x X

x/ﬁg X
X\ /X

5-2x= \/Ex:> X = °
2+\2
2
Area removed BT T &F%d = 2x° =£=25(\/§—1) ~4.3

2(\/§+1)

So area removed to nearest integer is 4
TSR T &5%d B A9 BRIE QD 4 B |

Let f(x) = x? + ax + b. If for all nonzero real x

f(x+1]=f(x) +f(1j
X X

and the roots of f(x) = 0 are integers, what is the value of a? + b??

A @1 fF f(x) = x2+ ax + b B | I ¥ o[ arafds @& x & forg

ESRCHE
X X

ARf(x) =0 A & qUIT® &, A1 a2 + b2 &1 919 R 87

(13)
f(x+%j = f(x)+f($j

2
1 1 1
= (x+—j +a(x+—j+b:x2+ax+b+—2+g+b
X X X° X

=b=2
= op =2 = (auB) = (1,2) or AT (-1, -2)
=a=3o0rar-3 =a’+bh*=9+4=13
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Sol.

Sol.

Let x1 be a positive real number and for every integer n > 1 let Xn+1 = 1 + X1Xa...... Xn-1Xn. If X5 = 43,
what is the sum of digits of the largest prime factor of xs?

A & 6 X1 TP g arafad St 8 R 9 n > 1 guniel & AU Xna = 1+ XaXe..... Xn-1Xn B |
IR X5 = 43T X6 FIH TS MG UGS & (i (digits) BT AW AT B |

(13)

X5 =1 + X1 X2X3X4 = X1 X2 X3Xa4 =42

X6 =1+ X1X2X3XaXs = 1+(42) (43) = 1807 = 13 x 139

= largest prime factor Ha31 TST M OIS = 139 = sum of digits 3®I H1 T = 13

An ant leaves the anthill for its morning exercise. It walks 4 feet east and then makes a 160° turn
to the right and walks 4 more feet. It then makes another 160° turn to the right and walks 4 more
feet. If the ant continues this pattern until it reaches the anthill again, what is the distance in feet it
would have walked?

T AT U T | GIE B A B oIy Her 21 98 4 He [T BT AR Foxd 7, R 160° a8
3R S IX 4 He 3R Tl & | fR 98 Ta IR iR 160° I iR J$ &R 4 FE o & | 3R el
S HH | Feih I8l O aTfUs (U 9idl T Uge § S fel bl g3 (BE H) Tl BRil?

(36)

Ao / A1

Let Ao (0,0)
A1 (4cos0, 4sin0)
A2 (4cos0 + 4c0s160, 4sin0 + 4sin160)

An = (0,0)

= 4(cos0 + cos160 + ..... +c0s160(n-1)) = 0 and 4(sin0 + sin160 + ..... +sin160(n-1)) =0
= sin(80n) = 0

=>n=9

= distance covered = 4 x 9 = 36 feet
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Sol.

Sol.

Five persons wearing badges with numbers 1, 2, 3, 4, 5 are seated on 5 chairs around a circular
table. In how many ways can they be seated so that no two persons whose badges have
consecutive numbers are seated next to each other? (Two arrangements obtained by rotation
around the table are considered different.)

ura fdedl, f59 R 1, 2, 3, 4, 5 foran 8, us+ gY UfE &N U I A @ IRI aR% UM HRidl R 99
2| 98 T foah avg & 93 wahd B, e & a8 N @ an e e W fordt weart wara
8, 98 M-I A1 §S BI? (TH do7 HT WPl Sl [F g WP 3 ga1 <1 9 e 81, $sA
TR TS A A= AT S )

(10)

1 1
3 4 4 3
5 2 2 5
two ways and 5 arrangements =2 x 5 =10
T d8 9 ufg $Hed = 2x 5= 10

Let abc be a three digit number with nonzero digits such that a2 + b? = c2. What is the largest
possible prime factor of abc ?

A ot f abc N Bl B WA FE=AT B, RiAd 3id I[U € T a2 + b2 = 28| abc BT TIH TSI
TS PHETS FT §HT 87

(29)

a,b,c form Pythagoras triplet

= abc =345 or 435

345=3x5x23and 435=5x%x 3 x 29

= Largest possible prime factor = 29

a,b,c UTSUTIRY 3% T9 1 &

= abc =345 or 435

345=3x5x233R 435=5x 3 x 29

= JAfHTH AU J9T YUFEETS = 29

On a clock, there are two instants between 12 noon and 1 PM, when the hour hand and the minute
hand are at right angles. The difference in minutes between these two instants is written as a + —,
c

where a, b, c are positive integers, with b < ¢ and b/c in the reduced from. What is the value of a +
b+c?

TP TSl H SIUER 12 g9 3R JUsR 1 g9 & 41 H &1 gR VAT BIAT § o9 e Bl g IR e @l
ﬁé@@%%ﬁﬁ%lﬁﬁﬂﬂ&ﬁﬁﬁﬂﬁﬁﬁa+ga%a?g%ﬁ,aﬁa,b,c

g Ui 8, b < ¢ 9 b/c =7 &1 =9 w9 (reduced from 3T simplest form) 1 a + b + ¢ &1
AN R®IT &7
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Sol.

Sol.

Sol.

(51)

Minute hand covers 6° in one minute and hour hand covers %° in one minute
Let instant is x minutes past 12

1

. 6x— X290 or270 = x = 16+ or 49~
2 11 11

Difference:321§1 =a+b+c=32+8+11=51

ﬁﬂeaﬁﬁs‘wﬁﬂeﬁ@m%awd%aﬁgéwﬁﬂtﬁ%"aﬂmaﬂﬁﬁ%l
A x S 07 12 371 B

. 6x— X290 or270 = x = 16+ or 49~
2 11 11

31?!’\’:32131 —a+b+c=32+8+11=51

n
How many positive integers n are there such that 3 < n <100 and x2 +x + 1is divisible by x? + x
+17?

VY o g9es quiie n 8 Fa falg 3<n<100 9 2w LT P+ X+ 1 T g7
(49)

Since o and o? are factors of X2 + x + 1 ; so » and «? will be factors of x* +x+1

= 2"must be of the form 3k + 2 ; ke I. For this to happen, n must be odd.

Son={357, ...... 99}

Number of such numbers = 49

fF o TA @2, X2+ x + 1 B [PHETS 2 ; TAT 0 3R 0 ,X* +x+1 & H oEEve &R

= 2"%T ®Y 3k + 2 ; ke | B, 39& forg n faws &/m

TN ={3,57, ...... 99}

39 UHR AR & G = 49

Let the rational number p/q be closest to but not equal to 22/7 among all rational numbers with
denominator < 100. What is the value of p — 397

A9 @ & p/g V@1 = & S O =1 R &% (denominator) < 100 &1 &R Sl 22/7 | ST E,
I 22/7 S F9H HIG USAT & | Al p — 3q B A RIT B2

(14)

p

We have to have % ——| to be as small as possible for g < 100.
q

24

7 q q should be smallest.
=[229-7p| =1
and q =99
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10.

Sol.

= p=311

p-3q=311-3x99=2311-297 = 14

?—E‘ B & Brer W B q< 100D R
q

‘Q_BHM‘

[ 78| = B

=|22q-7p|=1

3R =99

= p=311

p-3q=311-3x99=311-297 = 14

g

Let ABC be a triangle and let Q be its circumcircle. The internal bisectors of angles A, B and C
intersect Q at A1, B1 and Ci respectively and the internal bisectors of angles Ai, B1 and C: of the
triangle A1B1C: intersect Q at Az, B2 and Cz, respectively. If the smallest angle of triangle ABC is
40°, what is the magnitude of the smallest angle of triangle A2B2C: in degrees?

A @1 f& ABC ta 1< 8 3R Q ST 9fegd 81 @191 A, B @ C & J-0Hg9NId Q H HA: Ay,
B: @ C:# fAad & &R a1 A1BiC1 & ®IUT A1, B1 G C1 & STO:AAGHINI® Q | HHI: Az, B2 T C,
q e 21 PR S ABC &1 |e¥1 BIeT $1UT 40° 2 A1 BYS A2B2:C; & Wdd BIC PIV & A

(degree) & 1 BIM?

(55)
ZABC, == ZLBe
2 2
/ACB, == 2
2 2
/BAC, =~- LG
2 2
(n ~ LABCJ
b1 2 2
/ABC, =E_ e £ J
2=22 2 2
_n ZABC
= —+
4 4

similarly 38 9&R Z/A,C,B, = % + Z'A;CB

and 3R /B,A,C, = %+ ZB4AC

o]
= smaller angle of AA2 B2 Cz is 45° + (42 ) =55°

o
= AA2 B2 C2 BT Ia9 BICT BHIUT 450 + (%1255°
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11.

Sol.

12.

How many distinct triangles ABC are there, up to similarity, such that the magnitudes of angles A,
B and C in degrees are positive integers and satisfy
cosAcosB+sinAsinBsinkC=1
for some positive integer k, where kC does not exceed 360°?
U e et (Aded 3RTwY) sl ABC § RTFH @101 A, B @ C &1 S § A9 g1cA®

Uit 8, @ik o

cosAcosB+sinAsinBsinkC=1

FHET B B g TS QUi k & forg dqee axd & kC &1 719 360° & SaTaT <781 § ?
(6)

cosA cosB + sinA sinB sinkC =1

= c0S A cos B + sinA sinB + sinA sinB sinkC — sinAsinB = 1
= sinAsinB (sinkC —1) = 1 — cos (A — B)

So (sinkC—-1)=0and cos (A-B)=1

= kC=90°and A=B

Number of factors of 90°

90=2x32x5

Number of factors =2 x 3 x 2 =12

for 6 factor A,B are integers

COSA cosB + sinA sinB sinkC = 1

= c0S A cos B + sinA sinB + sinA sinB sinkC — sinAsinB = 1
= sinAsinB (sinkC —1) = 1 — cos (A — B)

gafery (sinkC — 1) = 0 3R cos (A -B) = 1

= kC=90°iRA=B

90° & TUFEUS] B A
90=2x3?x5
TUAES] B F&AT =2 x 3 x 2=12

A natural number k > 1 is called good if there exist natural numbers

suchthat ~ —+—+......

Let f(n) be the sum of the first n good numbers, n > 1. Find the sum of all values of n for which
f(n + 5)/f(n) is an integer.

e urefae W k> 1 B1 89 3781 Hedl PR VAT Uihfds ey

Bl 99 ol & n > 1 & g f(n) ugel n e dwell &1 Irr g U 9l deamsh
N1 I Sa BRI f5=a g f(n + 5)/f(n) T qories 2 |
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Ans
Sol.

(18)

Letai = AZ,a, = Al.............. a,=AZ

we have to check if it is possible for distinct natural number Ay, Aa............. Ak to satisfy,
1 1 1

—F—+........ —=

A1 AZ Ak

For k = 2; it is obvious that there do not exist distinct A1, A2, such that i+i =1= 2isnota

1
good number.

For k = 3; we have %+%+% =1= 3is a good number.

1,1 1+£+1 =1= 4 is a good number.

2 22 3 6
k will be a good numbers for all k > 3
fln)=3+4+...nterms = n(n+5);f(n+5):—(n+5)(2n+10)
f(n+5) _ n+10:1+£

f(n) n n
Which will be integer forn=1, 2, 5 and 10
sum=1+2+5+10=18.
AT a1 = AZ,a, = ASee. g =~
IqE Sifd BT © b I8 =1 oTqd Sl A, Aze..ee Ac® foIT §g S
1 1 1
—t— .. — =

A A, Ay

k=2 foru o ws g & 98 Ay, A = Gmen & fore faemm =18t & 1.

1
T T B

k=3 forg %+%+%:1:331€8ﬁﬂ'@1%

T Rt
2 22 3 6

(n+5)(n+10)

f(n) = >

”(”; 2 f(n+5)=

f(n+5): n+10:1+ 10
f(n) n n

S f n=1,2,53R10% fog qorie 2
JBAI =1+ 2+ 5+ 10 = 18.

2

1

2

=1= 2 3=W!
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13.

Sol.

Each of the numbers x1, X2,

X1, X2, ennennnnn X101 H B Uh G&T +1 8|

(10)
Let S= z XX

1<i <j<10

We have

100 \2 101
= ZSZ(ZXJ -y %

Since we have xi=+1, So x> =1

101 \?
So2S= [in] -101
i=1

101

Since ) x will be an integer

i=1

101 \?
So (Z xi] will be a perfect square.
i=1

101

For smallest positive S ; (in
i=1

101 \2
So (Z Xi] =121
-1

101
= »'x =1lor-11

i=1

We can verify that the desired sum can be achieved by putting 45 xi’s to be —1 and 56 xi's to be 1

S0,25=121-101=20
=S5=10
AT S= D XX

1<i<j<10

Ffd xi=+ 1, gafew x* =1

s9fery 2S = (ixif -101

101

Zfb in qurics BT

X101 IS £1. What is the smallest positive value of

XiXj BT GATH EAIHD A R ?

2
J must be the smallest perfect square greater than 101.
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14.

Sol.

Tt [zx]qm‘ o

101

quwszﬁm;[in] , 101 9 9 |99 Bidt gt o A B

i=1
101 2
ENIEN [Z xi] =121
i=1
101

= in =11 or-11

Ig @ O oa fRar S Ghdr 2 IS ANTHA Bl 45 Xi's, —1 81 3R 56 Xi's , 1 &
gafery, 2S =121 — 101 = 20
=S=10

Find the smallest positive integer n > 10 such that n + 6 is a prime and 9n + 7 is a perfect square.

U1 e BIC] 891 d QUi n > 10 S BRI STl N + 6 39T 81 3R 9n + 7 U goi a3 &1 |
(53)

Since 9n + 7 is a perfect square

Let us assume that 9n + 7 = m?

Also n + 6 is a prime number = n + 6 must be odd number

= n also must be an odd number

SolLetusassumen=2k+1 ...(ii) where k is an Integer

92k+1)+7=m?

= 18 k=m?-16

=18k=(mMm+4) (m-4) .. (iii)

Since 18k is even and m+4 and m—4 both are of some parity = m must also be even.
say m = 2p, where p is an Integer

Substituting in (iii)

18k=(2p+4)(2p—-4)=4(p+2)(p-2)
=9%=2(p+2)(p-2)

= k must be even, say k = 2/ where 7 is an Integer
18/=2(p+2)(p-2)

=>9=(p+2)(p-2)

= p must be of the form 9q + 2 or 9q — 2, where g is an Integer
Firsttake p=9q—-2=m=2(99 - 2)
Takeq=1,m=2x7=14=m?=196
IN+7=196=9n=189=n=21

= n + 6 = 27 which is not prime

Nexttake p=9g+2 = m=2(9q + 2)
Takeq=1=m=2x11=22=m?=484
ON+7=484=9n =477 = n=53

171


mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

15.

Sol.

= n + 6 = 59 which is a prime
So n =53 is the smallest such number

Ffd on+ 7 7P ol 97 §

A fF On+7=m? ... (i) ST&t m U gories & qen

N+ 6 U T &1 8 gD YOI > 10 & fIg = n + 6 faww Fw&m sl
= n ¥ fav\ dE gl

safere AT f6 n=2k + 1 ....(i1) 181 k & oI @
92k + 1) + 7 =m?

= 18k =m? - 16

— 18k = (M + 4) (M — 4) .....(iii)

Tfd 18k §H B TAUT M+4 AR M—4 SHI TP & UBR & & = m F9 B
AT f& m = 2p, S8l p S PIid ©

(iii) § T W

18k=02p+4)(2p—-4)=4(p+2)(p-2)

=9%=2(p+2)(p-2)

= k9 B A 6 k = 2¢ 5@l ¢ guite B

18/=2(p+2) (p-2)

>UW=pP+2)(p-2)

= p®H ®Y 9q+2AT9q— 2D ®I H 8N, W&l q Vb YOI 2

Ugd p=9q -2 R =m=2p=2(9q-2)

gq=1°1 ®,m=2x7=14=m?=196

ON+7=19%6=9n=189 =n=21
—n+6=27% & 3oy T8 B

AT p=9g+2°H W=m=2p=2(9q +2)
q=1ad9 W=m=2x%x11=22 =>m?2=484

ON+7=484 =9n =477 =>n=53
= n+6=59 % & I~y B

3IfIT N = 53 G BIC) 39 YR & AT ©

In how many ways can a pair of parallel diagonals of a regular polygon of 10 sides be selected

fafid cuys & Ravf & W& fFa IR g9 o 9ad & e & 91 el aamaR & 2

(45)
If we take gap of 2 sides then from figure shown we have *C, ways

We can start with 1, 2, 3, 4, 5 so 5x *C, =5x6 = 30 ways
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16.

Ans
Sol.

6 7

Now take 1 with 4 (gap of 3 sides) then we have 3 diagonals which are 14, 510, 69 so we have

’C, ways

We can start with 1, 2, 3, 4,550 5x °C, =5x3= 15 ways

Ife form | <1 yonell &1 iR foram o & 9 ‘C, W

gfd 89 1,2,3,4,59 YHIAW B & 09 5x ‘C, =5x6 = 30 T

2 1

w
=
o

6 7
39 1P 4 (3YST3i Bl 3R oid 8 1) T9 3 R0l S i 14, 510, 69 F 8 & TWs °C,
89 1,2 3,4,5% 91Y YHIAT HR Fhd ¢ | $9feY 5x°C, =5x3= 15 RNIb

A pen costs Rs. 13 and a note book costs Rs. 17. A school spends exactly Rs. 10000 in the year
2017-18 to buy x pens and y note books such that x and y are as close as possible (i.e. [x —y| is
minimum). Next year, in 2018-19, the school spends a little more than Rs. 10000 and buys y pens

and x note books. How much more did the school pay ?

Th YT B oI ®. 13 8 9 TP B Bl oI ®. 17 8| Uh Thal 2017-18 | x U9 IR y wifof
TIET H 3% . 10000 T¥ IRAT &, W4 b x 9 y 971 81 ¥ Iq1 99 8 (@1 & |x - y|
JATH 1) 3TTel T, 2018-19 #, ¥THA w. 10000 A A€l WK Wd PRI &, AR y U9 g x HIf

TRIGT ¢ | ¥hel o fbaen samer @4 fear 2
(40)

13x + 17y = 10000

17x + 13y = 10000 + a
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0

N

10000
= /B [1000 1000]

3 3

y—-x=0

17.

Ans
Sol.

(@] A 000 ’ Oj
[ 13

. = 1000017y
13

y =329

X = 339

— 10040

Find the number of ordered triples (a,b,c) of positive integers such that 30a + 50b + 70c = 343.
gD qoTidl & U fdhas HIR Gz (a,b,c) & fa forg 30a + 50b + 70c < 343 % |

(30)

30a + 50b + 70c < 343
= 3a+5b+7c<34.3
= 3a+5b+7c<34

a,bceN, a=1+p, b=1+q,

3p+5gq+7r<19

Ifr=0,

g = 0= p can take 7 values

g =1 = p can take 5 values

g =2 = p can take 4 values

g = 3 = p can take 2 values

— 18 values

If r=1then3p +5q<12

g = 0 = p can take 5 values

g =1 = p can take 3 values

g =2 = p can take 1 values
= 9values

Ifr=2then3p+5q<5

g = 0 = p can take 2 values

g =1 = p cantake 1value
= 3values

Total 18 + 9 + 3 = 30 values

30a + 50b + 70c < 343

= 3a+5b+7c<34.3

= 3a+5b+7c<34
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18.

Sol.

a,b,ceN, a=1+p, b=1+q, c=1+r
3p+5q+ 7r<19
gfg r=0,
q=0=p, 7 A o FHT ¥ |
q=1=p, 57 o FHdT ¥ |
q=2=p, 49 o &I T |
q=3=p,2 A o &I T |
= 18 A1
IfEr=1d93p+5q<12
q=0=p, 58 o Fhdl 2 |
q=1=p, 39 o Thdl 2|
q=2=p, 1 99 o HHdT 2|
= 99
Ifqr=2aT@3p+5q<5
q=0=p, 289 o Thdl 2|
q=1=p, 1 99 o HHdT 2 |
= 391
@l 18 + 9 + 3 =30 A1

How many ordered pairs (a, b) of positive integers with a < b and 100 = a,b <1000 satisfy gcd
(a,b) :lem (a,b) =1:495?.

gTHS Uil & V4 fhds $9aR SIS (a, b) € Wef a < b g 100 < a,b <1000 iR f57a forg ged
(a,b): lcm (ab) = 1: 495 ? (I8 gcd = HEeTH FHUGIS : lcm = . THTH FAYANY)

(20)

ab = (gcd)?.32.5.11

2L _g2511
ged )\ gcd

(1} (Lj

gcd gcd gcd

32 511 12,13,....18 (100 = a,b =1000)

5 3211 novalue 1§ A9 T8 (100 < a,b <1000)

11 325 10, 11....22 (100 = a,b =1000)

1 32.5.11 novalue ®1§ AF T8l (100 < a,b <1000)
g4aferv so 7 + 13 = 20 94 values
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19.

Ans

Sol.

20.

Ans
Sol.

Let AB be a diameter of a circle and let C be a point on the segment AB such that AC:CB=6:7.
Let D be a point on the circle such that DC is perpendicular to AB. Let DE be the diameter through
D. If [XYZ] denotes the area of the triangle XYZ. Find [ABD]/[CDE] to the nearest integer.

9 &l f5 AB U& gd &1 &9 & AR AM @ fd C Y@rgs AB R b fig @ Rt fb AC: CB =6

729 A f$ D 99 W vw v fig 2 f% DC @s AB W @9 B | A9 o f& DE fig D & orwan
B3 ga &1 &N B | 3R [XYZ] & BRI #aed f3YS XYZ &1 &5%a & a1 [ABD)/[CDE] &1 919 |a
TG QUi T S BRI |

(13)

A 12r C
13

2

cp= [r2-1 = é J12x14

132
tan o = ;:sina: /.
J12x14 J12x14+1
S sinao = cP = v
13
cp = r12x14
13V12x14 +1
1 r
Z@2rx-—12x14
|ABD|_ _2™" 13 = J12x14+1-13
[CDE| 15, 1 N12x14
2 13 12x14 +1

Consider the set E of all natural numbers n such that when divided by 11,12,13 respectively, the
remainders, in that order, are distinct prime numbers in an arithmetic progression. If N is the
largest number in E, find the sum of digits of N.

79 &1 {6 E VAl urepfis Sl n @1 dgey @ [ 11,12,13 ¥ 91 °F R e arel 9y O
IS AT FEATY & Sl 3l BH H FARR Ao 9 8| 3R N §9=ad E & |4 Is! A=A ©
A NS 3fHT BT AR S BRI |

Bonus

N can be of the type (11 x 12 x 13 x A ) + 29 (where A belongs to integer) so there no largest
value.

N & JBR (11 x 12 x 13 x 1) + 29 (W&l A Qlids ) saferq ifdrwas quiies A & |
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21,

Sol.

Consider the set E = {5,6,7,8,9}. For any partition {A,B} of E, with both A and B non empty.
Consider the number obtained by adding the product of elements of A to the product of elements
of B. Let N be the largest prime number among these numbers. Find the sum of the digits of N.
|9z E = {5,6,7,8,9} & @I | E & fodl 0t fawre {AB} & forg, & A QIR B el aiRA 8, A &
o™ & A B B & G B PGS A AN o R Fe el d@ @1 |l N s |9
Tl § e IST M B | N 3l (digits) BT I ST T |

17)

one of the set A or set B contain only odd number

agead A 91 ST B ¥ dad U 9wy o Qvd de 8 9adl g |

set A set B Comment

Case | 5 6,7,8,9 5+6x%7x8x9=23029

Which is divisible by 13

I 7 5,6,8,9 7+5x6x8x9=2167

Which is divisible by 11
1] 9 5,6,7,8 9+5x6x7x8 is multiple of 3

v 57 6,8,9 5x 7+ 6 x 8x 9 =467 which is prime

\% 59 6,7,8 5x9+6x7x8 isdivisible by 3
Vi 7,9 5,6,8 7%x9+5x 6 x 8is divisible by 3
Vi 57,9 6,8 5x7x9+6 x 8is divisible by 3

Hence N is 467
Sum of the digit of N is 17

e | A qT®
A B
Rerfa | 5 6,7,8,9 5+6x7x8x9=3029
S f5 139 fofora B
I 7 5,6,8,9 7+5x6x8x9=2167
S f 119 fofora B
i 9 5,6,7,8 9+5x6x7x8, 3% O B |
v 5,7 6,8,9 5x7+6x8x9=467 < f& amry
=l
Y 5,9 6,7,8 5x9+6x7x8,39 fawfya 2|
VI 7,9 5,6,8 7x9+5x6x8 37 fawfod g1
VI 5,7,9 6,8 5x7x9+6x8, 39 fawfora 2|

3rd: N &1 |19 467 2 |
N & 3Pl BT IThH 17 8 |
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22.  Whatis the greatest integer not exceeding the sum 21599 1

n=1 \/ﬁ
YA TR TS PID S DR S AT Znggiﬁw:n%?l
n=1 \/ﬁ
Sol. (78)
1600 1599
j d_X < 1529:9i <1+ '[ d_X
SRR B
1599
1600 1 1599
‘2\/;‘1 < z ﬁ < 1+‘2\/;‘1
n=1
1599 1
78 < —— < 24/1599 -1
2 52
n=1
1%9 1
78 < —=<78.97.....
n=1 \/H
[1529:9 1 ]
= — =78
n
23. Let ABCD be a convex cyclic quadrilateral. Suppose P is a point in the plane of the quadrilateral
such that the sum of its distances from the vertices of ABCD is the least. If {PA, PB, PC, PD} = {3,

4,6, 8}
What is the maximum possible area of ABCD ?

A & f ABCD U&% 3l (convex) afda (cyclic) agHs 21 919 & f P ag¥el & a1 # v fdg
2 fSwa agist ABCD & @fisf & gRai &1 I =¥ & | 3R {PA, PB, PC, PD} = {3, 4, 6, 8}

@ ABCD &1 3ifSaq I9d &=hel fhar g ?

Ans  (55)
Sol. P must be point of intersection of diagonals AC and BD

Let ZAPB = 0, then

area of APAB = %x 3 x4 xsind
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24,

area of APAD = %x 3 x 6 % sin(m—0)
area of APDC = %x 8 x 6 x sind

area of APCB = %x 8 x 4 x sin(r — 0)

= area of quadrilateral ABCD is

%(12 + 18 + 48 + 32) sin®

=(6+9+24+16)sin6
Maximum area of quadrilateral ABCD is 6 + 9 + 24 + 16 = 55.

P, fd@vi AC 3R BD &1 ufi=ss fd=g |

LIS ZAPB =0, 9

APABW&%W:%xswxsine
APAD &1 &I3%hd = %XSxﬁxsin(n—e)
APDC &1 &/3%d = %><8><6><sin9

APCB &1 &3 dl = %X8><4><Sin(n—9)
= TS ABCD 1 &3thel
%(12+18+48+32)sin6=(6+9+24+16)sin9

FGYS ABCD &1 31dHcH &%d 6 + 9 + 24 + 16 = 55,

A 1xn rectangle (n 21) is divided into n unit (1x1) squares. Each square of this rectangle is
coloured red, blue or green. Let f(n) be the number of colourings of the rectangle in which there
are an even number of red squares. What is the largest prime factor of f(9) / f(3) ? (The number of
red squares can be zero)

UH 1xn AT (N 21) DI n 3B1s (Ix1) T § §fc I 2| 39 AT B &R 9 DI Tl Alell I &7 A
Td B AM o & f(n) 98 d@=1 8 fae a9 U [ 96 & 6 A [ @ (dl B G 9\

B | f(9) / f(3) BT FIW TST MY OIS T & ? (AT I B F&AT Y 8 Al 2 |)
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Sol.

25.

Sol.

(37)

f(n) = "Co 2" + "Co2"2 + "C4 24 +.............

Now 3Td (2 + 1)" = "Co2" + "C12"1 + "Co2"2 + "C3 23 +............. (1)
(2 —1)" = "Co2" —"C12™L + "C22"2 —"C32™3 +. ... (2)

add (1) and (2)

(1) T (2) BT ST W

3"+ 1=2["Co2"+ "Co2™2 + "Ca 24 + ............ ]
3" 41

f(n) =

(n) 5
9 3
37 +1 3 +1

f(9) = L f(3) =

(9) 5 ) >

fo)_ 3%+1_

f(3)_ 3 3% _-3%3+1=703=19x 37
3 +1

= Largest prime factor is 37.

ANAFHTH ST ToHEvS 37 B |

A village has a circular wall around it, and the wall has four gates pointing north, south east and
west. A tree stands outside the village, 16m north of the north gate, and it can be just seen
appearing on the horizon from a point 48 m east of the south gate. What is the diameter in meters,
of the wall that surrounds the village ?

THh 79 & IRI X% UP Mo AR © forad X9, qRem, SR 9 <flm & &% IR gR 2| Wi &
IER M UH US Saik §R @ 16 HI. Sak H © AR 98 Sfem gR & 48 #l. R9 R g 4 ¥4
frforsT oR IURAT goTT ofieT W1 fIWs qal B | T B ORIl g% QAR BT A H AN RT & 7

(48)

D 48
Let radius equals to r

a7 Brear r 2

AB = JAO? 0B = [(16 +1)’ —r* = 256+ 32r

AD? + CD? = AC?
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= (482 + (2r + 16)? = (48+ /256 + 32r )2

= 12 + 8r = 24/256 + 32r
—r(r+8)_=24x 42 Jr+8
= rr+8 =24432

=>r=24

Diameter equal to 48

T 48 B SNIN B |

26. Positive integers X, y, z satisfy xy + z = 160. Compute the smallest possible value of x + yz.
SFTHS QU X, Yy, z FHBROT Xy + 2 = 160 Bl FYT XA & | X + yz BT FATH GHI A AT B [
Sol.  (50)
160-2

X+YyzZ = +yz

@+%(y2 -1) (160-2) 2* 160-2

y y y y y
At particle value of =z it is greater

than equal to 2, f%(leo -z)
= least value is 2, /-z-(lGO -z)

but integer also
Now least for least value =z is also
Case |

+2y

159
Z =1,x+y Z2=—+y

y
= minimum value is at y = 3 which is 56
Case Il
158

Z=2,X+tyZz = —+2y
y

= minimum value at y = 2 which is 83 (rejected)
Case Il

Z2=3, Xty Z :E+3y
y

= minimum at y = 1 which is 160 (rejected)
Case IV

Zz=4,X+y 2 :@+4y

= minimum at y = 6 which is 50 (accept)
Case V
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Z2=5Xx+y 2z =@+5y
y

minimum value at y = 5 which is 56 (reject)
Case VI

Z2=6, Xty 2 :ﬁ+6y22\/924 >50
y

similarly in all the cases minimum value is greater than 50. then answer is 50

Hindix +yz = 160-2

160 Z(y*-1) (160-2) 2 160-2

y y y y y
Z bI Uh HIT

2[z(160-2) & d=1 &M
= AdH A1 2, f—z—(lGO—-;_L)

W] qoied A
T z B FATH W YAGH A B g

Rerfy |

159
Z =1, x+ty 2z ="—+Yy
y

=y=3W YIq¥ q1 56 8
Rerfer 11

Z2=2,X+yzZz = @+2y
y

=y=2WR A9 99 83 & (RATHR)
Rerfa 1l

Z2=3, Xty Z =E+3y
y

=y=1WR TgIaq A 160 T (HR)
Rerfa IV

Zz=4,X+y 2 :@+4y
y

=y =6 YAdH AF 50 7 (WHr)
Rerfa v

Z=5X+y 2 :§+5y
y

y =5 AdH A9 56 T (SRATHR)
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27.

Sol.

Rerfa I
Z2=6,x+y 2z = @+6y22\/924 >50
y

X TR wH ReftRll # =gaw AF 50 9 991 8 99 SR 50 ®

We will say that a rearrangement of the letters of a word has no fixed letters if. When the
rearrangement is placed directly below the word, no column has the same letter repeated. For
instance, H B R A T A is a rearrangement with no fixed letters of B H A R A T. How many
distinguishable rearrangement with no fixed letters does B H A R A T have ? (The two A’s are
considered identical)

&9 Beil fb foell o & Rl & o799y § B3 ReR R E ® R, 59 &7 $HAT Bl I B b
T ford, a1 felt ft W9 # U@ & &R SR A 1 S8 T8 B o f[F I BHARAT®
AT HBRATAH ®1S ReR R 781 81 BHARA T & 3cl-3¥el W fha &gy & R
P13 Rer 3R 98 8 2 (F&f a1 f6 4 AH ®18 A 781 B )

(84)

Let use assume the 2A's to A1 and Az

BHA1 RAT
Number of rearrangements of these 6.
1 1 1 1 1
=6 =——=+———=+-—=|=265
Bk G

Let P be the set when Az occupies place of A1 and 6 be the set when A: occupies place of Az

n(P) = 53, n(Q) = 53

nnnQ)=9
Hence required arrangements

% (265 — n(P U Q))

% (265 — 106 + 9)

= @ =84
2
AT f6 2A's 39 UHR A1 3R Az
BHA1 RA:T

39 6 3 YA aweieR B F&T

HMET P U A9ead & Od Az, Aid RIF TR IATAT 8 AR 0 Gz & 9 Ar, Ao® IF W 3Tl 8
n(P) = 53, n(Q) =53
nnnQ)=9

3 IS HHY

= % (265 — n(P U Q))
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28.

Ans

Sol.

% (265 - 106 + 9)

=2 _84

Let ABC be a triangle with sides 51, 52, 53. Let €2 denote the incircle of AABC. Draw tangents to

Qwhich are parallel to the sides of ABC. Let ry,r2,rs be the inradii of the three corner triangles so
formed. Find the largest integer that does not exceed r1 + r2 + rs.

79 & f& ABC t& s & forgast qameli &1 719 51, 52, 53 2| 99 & f& Q S AABC & 3i:
I Bl Q & 98 WP TSl A fF ABC @1 qoiell & GAMR & | 99 o fF dE ) §9 A=
Sl @1 ST 11,r2,r3 ¥ | YT ARABTH qUITs BT B9 SN ra+ 2+ rsd A & AT A & ?
(15)

A
P Q
B C
Let PQ be one of the required tangents is parallel to BC and meets sides AB and AC at P and Q
respectively.
Further Let PQ =x
and BC =51

Now AABC is similar to AAPQ so X-h
a r

Similarly y_2
6 r
Hence LRRERTT: _ ARRiEee
r a b c
Now §= h 2] where h is altitude
XKogo 28 -2
a S.2A S
2523_a+b+0= 1
a s
SO r+r2+r3=r
Now 1= [PB@N(26)25)
78
_ [3%522.13
2.3.13
= {3252 —15
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Sol.

29.

Ans
Sol.

B C
AET PQ WY W& § | TP WYl YW1 8 S BC & FAMGR & a1 AB 3R AC &1 HHI: P iR Q W
forerch @
LIS Let PQ =x

iR BC=51

319 AABC, AAPQ & wewg & X =1L
a

1 gBR y_2
6 r
- hth+lh _ X,y z
r a b c
39 X- h_zrwhsﬁﬁm%
a h
i:l_z_A, _1-%
a S.2A S
25:3-a+b+czl
a s
QQ‘I?'IQ +r2+r3=r
aq 1= [18B2D)(26)(25)
78
_ [3%522.13
2.3.13

= {3252 =15

In a triangle ABC, the median AD (with D on BC) and the angle bisector BE (with E on AC) are
perpendicular to each other. If AD = 7 and BE = 9, find the integer nearest to the area of triangle
ABC.

& Y ABC # #fega®1 AD (S8l D 4o BC W &) R Ho—wHgareaid BE (S8l E Yo AC W B)

TR | MR AD=7dBE=9d ABC® &3%hd & Had BRIl qUiich &1 A9 ST B |
(47)
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B D
Let AD and BE meet at F

Now ZABF = ZFBD = % and ZAFB = #BFD =30° and BF is common to triangles ABF and BFD

hence the two triangles are

Cengruent so AF = FD= g

Also, AB=BD, = AB:BC=1:2
=>AE:EC=1:2
So area of triangle ABC = 3(Area of AABE)

3[%><AF>< BEJ

_189

:Exzxg =47.25
2 2

Hence nearest integer = 47
Sol.

A

B D
AT AD iR BE fag F wR fied 2

319 /ABF = /FBD = % 3R Z/AFB = /BFD =30° 3iR BF s ABF &R BFD # S®If@ @

3 aFI Pyl a2

W%QAF=FD=%

de, AB=BD, = AB:BC=1:2
=AE:EC=1:2
351 ABC &1 &F%d = 3(F1st AABE &1 &% d)

3(%><AF>< BEj

_189

:EXZXQ =47.25
2 2

3ra: Maeaw gunie = 47
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30.

Ans
Sol.

Sol.

Let E denote the set of all natural numbers n such that 3 < n < 100 and the set {1, 2, 3,....,n } can
be partitioned in to 3 subsets with equal sums. Find the number of elements of E.

M A1 {6 E U grepfae Sl n $1 9w @ o fofg 3 < n < 100 iR e forg wq== {1, 2,
3,...,n } @ W AN Suwgedl 9 fawiioa fa1 o1 wdar @ f9e In SRR B E & 9edl @
G S BRI |

(64)

{1,2........... n}

This set can be partitioned into 3 subsets with equal sums so total sum is divisible by 3 ,
n(n+1)

. is divisible by 3.

So n will be of the form 3 A, 3L + 2

or for convenience we can take n = 6\, 6A +2, 61 +3, 6A +5

If n = 6\ then we can group numbers in bundles of 6.

In each bundle we can select numbers like 1, 2, 3, 4, 5, 6 (16, 25, 34)

If n = 6L + 2 then we can club last bundle of 8 numbers rest can be partitioned and those 8
numbers can be done 1, 2, 3, 4, 5, 6, 7, 8 (1236, 48)

If n =6XA + 3, we can club last nine numbers and rest can be partitioned 1, 2, 3,4,5,6,7,8,9
(12345, 69, 78)

If n=6XA + 5 we can take last five numbers. Rest can be partitioned 1, 2, 3, 4, 5 (14, 23, 5)
Hence we can select any number of form 6A(16), 61 + 2(16), 61 + 3(16), 6A + 5(16)

so total 64 numbers.

9 99Ty Pl 3 Iuqged § AW fbar S 8 S Ahd H SRR B S|y g ANhd 3 9
o &

NN+Y) 3 Rk 2
D, .

S9fTT n &1 w3 A, 3) + 2 BT BN

a1 g & g &9 n = 61, 6 +2, 6A +3, 61 +5 o HU B

i n = 6079 3 AR B 6 T H forg dAHd B

TS g8 H g Ts wAN fo@ wad ® 1, 2, 3, 4, 5, 6 (16, 25, 34)

afg n =6 + 2 q9 39 8 AR & 3=y Wl # fOIfora fosan 1 wavar B | den 9 8 Sy 1 a_E
f& &1 |&dl 81, 2,3,4,5,6,7, 8 (1236, 48)

IfE n = 6A + 3, B A9 9 FEWI BT TH AY W@ Fhd & a7 Y T B I9fora e dahd
21,2,3,4,5,6,7,8,9

(12345, 69, 78)
A n =61 +5 89 ATH 5 TN of Ahd 2 3R Y G3N &T faufog &) 9ad 8 1, 2, 3, 4, 5

(14, 23, 5)
3A: 89 60(16), 61 + 2(16), 61 + 3(16), 6) + 5(16) B FT B! fHAI W T BT o Fhd @ AN FA

64 TN B |
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PRE-REGIONAL MATHEMATICAL OLYMPIAD - 2019 | 25-08-2019

INSTRUCTION

Number of Questions: 30 Max. Marks: 102

1. Use of mobile phones, smartphones, iPads, calculators, programmable wrist watches is
STRICTLY PROHIBITED. Only ordinary pens and pencils are allowed inside the
examination hall.

2. The correction is done by machine through scanning. On OMR sheet, darken bubbles
completely with a black pencil or a black blue pen. Darken the bubbles completely only
after you are sure of your answer: else, erasing lead to the OMR sheet getting damaged
and the machine may not be able to read the answer.

3. The name, email address and date of birth entered on the OMR sheet will be your login
credentials for accessing your PROM score.

4, Incompletely, incorrectly and carelessly filled information may disqualify your candidature.
Each question has a one or two digit number as answer. The first diagram below shows
improper and proper way of darkening the bubbles with detailed instructions. The second
diagram shows how to mark a 2-digit number and a 1-digit number.

INSTRUCTIONS Q.1 Q2
3. Marking chout be done with Blua/Black Bol Point Pon only [o]5]
3. Darken only one circke for sach question as shown in | (-
Exampie Below y (aalan] Ml feplan]
WRONG METHODS CORRECT METHOD D [e>Ten)

= & ® & ®» ® © 6 | OO OO

4 If more than one circle Is darkenad or If the response is [ lenl &S IES
marked in any other way as shown “WRONG"™ abowve, it shall CJ(Z) -
K. MAuan #m v oriy i e e provided, Do 2D
e e ks of (o OV it oo| |oe
7. Please do not make any stray marks_inthennsmr sheet. o®| oG

6. The answer you write on OMR sheet is irrelevant. The darken bubble will be considered as
your final answer.

7. Questions 1 to 6 carry 2 marks each: Questions 7 to 21 carry 3 marks each: Questions 22
to 30 carry 5 marks each.

All questions are compulsory.

9. There are no negative marks.

10. Do all rough work in the space provided below for it. You also have pages at the end of the
guestion paper to continue with rough work.

11. After the exam, you may take away the Candidate’s copy of the OMR sheet.

12. Preserve your copy of OMR sheet till the end of current Olympiad season. You will need it
later for verification purposes.

13. You may take away the question paper after the examination.
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Sol.

Sol.

Consider the sequence of number {n+\/2n +%} for n >1, where [x] denotes the greatest integer

not exceeding x. If the missing integers in the sequence are n, <n, <n, <... then find the n,,.

(78)

Sp=n+[v2n1+05], n>1

[ ]=G.LF.
n Jn [J%+o.5] n+ [@w.s]
1 14 1 2
2 2 2 4
3 2.4 2 5
4 2.8 3 7
5 3.1 3 8
6 3.4 3 9
7 3.7 4 11
8 4 4 12
9 4.2 4 13
10 4.4 4 14
11 4.6 5 16
12 4.8 5 17
13 5.0 5 18
14 5.2 5 19
15 5.4 5 20
16 5.6 6 22
17 5.8 6 23
18 6 6 24
19 6.1 6 25
20 6.3 6 26
21 6.4 6 27
22 6.6 7 29

By observing pattern,

Missing numbers = 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78,....
AN A AAA
+2 +3 +4 +5 +6

. 12 number in series = 78

If x=+/2+/3++/6 is aroot of x* +ax®+bx? +cx+d=0 where a, b, c, d are integers, what is the

value of |a+b+c+d|?

(93)

X = \/5+ \/§+\/§ root of equation :

x* +ax® +bx? +cx+d=0:a,b,c,d € Z

Now,

(x-2) =(3+ 6] =
X2 —7=2J2(3+x)
(On squaring both sides)

X2 —22x+2=9+62
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Sol.

Sol.

= x4—14x2+49:8(x2+6x+9)

= x* —22x? —48x-23=0
: a=0,b=-22,c=-48andd=-23
[a+b+c+d =93

Find the number of positive integers less than 101 that can not be written as the difference of two

squares of integers.

(25)
Let, c — be positive integer <100 such that ¢ =a? -b%;a,b e Z.
C-1: Difference ofaandbis 1.

12 -0%=1

22-1%2=3

3?-22=5

4?32 =7

52 4% =9

50% — 492 =99
All odd number upto 100 can be expressed as difference of two squares.
C - II: Difference of a, b is 2

22-0%=4

32-12=8

42 22 =12

262 —24% =100

All multiples of ‘4’ upto 100 can be expressed as difference of two squares.

C - Il : Difference of a, b is 3

This case will give odd numbers which are already counted

C - IV : Difference of a, b is 4

This case will give multiples of 4 which are already counted

Similarly, the remaining cases will all give number already counted in

C-landC-1li

: No. of numbers which can be expressed as difference of squares
= (odd numbers) + (multiples of 4) =50 + 25 =75
Required numbers which cannot be expressed as a difference of squares of two integers
are =100-75=25

Let a, =24 and form the sequence a,, n>2 by a, =100a, , +134 . The first few terms are
24, 2534, 253534, 25353534, ........

What is the least value of n for which a, is divisible by 99?

(88)

a1=24&an=100.an1+ 134

First few terms :

ai=24

az = 2534
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as = 253534

a4 = 25353534

~.a, =2535353........ 534
| —

(n-1) Times'53'

Now, an — divisible by 99 = by 9 & 11 both
Sum of digits=6+8(n—-1)

To be divisible by 9,

n=7,16, 25, 34, 43, 52, 61, 70, 79, 88, ....
a, =2535353535353 4

6Times'53"

But a;, — Not divisible by 11.
a,; =25353535353......53 4

15Times'53"

Similarly, a;; — Not divisible by 11.
Now, n = 88
a,, =25353.....53 4

87 Times'53"

Divisibility by 11—|(2+3+3.....)=(5+5+....4)|

= |263—439|
=176
.. Leastn =88
5. Let N be the smallest positive integer such that N+2N+3N+....+9N is a number all whose digits

are equal. What is the sum of the digits of N?

Sol.  (37)
NezZ*
P=N+2N+3N+........ + 9N = 45N
45 =555........... 5
a times
Only 55 .......... 5 can be repeated as 45N will have units place =0 or 5

Also as 45N — multiple of ‘9’ also.

555555555
= —_—=
45

slfa=9 N

.. N=12345679
Sum of digits of N = 37.
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Sol.

Let ABC be a triangle such that AB = AC. Suppose the tangent to the circumcircle of ABC at B is

perpendicular of AC. Find ZABC measured in degrees.

(30)

Consider the Isosceles triangle with vertex A, B, C such that AB = AC

Ay

B(-1,0) 0(0, 0)

By symmetry — circumcentre will lie on y — axis

.. D = (0, k) - circumcenter

Radius of circumcircle = DA = DB = DC

s la—k)? =k +1
=a’+k”>-2ak =k* +1

= a’-2ak=1 (1)
Now

Circumcircle : x* +(y—k)* =k*+1
.. Slope of tangent at B,
2x+2(y—-k)y'=0

1

-k

X
y—k

Also, m,. =-a

=Yy

B

By given condition, (—a)x (—%J =-1

=a=-k ...(2)
From (1) & (2), a®* +2a°* =1
Sa=+ L
NG
Ifa=i :>k=—i
3 V3
tanezmAB=i =0=30°
NG
= ZABC = 30°
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Sol.

Sol.

Sol.

Let s(n) denote the sum of the digits of a positive integer n in base 10. If s(m) = 20 and s(33m) =
120, what is the value of s(3m)?

(60)

S(m) =20 and S (33m) = 120 is possible only for/m/ having digits ‘0’ or ‘1’

..S(3m) =60

Let F,<(a,b)=(a+b)k —a“-b“andletS ={1, 2, 3, 4,5, 6, 7, 8 9, 10}. For how many ordered

F(ab)

pairs (a, b) witha, b € Sand a<b is = an integer?
F (ab
(22)

F(ab) (a+b) -a°—b°

F(ab) (a+b)’-a®-p?
:g(az+b2+ab) el

a=3k:s or 3ki+l or 3ki + 2
and b =3kz or 3ka+1 or 3kz + 2
only when a and b give same remainder a* +b” +ab is divisible by 3.

a=1 b=1,47,10 — 4
a=2, b=2,58 — 3
a=3, b=3,6,9 — 3
a=4, b=4,7,10 — 3
a=5 b=5,8 - 2
a=6, b=6,9 — 2
a=7, b=7,10 — 2
a=8, b=8 -1
a=9, b=9 -1
a=10, b=10 -1
Total 22 ordered pair

The centre of the circle passing through the midpoints of the sides of an isosceles triangle ABC
lies on the circumcircle of triangle ABC. If the larger angle of triangle ABC is o’ and the smaller
one B°then what is the value of a—p ?

(90)
A
(0]
AlA
Al ?
R B Q
X
A A
X
B B B B
B P (o
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10.

Sol.

11.

Sol.

A+2B =180
é=90—B
2

2x + 2B =180
Xx=90-B
A
X= —
2
= OP LBC
.. O and A coincide

.. ZORP = ZOPR = ZRAP = 60°

Sa=120° B =30°
a—pB=90°
By drawing properly we get
A
(0]
ATA
2(2
R AB B Q
A A
AlA
2]2
B B B B
B P C

One day | went for a walk in the morning at x minutes past 5O clock, where x is a two digit
number. When | returned, it was y minutes past 6’0 clock, and | noticed that (i) | walked exactly for
x minutes and (ii) y was a 2 digit number obtained by reversing the digits of x. How many minutes
did | walk?
(42)
At x = ab minutes past 5 hr =5 x 60 + 10 a + b minutes
Aty = bc minutes past 6 hr =6 x 60 + 10 b + a minutes
Total minutes of walk = 60 + 9b — 9a = 10 a+b

=60+ 8b=19a

a=4,b=2

| walked for 42 minutes

Find the largest value of a® such that the positive integers a, b > 1 satisfy a’b? +a° +b? =5329.
(81)

(@ +1(b* +1) =5330 =2x5x13x41

= a’” =81=3" and b* =64 =4°

Or a®=64=4° and b* =81=3"

sa’=81
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12.

Sol.

13.

Sol.

14.

Sol.

Let N be the number of ways of choosing a subset of 5 distinct numbers from the set
{10a+b:1<a<5,1<b<5}

where a, b are integers, such that no two of the selected numbers have the same units digit and no
two have the same tens digit. What is the remainder when N is divided by 73?

(47)

10a+b;1<a<5/1<b<5

Let us divide numbers into different sets, such as

Set1={11, 12, 13, 14, 15}

Set 2 ={21, 22, 23, 24, 25}

Set 3 ={31, 32, 33, 34, 35}

Set4 ={41, 42, 43, 44, 45}

Set 5 ={51, 52, 53, 54, 55}

Now to make a number having no two digits and no two ten’s digit same, we can select any 1
number from each of set 1, set 2, set 3, set 4, set 5.

. No. of ways = °C, x* C,x® C; x* C;x* C, =120
- 12073
= Remainder = 47

Consider the sequence
1,7, 8,49, 50, 56, 57, 343, ...

which consists of sums of distinct powers of 7, that is, 7°, 7%, 7° +7%, 72, ..., in increasing order.
At what position will 16856 occur in this sequence?
(36)
7° 70473 72474 7°
7 7+ 7 7474 7°4+7°
7°04+7 7?2473 704747 7+ 7°
72 7°4+7 473 70472474 7247
70 + 72 7047247 7°+7°+7% =16856
472 *+72 478 T+ 474
4747 47727 a7t
73 74 0+ 7% 478
70474 VAR Ay o
7t 047247347
7P+ 7
7?+73+74

i.e. we get 16856 at 36™ position

Let R denote the circular region in the xy-plane bounded by the circle x? +y? =36. The lines x = 4
and y = 3 divide R into four regions R;,i=1, 2, 3, 4. If |Ri| denotes the area of the region R; and if
IRy| >|R,| >[Rs| >[Ry| . determine |Ry| ~[R,| ~[Rs|+|Rq| .

[Here |Q| denotes the area of the region Q in the plane.]

(48)

195


mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

15.

Sol.

16.

Sol.

A x% +y% =36

(3.265)
(;36,3W;N3£,3 s

(4.3)

Rl RZ

s.-26)
R, = 3«/36 Zdy = Ly 36-y? +=(36)sinY
= j -y y—zy -y +§( )sin 5

,2\/5
Similarly for using integration. we can find

R, +R, = n(6) +2(3)(4)

.. Remaining circle area = R, +R, = :—2ch(6)2 -2(3)(4)

Hence,

R, +R,—(R,+R;)=24+24=48

In base — 2 notation, digits are 0 and 1 only and the places go up in powers of — 2. For example,
11011 stands for (—2)4+(—2)3 +(—2)1+(—2)0 and equals number 7 in base 10. If the decimal

number 2019 is expressed in base — 2 how many non zero digits does it contain?
(06)

Since 2019 is closest to 2'* = 2048

But since base is -2

. . 12 . 11
Hence we will require (-2)~ as maximum no. as well as (-2)" to compensate

The series can then be worked out as the following permutation.
1100000100111

Hence no. of non zero digits = 6

Let N denote the number of all natural numbers n such that n is divisible by a prime p >+/n and
p <20.What is the value of N?
(69)
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17.

Sol.

18.

Sol.

Since P>+ ang P >20

Hence for the times from 2 to 20 we calculate possibilities that that n < P?

Prime No. Natural Number n
2 2
3 3,6
5 5, 10, 15, 20
7 7,14, 21, 28, 35, 42
11 11, 22, 33, 44, 55, 66, 77, 88, 99, 110
13 13, 26, 39, 52, 65, 78, 91, 104, 117, 130, 143, 156
17 17, 34, 51, 68, 85, 102, 119, 136, 153, 170, 187, 204, 221, 238, 255, 272
19 19, 38, 57, 76, 95, 114, 133, 152, 171, 190, 209, 228, 247, 266, 285, 304,
323, 342

Total numbers = 69

Let a, b, ¢ be distinct positive integers such thatb + c —a, c + a—b and a + b — ¢ are all perfect

squares. What is the largest possible value of a + b + ¢ smaller than 1007
(91)
b+c—-a,c+ta—-b,a+b-c......integer
Add these three
b+t+c-a+cta-b+a+b-c=a+btc
ra+b+c<100
.+ Possible valueof b+c—a,c+a—-b,a+b-carel, 4,9, 16, 25, 36, 49, 64, 81.
Eitherb+c—-a,a+b—c, c+a—Db all three will odd or all will even.
.. Largest possible value of a + b + c is possible.
If b+c—-a=81
c+ta-b=9
atb-c=1

a+b+c=91

What is the smallest prime number p such that p® +4p? +4p has exactly 30 positive divisors?
(43)

p3+ 4p? + 4p

=p(p2+4p+4)

= p'(p+2)°

Number of divisors for a™.b".cP....is (m + 1) (n + 1) (p+1) ...

For 30 divisors we will need 15 divisors from (p+2)>2

If p = 43 [for less than 43 we will have maximum 5 divisors] number of divisors
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(p+2)? =(43+2)* =45°
— 32><2 % 52
Number of divisors = (4 + 1) (2 +1) = 15
Ans. is 43

19. If 15 and 9 are lengths of two medians of a triangle, what is the maximum possible area of the

triangle to the nearest integer?
Sol.  (90)
Area of ABDG
A

Area = 11+x ll+X_X 11+x_5 11+x_6
2 2 2 2
11+ x(11-x ) x+1)x-1
2 2 2 2

_ \/(121— x2)(x* - 1)
- 16

(121-x*)(x* =1)

Lety=
Y 16

For max area d_y =0
dx

—2x(x* =) +(121-x*)2x =0
x> +1+121-x*=0

2x2 =122

X2 =61

(121-61)(61-1)

Area of ABDG =
16

_ [60x60 _60 ..
16 4

Area of AABC =6x15=90
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20. How many 4-digit numbers abcd are there suchthata<b<c<dandb-a<c—-b<d-c?
Sol. (07)
a<b<c<d
b-a<c-b<d-c
possibilities are
a=1,b=2c=4,
4

a=1b=2,¢c=5,d=9
a=1,b=3,c=6,d=no possible

a=2,b=3,c=5d=8

a=2,b=3,c=5d=9
a=2,b=3,c=6,d=not possible
a=3,b=4,c=6,d=9
a=4,b=5,c=7,d=not possible
Ans. 7

21. Consider the set E of all positive integers n such that when divided by 9, 10, 11 respectively, the
remainders (in that order) are all > 1 and form a non-constant geometric progression. If N is the
largest element of E, find the sum of digits of E.

Sol. (Bonus)
Remainder will be less than 11, only possible set of remainders is 1,2,4 or 2,4,8 or 1,3,9. But r
greater than 1 so 2, 4, 8. But Since E is set of numbers, how can we find the sum of digits of E.
They meant “sum of digits of N.
But question should have been
“Smallest element of E is N” and sum of N.
Then there is answer. 74 : for ratio 2,4,8 as ratio greater than 1
So Bonus

22. In parallelogram ABCD, AC = 10 and BD = 28. The points K and L in the plane of ABCD move in
such a way that AK = BD and BL = AC. Let M and N be the midpoints of CK and DL, respectively.
What is the maximum value of cot?( £ BMD/2) + tan?( £ ANC/2) ?

Sol.  (02)

radius = 28

CK1 =18
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OM1=5+9=14

ZBMD =90° (£ in semicircle)
Similarly, CKz2 = 10 + 28 = 38

CMz2=19

AMz2 =9

OM2=5+9=14

ZBM,D = 90° ( £ in semicircle)
If K1 or K2 moves ~BMD will increase

By observation : LBZMD 1 Cot(ZBZMDJ .

For maximum ~BMD = 90°
cot? (ZBZMD) =1

D

BL1 =10,0L1=4,DL1=18,DN1=9, ON1 =5
s ZANIC = g (£ in semicircle)

For Lz point,

DL, =14+ 14 + 10
DL = 38

DN2 =19

ON2=5

ZAN,C =g (£ in semicircle)

Now if L1 or L2 moves,

ZANC ZANC
> N tan

Hence for maximum,

ZANC 4

/ANC =2
2

tan? (gj =1

Maximum=1+1=2

I (Observation)
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23.

Sol.

24,

Sol.

Let t be the area of a regular pentagon with each side equal to 1. Let P(x) = 0 be the polynomial
equation with least degree, having integer coefficients, satisfied by x=t and the gcd of all the
coefficients equal to 1. If M is the sum of the absolute values of the coefficients of P(x). What is the

integer closest to WM 2 (sin18° = (\/5—1)/2 ).
(16)
a’n

4tan (18()}
n

Area of regular pentagon =
n = No. of sides
a = Length of side
.. For regular pentagon by side length 1,
5
4tan36°
_ 5
~ 4(0.73)
=171
Now, P(1.71) = 0 to be found with least degree and integer coefficient soon that gcd of all
coefficient is 1.
Let x=1.71
100x =171
.. P(X) =100x — 171 = 0 is the polynomial which satisfied all the conditions.
. m=100+ 171 =271
- Jm=16.46
.. Nearest integer = 16
But this question can have multiple solutions as student can take tan 36 as 0.72, 0.726 or even
0.7. Every time we will get different answers. So this question should be Bonus.

Area (t) =

For n > 1, let an be the number beginning with n 9’s followed by 744 ; e.g., as = 9999744,
Define f(n) = max {m e N | 2™ divides an}, for n > 1. Find f(1) + f(2) + f(3) +.... + f(10).
(75)

. n>1
a, =9744

a, = 999744

a,, = 999...9744
| |

10 times
N .
f(n) = max{m € — divides an}
2m

f (1) =2™ divides 9744
9744 =2x2x2x2x609
=2*x609
9744 is divided by 24
s m=4
f (2) =2™ should divide 99744
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99744 =2x2x2x2x2x3117
99744 = 2° x3117

a, = 99744 divided by 2°

S m=5

f (3) =2 should divide 999744
999744 =2x2x2x2x2%x2x15621

999744 = 2° x15621
a; =999744 divided by 2°
m =6
Similarly a, divided by 27
S m=7
a; divides by 213
ag divides by 28
a, divides by 28
ag divides by 28
a, divides by 28
a,, divides by 28

f(1) + f(2) + f(3) ......... +f(10)
=4+5+6+7+13+8+8+8+8+8
=75

25. Let ABC be an isosceles triangle with AB = BC. A trisector of £ B meets AC at D. If AB, AC and
BD are integers and AB — BD = 3, find AC.
Sol. (26)
B

sin(Tc + 6) sin(Tc - 36)
2 2

= putls=11-3

= I, = %cosecze

If cosec®0 =36
i.e. cosec’d =6
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26.

Sol.

i.e.sind = l
6
I, =§><36=27
4
I3 =24

I, _ DC & I, _ AD
(= sin40 (T sin20
sin| ——-0 sin| —+0

2 2

_1,sin46 N l, sin20
coso cos0
= 1, =1,x2xsin30

I2

= %coseczex 2xsin30

= §(_i—4sinej
2\ sind
lo = E(3><6—£J
2 6
:§[18—E]
2 3

_§(54—2j
2 3

3 52
_2,2“

273
lo =26

A friction-less board has the shape of an equilateral triangle of side length 1 meter with bouncing
walls along the sides. A tiny super bouncy ball is fired from vertex A towards the side BC. The ball
bounces off the walls of the board nine times before it hits a vertex for the first time. The bounces
are such that the angle of incidence equal the angle of reflection. The distance traveled by the ball

in meters is of the form \m , Wwhere N is an integer. What is the value of N ?
(31)

0 +sin60

A
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27.

Sol.

A conical glass is in the form of a right circular cone. The slant height is 21 and the radius of the
top rim of the glass is 14. An ant at the mid point of a slant line on the outside wall of the glass
sees a honey drop diametrically opposite to it on the inside wall of the glass. (see the figure ). If d
the shortest distance it should crawl to reach the honey drop, what is the integer part of d ? (Ignore
the thickness of the glass)

Honey drop

(36)
A 21
(@]
Assume we open the cone, it will become a section of a bigger circle with radius 21.
. : 2n-14 2
Section of the circle used to make cone = <~ =— (..6=120°)
2n-21 3
minimum distance ‘d’ = AX + XH = 2AX
In ADAX,
2
@] % A
60°
21
X
2 21Y 2
(21)" + > -(AX) N
Cos60° = 31 = AX = 21[_J
2-21-5 2

- d=36.37, [d] = 36
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28.

Sol.

29.

Sol.

In a triangle ABC, it is known that £ A = 100° and AB = AC. The internal angle bisector BD has
length 20 units. Find the length of BC to the nearest integer, given that sin 10°~0.174.

(27)

ABCD, by sine rule

A
S
D
20° 40°
B C
BC BD _ 20
120° sin40° sin40°
_ 1043
sin40°

Given, cos80°(sin10°) = 0.174

Sin40° ~ /ﬁ ~0.643

.. Nearest integer to BC= 27

Let ABC be an acute angled triangle with AB =15 and BC = 8. Let D be a point on AB such that BD
= BC. Consider points E on AC such that #~ DEB = ZBEC. If a denotes the product of all possible
value of AE, find [ o] the integer part of .

(Bonus)

The problem, as stated, has infinite solutions. If you take ANY triangle ABC with AB = 15 and BC= 8
construct point

D on AB such that BD = 8 and draw the bisector BE, then you have a perfectly valid triangle.

As the triangle is acute-angled, then AE can take any value between g\/ml ~+/8.275

(case when £BCA=90° and (g)ﬂ = 11.087

(case when £ABC=90°)
Question will have sense if only integer values for AE were allowed. If that is the case, then the

possible integer values for AE are : 9, 10, 11
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30. For any real number x, let [x] denotes the integer part of x; {x} be the fractional part of x
({x} =x — |x]). Let A denote the set of all real numbers x satisfying

() = X+ [x]+[x+(1/2)]

20
If S is the sum of all numbers in A, find [S]
Sol. (21)

Let,x=1+f
.".given equation reduces to,

I+fH+I+P+1}
2

20

f:

1
() fe {OEJ
[f + E} =0
2

19f =3I =f :ﬂ
19

= |e{o,%j:>|:o,1,2,3
369
"19°19° 19
22 44 66

"19°19'19

1
(1)) fe{?l)
[f +E} =1
2

20f =31+ 1+f
f:3I+1
19
S+l Y 6= 1=3.45
19 6
(_10 13 16
19'19'19
_67 89 111
19' 19’ 19
5_3%
19
[S] =21

1
—<
2
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