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Number Theory
• An integer b is said to be divisible by a non- zero integer ’a’ if there is an

integer ‘x’ such that b=ax and we then write a/b. In case ‘b’ is not divisible by
a we write a   b. The property a/b may also be expressed by saying that ‘a
divides b’ or ‘a is divisor of b’ or ‘b is a multiple of a’.

• Let a, b, c, m, x, y be integers

(i) If a b then a bc  for any integer c

(ii) If a b  and b c  then a c

(iii) If a b  and a c  then ( )a bx cy for any integer xand y

(iv) If a b  and 0b  then a b

(v) If a b  and b a  then a b 

(vi) If m=0 then a b  if and only if ma/mb

Congruences:-

• Let m be a non- zero integer. The integers a and b are said to be congruent
modulo m if and only if m a b  and written (mod )a b m

• Let a, b, c, d, x, y denote integer then

(i) (mod )a b m (mod )b a m  and 0 (mod )a b m   are equivalent
statements

(ii) If (mod )a b m  and (mod )b c m  then (mod )a c m

(iii) If (mod )a b m (mod )c d m then  (mod )ax cy bx dy m  

(iv) If (mod )a b m (mod )c d m then (mod )ac bd m  further, if
(mod )a b m then (mod )k ka b m  for every positive integer k

(v) If (mod )a b m and d/m, then  (mod )a b d

• The number ( )m  is the number of positive integers less than or equal to m
and respectively prime to m

for Example (6) 2  ( 1 and 6,5 and 6)

 (8) 4  ( 1 and 8,3 and 8,5 and 8)

 (11) 10  ( 1 and 8,3 and 8,7 and 8)
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Note - for any prime number ‘p’

( ) 1p p  

Formula for finding ( )m   If a number m written in the form

31 2
1 2 3. . ............nn nm p p p

Where 1 2 3. . ............p p p  are different prime and 1 2 3. . ............n n n  are positive
integers then

1 2 3

1 1 1
( ) 1 – 1 – 1 –m m

p p p


    
     

     
..............

• Total number of divisors of m

1 2 3( 1)( 1)( 1)........n n n  

Euler’s Theorem : Let a,m be integers such that (a,m)=1 (i.e. a and m are

relative prime) Then  ( ) 1(mod )ma m 

Fermat’s Theorem : Let p be a prime number and a be an integer then

(mod )pa a p

Wilson’s Theorem: Let p be a prime Then

( 1)! 1(mod )p p  

5



Ex-1 Find total no. of integers n such that n2+1 is divisible by n+1

Sol:- Let n be an integers such that (n+1)/n2+1

also 2 1 ( 1) ( 1)n n n   

 so 2( 1) ( 1)n n 

2 2( 1) / ( 1) – ( 1)n n n   

( 1) / 2n 

1 1, 2n    

–3, –2,0,1n 

Ex-2 If n=1!+2!+3!+............+100!

Find sum of digits of remainders when n is divided by 240

Sol:- We have 6!= 6×5×4×3×2×1

Which is divisible by 240

so all 6!, 7!, 8! ..... 100! are divisible by 240

Now 1!+2!+3!+4!+5!= 1+2+6+24+120

= 153

50 remainder = 153

50 sum of digits of remainder =9

Ex-3 Find the unit place of (213) 51645

Sol:- We have unit place of (213)51645 is same as unit place of (3) 51645

Now divide the power of 3 by 4 and use the table

Remainders  1  2  3  0

Power 1  2  3  4

351645

3

3
Unit place =3

As
   22= (4)
(12)2=14(4)

45    11
44
(1)

4

6



Ex-4 Find the remainders for (3560/8)

Sol:-
560 2 280 2803 (3 ) 9

8 8 8
 

[9.9.9..............(280 )]

8

times

remainder for above expression

= remainder for (1.1.1............. (280 times)]/8

  Remainder = 1

Ex-5 Find the tens place of the expression 385

Sol:- In order to find tens place of a number we need to divide that
number by 100 and find remainder

we have 385=(340)2×35

By Euler’s theorem

( ) 1(mod )ma m   if ( , ) 1a m 

Here (3,100)=1

    We have 100=22×52

1 1
)(1 )

2 5
(100) 100(1  

= 40

Therefore

(100)(3 1) / (mod100) 

 403 1 (mod100)
40 2 2)(3 1 (mod100) 

80 23 1 (mod100) 

Also 53 243 43(mod 100) 

i.e 35 =43 (mod 100)

7



Now  
80 53 ×3 1 43(mod100) 

853 43 (mod100) 

so tens place of

853 "4"is

*************
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Practice Exercise
1. Find the last two digits of the number 7100–3100

Ans 00

2. find the least integer n such that n does not divide 2n–2 but n divides 3n–3

Ans 06

3. n is a number, such that the 2n has 28 factors and 3n has 30 factors, then
find no of factors of 6n

Ans. 35

4. When 44444444 is written in decimal notation, the sum of its digit is A let B be
the sum of the digits of A. Find the sum of the digits of B.

Ans. 07

5. Determine the number of all 3 digits number N , such that N is divisible by

11&
11

N
is equal to the sum of the squares of the digits of N.

Ans. 02(550 & 803)

6. Find the GCD of the numbers 2n+13 and n+7, Where n N
Ans 1

7. Find the remainder of 2100 when divided by3.

Ans 1

8. If (a,4)=(b,4)=2 and a number n divides a+b Find n(n is greatest perfect
square.

Ans 4

9. Find Total number of Positive integers 3x   such that 33 3x x 

Ans 8

10. Find total number of divisors of 14400

And 63
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Solution of Practice Exercise
Sol:-1 To find the last 2 digits of a number means to find the remainder when

that numbers is divided by 100

Note that  100=25×5 & (25,4)=1

We have 100 1007 3( 4) 7 3 (mod 4)mod  

now (7, 25)  & (3, 25) 1

By Euler’s theorem
20 207 1(mod 25) & 3 1(mod 25) 

20 20 100 1007 3 (mod 25) 7 3 (mod 25)   

 100 100(25,4) 1, 7 3 (mod100)so 

Hence, the last 2 digits of the numbers 100 1007 3  are 00

Sol:-2 If n does not divide 2n–2

  n is a composite number

The least composite number is 4

but 4  43 3 78 

Next composite numbers is 6 and 6   26–2

but 6  36–3

so least numbers is “6”

Sol:-3Since 2 n has 28 factors & 3n has 30

so 1 1 6 3 6
1 2 3 4 52n p p p or p p    ( 28=2x2x7=4x7

& 1 2 4 4 5
6 7 8 9 103n p p p or p p    ( 30=2x3x5=5x6)

4 4 5 103 & 2p p p P    

now 4 66 3 2n  
so 6n has (4+1)(6+1) =35 factors

Sol:-4 We have the remainder when 4444 is divided by 9 is 7

we can also find it by adding 4+4+4+4=16, 1+6=7

Let N=44444444  <  100004444,  so N has at most 4×4444=17776 digits ,
each of which is at most 9. So A is at most 17776×9=159984. With the
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largest digits sum is 99999  so B12 as sum of digits in B is at most
3+9=12

Now 1 (mod 9) & 4444 7(mod 9)A B  

 37 1(mod 9),  we get

4444 44444444 7 7(mod 9) 

as 4444 1(mod 2)

Hence the sum of digits of 7B 
Sol:-5 Let N=100a+10b+c

 N is divisible by 111

so either a+c=b or a+c-b 11

Also 
11

N
 is equal to  2 2 2a b c 

When   100 10( )a c b N a a c c     

  11(100 )N c 

2 2 2100
11

N
c a b c     

so by putting 0,1, 2.....c 

we get N=550 or 803

Sol:-6 we know that for any two integers a,b not both zero

(a,b)=1 if and only if there are inegers x,y such that ax+by=1

we have 2( 7) (–1)(2 13)n n   1

( 7, 2 13) 1n n   

GCD of 7, 2 13 1n n  

Sol:-7 We have 100 4 25 252 (2 ) (16)   & remainder when 16 divided by 3 is 1

so
 2525 1(16) 1

3 3 3
 

11



Hence remainder =1

Sol:-8 ( , 4) ( , 4) 2a b 

4 2, 4 2a n b n    
4( ) 4a b m n    

Now ( , 4) 4a b 

so 4n 

Sol:9-Let x be a integers such that 3( 3) / 3x x   observe that

3 27x  = 2( – 3)( 3 9)x x x 

3( – 3) | – 27x x

3 3( – 3) | ( – 3) – ( – 27)x x x

i.e – 3 | 2 4x

– 3 1, 2,3, 4,6,8,12, 24x 

Hence there are 8 such positive integers

Sol:-10 14400 =144×100

=16×9×4×25

=26×32×52

Total numbers of divisors of

14400   is   (6+1) (2+1) (2+1)

= 63
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ALGEBRA

1.1 Polynomial Functions:-A function 1
1 1 0( ) ......n n

n nf x a x a x a x a
      is a

polynomial function if ( 0,1, 2,3,........ )ia i n  is a constant which belongs to the
set of real numbers and the indices , n,n-1, -----1 are natural numbers. If

0na   then we say that ( )f x  is a polynomial of degree n.

Example : 4 3 2( ) – 2 1f x x x x x     is a polynomial , of degree 4. and 1 is

a zero of this polynomial as 4 3 2(1) 1 – 1 1 2(1) 1 0f     

Example : 2( ) ( 3 – 2) – 6 0,f x x x    if 3x 

as ( 3) 3 – 3 6 – 6 0f   

i.e ( )f x  is a polynomial with degree 2 and 3  is a zero of this polynomial

Degree Polynomial

1 Linear

2 Quadratic

3 Cubic

4 bi-quadratic

Note : Above definition and examples refer to polynomial function in one
variable,

Similarly, Polynomials in 2,3,....... n variables can be defined.

Example : 2( , , ) – 5f x y z x xy z    is a polynomial in , ,x y z  i.e. three

variables , of degree 2 as both 2x  and xy  have degree 2 each.

1.2 Remainder Theorem:- If a polynomial ( )f x  is divided by ( )x a , then the
remainder is equal to ( )f a

Proof : ( ) ( ) ( )f x x a Q x R  

13



( ) ( )f a R remainder

If  ( – )R o x a   is a factor of ( )f x

Factor Theorem :- ( )x a  is a factor of polynomial ( )f x if and only if ( ) 0f a 

Fundamental Theorem of algebra:- Every polynomial function of degree
1  has at least one zero in the complex numbers.

From this it is easy to deduce that a polynomial function of degree ‘n’ has
exactly n zeroes.

Note:- (i) If a polynomial equation with real coefficients has a complex
root  p+iq (p,q real numbers, 0q  ) then it also has a complex root –p iq

(ii) If a polynomial equation with rational coefficients has an irrational

root p q (p,q rational, 0q  ) then it also has an irrational root –p q

(iii) If rational number 
p

q  is a root of equation 1
0 1 "......... 0n na x a x a   

where 0 1, ......... na a a  are integers and 0na  , then p is a divisor of na  and q is

a divisor of 0a

(iv) 2 2 2( ) 2a b a ab b   

3 3 2 2 3( ) 3 3a b a a b ab b    

6 6 5 4 2 3 3 2 4( ) 6 15 20 15a b a a b a b a b a b      5 66ab b 

Pascal’s Triangle

          2
      3     3
    4    6    4
  5  10  10  5
6 15  20  15  6

row 3

row 6

row 5

row 4

row 2

row 0
row 1

14



The nth  row of triangle represents the coefficients of ( )na b  in standard
order.

Each term in polynomial has the powers of its two variables adding up to n.

(v) Factoring :- It is the opposite of expansion

 or a quadratic eq4 in the form   2 0ax bx c  

2– – 4

2

b b ac
x

a


  is called Quadratic formula.

 Method of completing the square

 Relation b/w roots and coefficients

(a) If ,  are roots of equation 2 0ax bx c    then –
b

a
   and 

c

a
 

(b) If , ,    are roots of equation 3 2 0ax bx cx d     then 
–b

a
     ,

c

a
     , 

–d

a
 

(c) If , ,      be roots of equation 4 3 2 0ax bx cx dx e      then

( ) ( )
– ,

–

b
d

a or
a

     
   

   

   
        

       

,

( )( )

c
ea

c a
or

a

     


     

             
      

  

1.3 Identities:-

(a) If 2 2 20, 2( )a b c a b c ab bc ca        
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(b) If 3 3 30, 3a b c a b c abc     

(c) If 4 4 4 2 2 2 2 2 20, 2( )a b c a b c a b b c c a       

2 2 2 21
( )

2
a b c  

• 3 3 3 2 2 2– 3 ( ) ( – – – )a b c abc a b c a b c ab bc ca      

• 3 3 3 3( ) 3( ) ( ) ( )a b c a b c a b b c c a        

•  3 3 3 2 2 21
3 ( ) ( – ) ( ) ( )

2
a b c abc a b c a b b c c a         

1.4 Pigeon Hole Principle (PHP): If more than ‘n’ objects are distributed in ‘n’
boxes , then at least one box has more than one object in it.

1.5 Basic Properties and Facts

1. Arithmetic Operations

a
ab

C bc

 
 
  

a
adb

c bc
d

 
 
  
 
 
 

a ac
b b
c


 
 
 

a b a b

c c c


 

2. Exponent Properties

m n m na a a  ( )n n nab a b

–
m

m n
n

a
a

a


n n

n

a a

b b
   
 
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( )m n mna a
1n
n

a
a

 

0 1, 0a a 

3. Properties of Radicals

1
n na a                n n nab a b

4. Properties of inequalities

If a<b   then   a+c< b+c   and  a-c<b–c

If a<b   and   c>0,  then ac<bc   and 
a b

c c


If a<b and   c<0, then ac>bc and 
a b

c c


5. Properties of absolute value

0

– 0

a if a
a

a ifa


  

0a  a a 

Triangle Inequality a b a b  

6. Complex Numbers

–1i  , 2 –1i  ,      – , 0a i a a 

( ) ( ) ( )a ib c id a c i b d      

( ) – ( ) – ( )a ib c id a c i b d    

( )( ) ( )a ib c id ac bd ad bc i     

2 2( )( )a ib a ib a b   

17



Modulus of a complex= 2 2a ib a b  

Conjugate of a complex ( ) –a ib a ib 

7. Logarithms and Log Properties

Definition : logb x y  is equivalent to yx b

Example 5log 125 3  because 35 125

(natural log) loge x , (common log) 10log x

Where e=2.718281828........

log 1a a  log( ) .logxa x a

log 4
log 4

log
a

b
a b

 log
loga

b

b
a




log 1 0a  log ( ) log logb b bxy x y 

log log – logb b b

x
x y

y

 
 

 
The domain of log log 0b x is x 

8. Factoring formulae

2 2– ( ) ( – )x a x a x a 

3 3 2 2( ) ( – )x a x a x ax a   

3 3 2 2– ( – ) ( )x a x a x ax a  

1 2 1– ( – )( ......... )n n n n nx a x a x ax a    

1 2 2 3 1( )( – – ...... )n n n n n nx a x a x ax a x a       

9. Absolute value Equations/ Inequalities

if b is a positive number

18



–P b P b or P b   

–P b b P b   

–P b P b or P b   

1.6 Arithmetic Progression (A.P)

a , a+d, a+2d, ............, 1a n d 

1. ( 1)na a n d  

2. [2 ( – 1) ] ( )
2 2n n

n n
S a n d a a   

3. Arithmetic mean between a and b = 
2

a b

or in general, 1 2 ........ 1
. na a a

AM
n n

 
 

1

n

i

ai



(B) Geometric Progression (G.P)

2 3 1, , , , ............, na ar ar ar ar 

1n
na ar 

( – 1)

1

n

n

a r
S

r



 When r>1, 

(1 – )

1 –

n

n

a r
S

r
  When r<1

sum of infinite G.P when r<1

1 –

a
S

r 

Geometric Mean G.M = ab

(c) Harmonic Progression

Whose reciprocals are in A.P

19



1 1 1 1
, , , .............

2 1a a d a d a n d   

1

1na a n d


 

If Harmonic Mean of a and b = H

then
1 1 1 1

2H a b
   
 

Note (i) A.M> G.M> H.M , (AM) (HM) = (GM)2

1.7 MEAN ,    MEDIAN,     MODE

 Mean 
i i ix f x fiui

a h
n n fi

    


Median = 

Middle Most

term when

n= odd

 
 
 
 
 

= 

Mean of two

middle terms

when n= even

 
 
 
 
 

= 

– .
2
N

c f
l h

f

 
 

  
 
 

for median, first arrange data in ascending order

Mode   = term (observation)with highest frequency

 
1

1 1

–

2 – –
m m

m m m

f f
h

f f f


 

 

Empirical Formula  :     Mean– Mode= 3(mean–median)

1.8 Inequalities

(i) Triangle Inequality : If 1 2 1 2, , ,x x y y  be any real numbers, then

20



    2 2 2 2 2 2
1 2 1 2 1 1 2 2x x y y x y x y      

where ‘ ’ sign denotes the positive square root.

(ii) Cauchy-Schwarz Inequality : for any 1 2, ,....... na a a  and 1 2, ,....... nb b b

2

2 2 2 2 2
1 1 2 2 1 2 1 2...... ....... .......n n n n
a b a b a b a a a b b b        

or  2 2 2
i i i ia b a b   

Proof consider  f(x)=     22 2

1 1 2 2 ....... 0n na x b a x b a x b      

or f(x)=      2 2 22 (1)i i ia x a b x bi     

which is a quadratic in x. It’s graph is an up parabola. Since 0,f   the
graph either touches x-axis or stays in upper half of it.   either (1) is a
perfect square or doesn’t have any real root. Discriminant   0

  4  2 2 24 0i i i ia b a b    

   2 2 2 Pri i i ia b a b Hence oved   

(iii) Tcheby Chef’s Inequality : If 1 2 3 1 2 3, , , , ,a a a b b b  are any real numbers s.t.

1 2 3 1 2 3, ,a a a b b b then         1 1 2 2 3 3 1 2 3 1 2 33 a b a b a b a a a b b b      

Example 1- Let p(x)=0 be a fifth degree polynomial equation with integer co-
efficients that has at least one integral root. If p(2)=13 and p(10)=5.
Compute a value of x that must satisfy p(x)=0.

Sol. P(2)=13, P(10)=5 [Remainder Thm

[ Factor Thm

Let n be required value of x, which is integral root, so (x-n) is a factor of
P(x)
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( ) ( ) ( )P x x n Q x     [degree of ( )Q x =4

P(2)=(2-n) ( )Q x =13  [13,5 are Prime number

P(10) = (10-n) 5Qx 

2 1 13n or        and  10-n = 1 5or 

Possible values of n are

   1,3, 11, 15 11,9, 15 ,5n and n  

15n   is required value of x (root).

Example -2 The roots of 3 2 19 0x px qx     are each one more than the roots
of 3 2 0.x Ax Bx C     If A,B,C,P,Q are constants, compute A+B+C.

Sol. Let 3 2 19 0 (1)x px qx    

and 3 2 0 (2)x Ax Bx C    

Let equation (2) has roots a,b,c

then equation (1) has roots a+1, b+1, c+1

   1 1 1 19a b c    

To find A+B+C =    a b c ab bc ca abc     

  = (a+1) (b+1) (c+1) - 1

 = 19-1

 = 18

Example 3 : The roots of the equation 5 4 3 240 0x x px qx rx s       are in G.P..
The sum of their reciprocal is 10. Compute the numerical value of .s

Solution : Let the roots be 2
2

, , , ,
a a

a ar ar
r r

 sum of roots = a
2

2

1 1
1 40 (1)r r

r r
        
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& Sum of reciprocals = 
2

2

1 1 1
1 10 (2)r r

a r r
        

Dividing (1) by (2), 2 4 2a a   

since,  s = - 
2 5

2
. . . .

a a
a ar ar a

r r
    
 

s = , 32 32or s 

Example 4 : Let p(x)=0 be the polynomial equation of least possible degree with
rational coefficients, having 3 37 49  as a root. Compute the product of all
the roots of p(x)=0.

Solution : Let x = 3 37 49

  3 3 3 3 37 49 3 7 49 7 49x    

i.e. 3 56 21x x 

Thus p(x)= 3 21 56 0x x  

and product of the roots is 56.

Example 5: If log 2 = 0.301 and log3=0.4771, find the number of digits in 1248 .

Sol. we have log 1248 12 log 48x

     = 12 x log  42 3x

     = 12 x [4 log 2 + log 3)
     = 12 x [1.204+0.4771]
     = 20.1732

Now, characteristic is 20, so required number of digits = 20+1=21
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PRACTICE PROBLEMS
1. Evaluate :

2 2 2 2log 3.log 12.log 48.log 192 16y  

2 2log 12.log 48 20 

[Ans=16]

2. Suppose a,b are positive real numbers s.t.

183, 182a a b b a b b a   

find    9

5
a b [Ans=73]

3. The product of two of the four roots of 4 3 220 590 1992 0x x kx x      is 24.
Find k. [Ans=41]

4. If 2 3,x    then find the value of 4 32 4 3 8 44x x x   [Ans=42]
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Practice Exercise
1. Find the last two digits of the number 7100–3100

Ans 00

2. find the least integer n such that n does not divide 2n–2 but n divides 3n–3

Ans 06

3. n is a number, such that the 2n has 28 factors and 3n has 30 factors, then
find no of factors of 6n

Ans. 35

4. When 44444444 is written in decimal notation, the sum of its digit is A  Let B
be the sum of the digits of A. Find the sum of the digits of B.

Ans. 07

5. Determine the number of all 3 digits number N , such that N is divisible by

11&
11

N
is equal to the sum of the squares of the digits of N.

Ans. 02(550 & 803)

6. Find the GCD of the numbers 2n+13 and n+7, Where n N
Ans 1

7. Find the remainder of 2100 when divided by 3.

Ans 1

8. If (a,4)=(b,4)=2 and a number n divides a+b Find n(n is greatest perfect
square.

Ans 4

9. Find Total number of Positive integers 3x   such that 33 3x x 

Ans 8

10. Find total number of divisors of 14400

And 63
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Solution of Practice Exercise
Sol:-1 To find the last 2 digits of a number means to find the remainder when

that numbers is divided by 100

Note that  100=25×5 & (25,4)=1

We have 100 1007 3( 4) 7 3 (mod 4)mod  

now (7, 25)  & (3, 25) 1

By Euler’s theorem
20 207 1(mod 25) & 3 1(mod 25) 

20 20 100 1007 3 (mod 25) 7 3 (mod 25)   

 100 100(25,4) 1, 7 3 (mod100)so 

Hence, the last 2 digits of the numbers 100 1007 3  are 00

Sol:-2 If n does not divide 2n–2

  n is a composite number

The least composite number is 4

but 4  43 3 78 

Next composite numbers is 6 and 6   26–2

but 6  36–3

so least numbers is “6”

Sol:-3Since 2 n has 28 factors & 3n has 30

so 1 1 6 3 6
1 2 3 4 52n p p p or p p    ( 28=2x2x7=4x7

& 1 2 4 4 5
6 7 8 9 103n p p p or p p    ( 30=2x3x5=5x6)

4 4 5 103 & 2p p p P    

now 4 66 3 2n  
so 6n has (4+1)(6+1) =35 factors

Sol:-4 We have the remainder when 4444 is divided by 9 is 7

we can also find it by adding 4+4+4+4=16, 1+6=7

Let N=44444444  <  100004444,  so N has at most 4×4444=17776 digits ,
each of which is at most 9. So A is at most 17776×9=159984. With the
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largest digits sum is 99999  so B12 as sum of digits in B is at most
3+9=12

Now 1 (mod 9) & 4444 7(mod 9)A B  

 37 1(mod 9),  we get

4444 44444444 7 7(mod 9) 

as 4444 1(mod 2)

Hence the sum of digits of 7B 
Sol:-5 Let N=100a+10b+c

 N is divisible by 111

so either a+c=b or a+c-b 11

Also 
11

N
 is equal to  2 2 2a b c 

When   100 10( )a c b N a a c c     

  11(100 )N c 

2 2 2100
11

N
c a b c     

so by putting 0,1, 2.....c 

we get N=550 or 803

Sol:-6 we know that for any two integers a,b not both zero

(a,b)=1 if and only if there are inegers x,y such that ax+by=1

we have 2( 7) (–1)(2 13)n n   1

( 7, 2 13) 1n n   

GCD of 7, 2 13 1n n  

Sol:-7 We have 100 4 25 252 (2 ) (16)   & remainder when 16 divided by 3 is 1

so
 2525 1(16) 1

3 3 3
 
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Hence remainder =1

Sol:-8 ( , 4) ( , 4) 2a b 

4 2, 4 2a n b n    
4( ) 4a b m n    

Now ( , 4) 4a b 

so 4n 

Sol:9-Let x be a integers such that 3( 3) / 3x x   observe that

3 27x  = 2( – 3)( 3 9)x x x 

3( – 3) | – 27x x

3 3( – 3) | ( – 3) – ( – 27)x x x

i.e – 3 | 2 4x

– 3 1, 2,3, 4,6,8,12, 24x 

Hence there are 8 such positive integers

Sol:-10 14400 =144×100

=16×9×4×25

=26×32×52

Total numbers of divisors of

14400   is   (6+1) (2+1) (2+1)

= 63
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Equations and inequalities
Equations are the foundation of mathematics. All forms of maths rely on the

principle of equality.

An equation states that two expressions have the same value. Expressions

are what are on either side of the equation. The main rule to solve a linear

equation in one variable is that “ Whatever is done to one side of an

equation must also be done to the other side.

A linear equation in one variable x is of the form ax+b=0, Where a and b are

real numbers and 0.a � . The value of x which satisfies a given linear

equation, is called its solution or root.

ax+b=0 �  ax= – b �  x=
–b

a

Thus, 
–b

a
 is a solution of given linear equation.

An equation of the form ax+by+c=0, Where a,b,c are real numbers such

that 0a �  and 0b �  is called a linear equation in two variables x and y. If

x ��  and y ��  satisfy  the equation ax+by+c=0 then we say that the

ordered pair ( , )� �  is its solution. A linear equation in two variables has

infinitely many solutions.

A set of multiple equations with same variables is called a system of

equations. In most cases, for a system to be solvable, the number of

variables must be less than or equal to the number of equations given

Quadratic Equations : The general form of a quadratic equation in x is
2 0,ax bx c� � � Where , ,a b c R�  and 0.a �  The solution of quadratic

equation, 2 0ax bx c� � �  is given by 
2 4

2

b b ac
x

a

� 	 �
�

The expression 2 4b ac D� �  is called the discriminant of the quadratic

equation.

If �  and �  are the roots of quadratic equation 2 0,ax bx c� � � then

(i)
b

a
� �

�
� � (ii)

c

a
�� � (iii) –

D

a
� � �
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Nature of Roots:

(1) Consider the equation 2 0,ax bx c� � �  Where , ,a b c R� and 0a � , then ;

(i) 0D 
 � Roots are real and distinct

(ii) D=0 �Roots are real and equal

(iii) D<0 �  Roots are imaginary

(iv) If p+iq is one root of a quadratic equation, then the other must be the

conjugate p-iq & vice versa (p,q�R and i = 1� )

(2) Consider the equation 2
0, , , 0,ax bx c Where a b c Q and a� � � � � then;

(i) If D>0 & is a perfect square, then roots are rational and unequal).

(ii) If p q� � �  is one root (Where p is rational and q  is a surd) then

the other root must be conjugate of it i.e p q� � �  & Vice Versa.

(3) A quadratic equation whose roots are � and �  is (x-� ). (x-� )=0  i.e

2
( ) 0x x� � ��� � � �

(4) Consider the quadratic expression, 2 , 0y ax bx c a� � � � and , , ,a b c R�  then;

The graph between x,y is always a parabola.

If a>0 then the shape of the parabola is concave upwards and if a<0 then

the shape of the parabola is concave downwards.

Maximum & Minimum Value:

Maximum and minimum value of 2
y ax bx c� � �  occurs at 

2

b
x

a

� 
� �� �
� �

according  as:

a<0 or a>0

2 24 4
, ) 0 & ( , 0

4 4

ac b ac b
y if a y if a

a a

� �� �
� � 
 � �� �� �
� �

Important Results: For the quadratic equation 2 0ax bx c� � �

(i) One root will be reciprocal of other if a=c
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(ii) One root is zero if c=0

(iii) Roots are equal in magnitude but opposite in sign if b=0

(iv) Both roots are zero if b=c=0.

(v) Roots are positive if a and c are of same sign and b is of opposite

sign.

(vi) Roots are of opposite sign if a & c are of opposite sign.

(viii) Roots are negative if a,b,c are of the same sign.

Theory of  Equations:

If 1, 2, 3............ n� � � �  are the roots of equations

1 2

0 1 2 1( ) .......... 0
n n n

nf x a x a x a x a x an
� �

�� � � � � � �

Where 0 1,, ..... na a a all are real and 
0 0,� � then

31 2
1 1 2 1 2 3

0 0 0

––
, ,

aa a

a a a
� � � � � �

�
� � �� � � ..............

1 2

0

, ........... (–1)n n
n

a

a
� � � ��

(i) If �  is a root of the equation f(x)=0, then the polynomial f(x) is exactly

divisible by (x-� ) or (x-� ) is a factor of f(x) and conversely..

(2) Every equation of nth degree ( 1)n �  has exactly n roots & If the

equation has more than n roots, it is an identity

(3) If the coefficients of the equation f(x)=0 are all real and i� �� is its

root, then i� ��  is also a root.

(4) If the coefficients in the equation are all rational & � �� is one of its

roots, then –� � is also a root. Where , Q� � �  and �  is not a

perfect square.

(5) If there be any two real numbers a and b such that f(a) & f(b) are of

opposite signs, then f(x)=0 must have atleast one real root between

a and b.
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(6) Every equation f(x) = 0 of degree odd has at least one real root of a

sign opposite to that of its last term.

Inequalities
We denote the set of all positive real numbers by R+ ,the set of all

negative real numbers by R–. R is the union of R+, R- and {0}. Given a real

number a, either a is in R� or a is in R�  or a=0. One and only one of these

possibilities is true. We note that, given any two real numbers a and b, a is

said to be less than b (or b is greater than a) is b-a is a positive real

number. We write this a<b (or b>a). We record the following important

properties of this ordering in R.

(i) Given any two real numbers a and b, one and only one of the following

three conditions is true

a<b or a=b or a>b

(ii) if a<b and c is any real number, then a+c < b+c

(iii) if a<b and c>0 , then ac<bc

(iv) if a>0, b>0 and a< b, then 
1 1

a b



(v) For any real number a, 2
0a �

(vi) Inequalities exists only between two real numbers( not complex

numbers).

(vii) If a,b>0 then a+b>0 and ab>0

(viii) a>b if a-b>0

(ix) a<b if b-a>0

(x) a�b if either a>b or a=b

(xi) a�b if either a<b or a=b

(xii) if a>b then ac>bc if a,b,c>0

(xiii) if a>b and b>c then a>b>c and a>c

(xiv) if a>b>0 and c>d>0 then ac>bd

(xv) In a given inequality terms/coefficients from one side to other side

can be transferred as in case of an equality
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(xvi) We can add/ subtract the same real number on both sides of an

inequality, the direction of inequality does not change.

(xvii) Two inequalities with same direction can be added( always) and

multiplied ( if both sides of inequality are positive). But they can

never be subtracted or divided.

(xviii)Both sides of an equality can be multiplied by same positive quantity

without changing the direction of inequality.

(xix) The direction of inequality changes if it is multiplied by a negative

number on both sides of inequality

Some Basic Inequalities  1. AM-GM inequalities

We know that 2 0a � for any real number a. This is an important inequality in

itself. As a consequence of this property, We can derive many inequalities.

Let c and d be any two real numbers. Then we have 
2

0c d� � . Expanding

this, we get  c2–2cd+d2�0

so 

22

2

c d
cd

�
�

if a and b are non negative reals, by taking ,c a d b� �  in the relation (1)

we get

2

a b
ab

�
�    (2)

Here the number 
2

a b�
 is called the Arithmetic Mean (A.M) of a and b. ab

is called the Geometric Mean (G.M) of a and b. Thus the relation (2) asserts

that the geometric mean of two non negative real numbers is always smaller

than ( and utmost) equal to) their arithmetic mean

The relation (2) holds equality iff a=b for any two non negative real numbers

a and b.

i.e
2

a b
ab

�
�  iff a=b
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If a
1,
a

2,
a

3 
.... , 

na  are n real numbers, the real numbers

1 2 3 ......... na a a a

n

� � �
,

is called the arithmetic mean of a
1,
a

2,
a

3 
.... , 

na . If a
i�0 for i=1 2,3, ........n

We define their geometric mean as the real number

1

1 2 3( . . ....... )nna a a a

a generalization of (2) to a set of n positive numbers

a
1
, a

2
. a

3 ,
 .......a

n 
is the inequality

1

1 2 3
1 2

..........
( ..... )n n

n

a a a a
a a a

n

� � �
� (3)

This inequality is known as “ Arithmetic Mean - Geometric mean inequality)”

we write (3)  also in the form

1 2 3
1 2 3

........
.... ....

n

n
n

a a a a
a a a a

n

� 
� � � �
� � �
� �

(4)

Equality holds in (4) iff a
1
=a

2
=a

3
= .........a

n

2 For two positive numbers a and b, if A, G and H be respectively the

arithmetic mean, the geometric mean and Harmonic mean then A G H� �

3 If A, G and H be respectively the arithmetic mean, the geometric mean and

Harmonic mean of n positive integer 
1 2, , ........ na a a then A G H� �

The equality sign holds if and only if a
1
=a

2 
= ......... = a

n.

4 if 
1 2 2 3 1, ........ n na a a a a a�� � �  then 

1 na a�

5. If 
1 1 2 2, ........ n na b a b a b� � �  then

1 2 1 2......... ........n na a a b b b� � � � �  and equality

Sign holds iff 
1 1 2 2, ......... n na b a b a b� � �

6. Let a>b>0, p,q>0 and let 1/qa  and 1/qb  denote positive qth roots of a and b

respectively then
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/ /p q p qa b
 and – / – /p q p qa b�

7. Let a�b>0, p�0 a non negative integer and q is a postive integer and
1/ 1/,q qa b  denotes thq  roots of a and b respectively then

/ /p q p qa b� and – / – /p q p qa b�

The equality holds iff a=b or p=0

8. Triangle inequality:- –a b a b a b� � � �

9. The lengths a,b,c can represent the sides of a triangle if and only if a+b>c,

b+c>a, a+c>b

10. i i i ia a�� �
11. Weierstras’s Inequality :- For positive integers 1, 2, 3..... na a a a

(1+a
1
)(1+a

2
)(1+a

3
)....... (1+a

n
)> 1+a

1
+a

2
+a

3
+...........a

n

If 
ia  are fractions (less than one) then

(1-a
1
)(1-a

2
)(1-a

3
)....... (1-a

n
)> 1-(a

1
+a

2
+a

3
+...........a

n
)

12. Cauchy Schwartz Inequality:-

2 2 2 2 2 2 2

1 1 2 2 1 2 1 2( ........... ) ( ......... )( ......... )n n n na b a b a b a a a b b b� � � � � � �

13. Tchebychev Inequality ::- if 
1 2 3

.........
n

x x x x� � �  and

1 2 3 ......... ny y y y� � �  or 
1 2 3 ......... nx x x x� � �  and 

1 2 3 ......... ny y y y� � �  then

1 1 2 2 1 2 1 2...... ............ ..........
.n n n nx y x y x y x x x y y y

n n n

� � � � � �� 
 � 
 � 
�� � � � � �
� � � � � �

If one of the sequence is increasing and other is decreasing then the

direction of the inequality changes.

14. Holder’s Inequality:-

(a)
1 1 2 2( ......... )

pq

n na b a a b� � �b 1 2( ...... )
p p P q

ma a a� � � � � 1 2( ...... )
q q q p

nb b b� � �

Where 
1 1

1,
p q
� �

ia  and 
ib are non negative real numbers.
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Equation and inequalities
Questions :-

1. Let 
1 2, ,...... nx x x  be a sequence of integers such that

(i) –1 xi 2� �� �� �� �  for i=1,2,..........n

(ii)
1 2 ...... 39nx x x and� � � �

(iii) x
1

2+x
2

2 +......+ 2

n
x =99

Determine the minimum possible value of x
1

3+x
2

3+.........+x
n

3 Ans.39

2. Let a,b,c be distinct non-zero real number such that
1 1 1

,a b c
b c a

� � � � �   then

find the value of abc Ans = 1

3. Find natural x for which

x x

x x

8 27 7

12 18 6

����
����

����
    Ans.= 1

4. Let a, b, c, d be positive integers such that abcd=a+b+c+d

Find the maximum possible value of max (a,b,c,d)     Ans.= 2

5. Find all real number x satisfying the equation. 4 3 –16 12 9 1x x x x x� � � �
     Ans. 0

6. Determine the number of ordered pairs of integers (m,n) for which mn 0����
and m3+n3+33mn=113  Ans.=13

7. Given that the real numbers a,b,c,d satisfy the condition a+b+c+d=6, and

a2+b2+c2+d2=12, determine the maximum value of a.     Ans.=3

8. If � ,� � are roots of the equations 3 22 3 35 0x x x� � � � ,

Find the value of 2� ����� Ans. = 99

9. If � ,�  r are roots of 33 – 4 2 0x x � � , then find value of 
1 1 1

1 1 1

� � �
� � �

� � �� � �� � �� � �
� �� �� �� �

� � �� � �� � �� � �

Ans. 11

10. Solve for x,  x4–2x3+4x2+200x–10400=0,

given that sum of two of its roots is zero. for x N� Ans. 10
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11. If � � � � � �2 2 26, 14� � � � � �� � � � � �� � � � � �� � � � � �  and 3 3 3r 36,� �� � �� � �� � �� � �  Then value  of � � �4 4 4� �� �� �� �  is

................. Ans. 98

12. If x,y,z be positive real numbers such that 2 2 2x y z 27� � �� � �� � �� � �  and 3 3 3x y z n� � �� � �� � �� � �
Then max value of n is ................. .Ans.81

13. If a,b,c>0 and abc=1 such that 
1 ab 1 bc 1 ac

n
1 a 1 b 1 c

� � �� � �� � �� � �
� � �� � �� � �� � �

� � �� � �� � �� � �
, then max value of n

is ...........                      Ans=3

14. If a,b,c>0 and a+b+c=1, such that

1 1 1
1 1 1 n

a b c

� 
 � 
 � 
� 
 � 
 � 
� 
 � 
 � 
� 
 � 
 � 

� � � �� � � �� � � �� � � �� � � � � �� � � � � �� � � � � �� � � � � �

� � � � � �� � � � � �� � � � � �� � � � � �
, Then max value of n is ................... Ans. 64

15. If a, b, c > 0 and a+b+c=1, such that 
1 1 1

1 1 1 n
a b c

� 
 � 
 � 
� 
 � 
 � 
� 
 � 
 � 
� 
 � 
 � 

� � � �� � � �� � � �� � � �� �� �� �� � � � � �� � � � � �� � � � � �

� � � � � �� � � � � �� � � � � �� � � � � �
, Then max

value of n is ........ Ans. 8

16. If a, b, c > 0 and 
1 1 1

1
1 a 1 b 1 c

� � �� � �� � �� � �
� � �� � �� � �� � �

 , such that abc���� n, Then max value of

n is ..................    Ans.8

17. If a, b, c, d are real number satisfied the conditions a+b+c+d=6,

a2+b2+c2+d2=12, such that 4 (  a3+b3+c3+d3)– (a4+b4+c4+d4)���� n

(a)  Then least value of n is ............................ Ans. 48

(b) Then most value of n is ............................... Ans.36

18. If a, b, c > 0 such that

(a b)(b c) (c a)
n

abc

� � �� � �� � �� � �
���� , Then max n is ....................... Ans 8

19. If a,b,c, d are (+) ve real such that

1 1
(ab cd)( ) n

ac bd
� � �� � �� � �� � �  Then max n is ............ Ans. 4

20. If a, b, c, d > 0 satisfying the condition 
1 1 1 1

(a b c d) n,
a b c d

� 
� 
� 
� 

� � � � � � �� � � � � � �� � � � � � �� � � � � � �� �� �� �� �

� �� �� �� �
Then

max n is ........ Ans16

21. The smallest value of the sum a3+b3+c3 for a+ b, c����R satisfying the

condition  2 2 2a b c� � =27 is ................. Ans.81 37



Solution
1. Let a,b,c denotes the number -1s, 1s and 2s in the sequence respectively

(Not consider zero)

Then a,b,c are non-negative integers satisfying

-a+b+2c=39 and a+b+4c=99

�  a=30-c and b=69-3c

where 0 39[ 0]c b� � ��

so 
33 3 3 3 3

1 2 ...... 1 1 2 8nx x x a b c a b c� � � � � � � � � � �

  = -30+c+69-3c+8c=39+6c

when c=0 �  a=30, b=69  � min=39

2. It’s given 
1 1 1

a b c
b c a

� � � � �

�  a-b = , ,
b c c a a b

b c c a
bc ca ab

� � �
� � � �

on multiplying 1abc Ans�

3. Let 2 3 ,
x x
a and b� �  then given equation became

3 3

2 2

a ba b

a b ba

��
�

�

2 2
a b ab

ab a b

� �

�

7

6
�

2 26 3 6 0

2 3 3 2 0

a ab b

a b a b

� � � �

� � � �

2 3 3 2

1 1
2 2 3 3 2 3

2 3

1 1 1

x x x x

a b OR a b

x or x x

x OR Ans x

� � �

� �  �

� � � �

4. Let ,a b c d� � �  so only required the max. value of  d

since 4

4

1 4

d a b c d d

then d abcd d

abcd

� � � � �

� �

� � �
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Hence (a,b,c)=(1,1,1) (1,1,2) (12,1) (2,1,1)

Total=4   max d = 2

5. Let 4 & 3x xa b� �  then equation become

1+ 2 2 0a b ab a b� � � � �

2 2

2 2 2 2

2 2 2

2 2 2 2 2 2 0

1 2 1 2 2 0

1 1 0

a b a b ab

a a b b a b ab

a b a b

� � � � � � �

� � � � � � � � � �

� � � � � � �

Therefore 1 4 3 0x x x� � � �  only equation

6. We know that (m+n)3 = 3 3m n� +3mn(m+n)

If m+n=11 then

3
11 (m+n)3= 3 3 3 3

3 ( ) 33m n mn m n m n mn� � � � � �

Here m+n–11 is a factor of 3 3m n� �  +33mn–111

We have m3+n3+33mn–113=(m+n–11) ( 2 2m n� –mn+11m+11n+1112) (Identity)

= 
1

2
 (m+n–11) [(m–4)2+(m+11)2+(n+11)2]

so solution are (0,11) (1,10) (2,9) (3,8) (4,7) (5,6) (6,5) (7,4) (8,3) (9,2)

(10,1) (11, 0) (–11,–11) Total =13 Ans.

7. Since the b,c,d is 6–a, their average is x =
6 a

3

����

Let 
1 1 1, &b x b c x c d x d� � � � � �

Then 
1 1 1 0 [ [ 3b c d b x c x d x b c d x� � � � � � � � � � � � �

[6 ] – ( 3a�
6

3

a�
 � 0)�

a=0

and 
1

2 2 2 2 2 2 2

1 112 3 3a x b c d a x� � � � � � �
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2 2

2 26 6
3

3 3

a a
a a

� �� 
 � 
� � � �� � � �
� � � �

2 236 3 36 12a a a� � � � �

2
0 4 12 4 ( 3)a a a a� � � � �

0 3, 0 2a wherea iff b c d� � � � � � �

and a=3 iff b=c=d=1       Max=3

8. In general equation 3 2x px� +qx+r=0

p� � �� � � �� � � �� � � �� � � � �� �� � ���r q, r� � � �� � � �� � � �� � � �

� � � � � � � � � � � � �2 2 2 2 2 2 2r�� � � � � � ��� � � � � � ��� � � � � � ��� � � � � � �

=( ) ( ) 3 ( ) 3pq�� �� �� � � � ��� �� � � � � � � �

=3r-pq

Here p=2, q=3,r=35

�� 2 3 35 2 3 99� � �  �  ��  �  ��  �  ��  �  �

9. Let y=
1 x y 1

x
1 x y 1

� �� �� �� �
� �� �� �� �

� �� �� �� �

therefore 

3

3 2y 1 y 1
3 4 2 0 y 11y 19y 3 0

y 1 y 1

� 
 � 
� 
 � 
� 
 � 
� 
 � 
� �� �� �� �
� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � �� � � �� � � �� � � �� �� �� �� �� � � �� � � �� � � �� � � �

���� Sum of roots = 111

10. If , , ,� � � !  are roots of equation then

2 2� � � ! � !� � � � � � �� � � � � � �� � � � � � �� � � � � � � 0� �� � �� � �� � �� � �

so equations whose roots are ,� �  is 2x +px+p=0���� x2+p=0

so equations whose roots are ,� !  is 2x –2x+q=0

4 3 2 2 2x – 2x 4x 200x 10400 (x p)(x 2 x q) 0� � � � � � � � �� � � � � � � � �� � � � � � � � �� � � � � � � � �

=x4–2x3+(p+q) x2–2px+pq

p q 4, pq 25, 2p 200 P 100� � � � � � � � �� � � � � � � � �� � � � � � � � �� � � � � � � � �
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q=104

Hence x4–2x3+4x2+200x–10400=(x2–100) (x2–2x+104)=0

x 10� �� �� �� �

11. Let , ,� � �  be the roots of the equation 3 2
0 (1)x px qx r� � � � �

Here 
0 1 2 31, , , 0a a p a q a� � � �

0 1 1 1 10a s a s p s p� � � � � � � �

But 
1 6 6 6s p p�� � � �� � � � �

Also 
0 2 1 1 2 2 1 2 12 2 0 2a s a s a s ps q s ps q� � � � � � � � � �

=36-2q

But 2

2 14 36 2 14 11s d q q� � � � � � � �

Now putting x �� , ,� �  in (1) & adding

3 2 1 3

3

3 0 ( 6) 14 11 6 3 0

18 3

s ps qs r s x r

s r

� � � � � � �  � � �

� � �

But 3

3 36 18 3 36 6s r r�� � � � � � � � �

Equation (1) is now 3 26 11 6 0 (2)x x x� � � � �

on multiplying by x � 4 3 26 11 6 0 (2)x x x x� � � � �

Putting , ,x � � ��  in (3) & Adding

4 3 2 1

4

6 11 6 0

6 36 11 14 6 6 98

s s s s

s x x x Ans

� � � �

� � � � �

12. Applying Cauchy-Schwraz inequality - to the numbers

1, 2 1, 2

2 2 2 2 2 2
2 1 2 1 2

1 1 2 2

1 2

1 2

... & ,......

........ )( .....

.......

n n

n n

n

n

a a a b b b R

a a an b b bn
then a b a b a b

aa a
iff
b b b

�

� 
� � � �
� � � � �

� �

� �
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3/2 3/2 3/2 1/2 1/2 1/2
, , , , ,x y z x y z wehave

2 2 2 3 3 3
(1)x y z x y z x y z� � � � � � � �

Again applying C-s inequality to x,y,z,1,1,1

2 2 2 2 (1 1 1)x y z x y z� � � � � � �

�
2 2 2 23 (2)x y z x y z� � � � � �

Squaring both sides 
4 2 2 29 (3)x y z x y z� � � � � �

Multiplying (1) by 9 both sides

2 2 2 3 3 3
9 9x y z x y z� � � � � (x+y+z) - (4)

from (3) & (4) 
4 3 3 3 ( )x y z x y z x y z� � � � � � �

Squaring (1) 
4 22 2 2 3 3 3

(5)x y z x y z x y z� � � � � � � �

from (5) & (2) 
4 2

2 2 2 3 3 3 2 2 2
3x y z x y z x y z� � � � � � �

3
2 2 2

2
3 3 3

3

x y z
x y z

� �
� � � �

Putting 2 2 2 3 3 3
27 81x y z x y z� � � � � �

13.
1

, sin 1
1 1

ab abc ab
ceabc

a a

� �
� �

� �

= 
1

1

c
ab

a

�� 

� ��� �

1 1 1 1 1 1

1 1 1 1 1 1

ab bc ac c a b
ab bc ca

a b c a b a

� � � � � �� 
 � 
 � 
� � � � � �� � � � � �� � � � � �� � � � � �

42



2
33 3 [ ]abc AM GM� � �

Ans = 3

14. Since abc 

3
1

, sin 1
3 27

a b c
ce a b c

� �� �� � � � �� �� �
1 1 1 1 1 1 1 1 1 1

1 1 1 1
a b c a b c ab bc ca abc

� 
� 
� 
� � � � � � � � � � �� �� �� �
� �� �� �

3 23

3 3 1
1 ( )

( )
AM GM

abcabc abc
� � � � �

= 

3

3

3

1
1 4 64 Ans

abc

� 

� � �� �

� �

15. Here

1 1
1

a a b c a b c

a a a a

� � � � �
� � � �

1 1 1
1 1 1

b c c a a b

a b c a b c

� � �� 
� 
� 
 � 
� 
� 
� � � �� �� �� � � �� �� �
� �� �� � � �� �� �

bcx cax ab AM GM� �

= 2x2x2=8   Ans

16. Let 
1 1 1

, , 1
1 1 1

x y z x y z
a b c
� � � � � � �

� � �

Now 
1 1 1

1 1
1

x a a
a x x
� � � � � � �

�
  Now proceed as 15

Ans = 8

17. Here

3 3 3 3 4 4 4 4
4 a b c d a b c d� � � � � � �
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= - 
4 4 4 4 2 2 2 21 1 1 1 6a b c d a b c d� �� � � � � � � � � � �� �

-4 (a+b+c+d)+4

=-
2 4 4 4

1 1 1 1 52a b c d� �� � � � � � � �� �   (By given conditions)

Now let a-1=x, b-1=y, c-1=z, d-1=t

2 2 2 2 2 2 2 2
2( ) 4 4x y z t a b c d a b c d� � � � � � � � � � � � �

�

2
2 2 2 2

4 4 4 4

4

x y z d
x y z t q

� 
� � �
� � � � �� �

� �
  where q is non negative

4 4 4 4 2 2 2 2
16x y z t x y z t� � � � � � � �

again  a+b+c=6-d   &  2 2 2 2
12a b c d� � � �

Hence by power mean inequality   (Power inequality)

2

2 2 2 ( )

3

a b c
a b c

� �
� � � �

1/ 1/

1 1 1 1... –
r s

x r s s

n n n nt x t x t x t x� � � � �

2

2 (6 )
12 2 ( 3) 0

3

d
d d d

�
� � � � �

0 , , , 3a b c d� � �

Now  
22 2 0x x for x R� � �

3 4 24 4x x x� � �

3 4 3 4 3 4 3 4 2 2 2 2
4 4 4 4 4a a b b c c d d a b c d� � � � � � � � � � � �

= 48

Also 
2

0,3 1 1 3 0x x x x� � � � � �

3 4 24 2 4 3x x x x� � � � �
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3 4 3 4 3 4 3 4 2 2 2 2
4 4 4 4 2a a b b c c d d a b c d� � � � � � � � � � � �

+ 4 (a+b+c+d)

= 36  Ans

18.
(a b)(b c)(c a) a b b c c a

abc a b c

� � � � � �� � � � � �� � � � � �� � � � � �� 
 � 
� 
� 
 � 
 � 
� 
 � 
 � 
� 
 � 
 � 

���� � � � �� �� � � � � �� � � � � �� � � � � �
� � � � � �� � � � � �� � � � � �� � � � � �

= 
a b b c c a

2 2 2 8
ab bc ca

� � �� � �� � �� � �
  �   �  �   �  �   �  �   � AM GM���� Ans=8

19. (ab cd)����
1 1 ab ab cd cd

ac bd ac bd ac bd

� 
� 
� 
� 

� � � � �� � � � �� � � � �� � � � �� �� �� �� �

� �� �� �� �

= 
b a d c

c d a b
� � �� � �� � �� � � AM GM����

= 
b c a d

2 2 Ans4
c b d a

� 
 � 
� 
 � 
� 
 � 
� 
 � 
� � � ��  �� � � ��  �� � � ��  �� � � ��  �� � � �� � � �� � � �� � � �
� � � �� � � �� � � �� � � �

20. By cauchy’s inequality

2 2 2 2 2 2 2

1 1 2 2 1 2 1 2( ... ) ( ...... ) ( ..... )n n n nuv u v u v u u u v v v� � � � � � � � � �

equality occurs iff

n nv tu�  when 1 ,k n t R� � �         Here
1

,n

x

u
a

� 1, 2, 3, 4k �

=
1 1 1 1

a b c d
� � �

Since &k kU V R�  so 
k kV tu�

1 1 1 1
t a b c d

a b c d
� � � � � � �

It is possible if a= b= c= d= t=4

2 21 1 1 1
( ) 4 16a b c d t

a b c d

� 
� � � � � � � � � �� �
� �
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21.  By Power means of degree 2,& 3      a,b,c satisfy the condition

2 2 2 3 3 3

2 3
3 3

a b c a b c� � � �
�       =

3 3 3 3 3 327
2 3 3 3

3 3 3

a b c a b c� � � �
� � �

3 3 3 81a b c� � � �
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Triangles
1. Basic Proportionality Theorem

If a line is drawn parallel to one side of a triangle to intersect the other two
sides in distinct points the other two sides are divided in the same ratio.

2. Converse of BPT :

If a line divides any two sides of a triangle in the same ratio, then the line is
parallel to third side.

3. Pythagoras Theorem :

In a right triangle the square of hypotenuse is equal to the sum of squares
of other two sides.

4. Converse of Pythagoras Theorem :

In a triangle if square of one side is equal to the sum of squares of other two
sides then the angle opposite to first side is right angle.

5. Apellonius Theorem :

In a triangle ABC if AD is the median bisecting BC then

 2 2 2 22AB AC BD AD  

6. Stewart’s Theorem :

In a triangle ABC if AD is the angle bisector then

2 2 2. . ( . )DC AB BD AC BC AD BDCD  

7. Theorem 01 :

In   ABC, if AD is the angle bisector then 
AB BD

AC DC


A

B D C

A

B D C
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8. Theorem 02 :

In  ABC, if AD is angle bisector then  
2

2

4 ( )bc s s a
AD

b c






Where a,b & c are the sides of   ABC and s is the
semi-perimeter.

9. Steiner Lehmus Theorem :

In a triangle, if two angle bisectors are equal then the
triangle is isosceles triangle.

10. Theorem-03

The ratio of the areas of two similar triangles is equal to the square of the
ratio of their corresponding sides.

11. Theorem - 04

In an obtuse angled triangle ABC if AD CB  produced, then
2 2 2 2 .AC AB BC BC BD  

12. Theorem-05

In an acute angled triangle ABC if AD BC  then

2 2 2 2 .AC AB BC BC BD  

A

B D C

A

B D C

A

D B C

90º
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Some Solved Problems
1. Rhombus PQRB is inscribed in a   ABC as shown in the figure. If AB=12 cm

and BC=6 cm find PQ.

CB

P

A

Q

R

Sol. Let PQ=a then In   ABC, PQ||BC as PQRB is a rhombus.

Hence APQ ~   ABC

then 
AP PQ

AB BC


12

12 6

a a


72-6a = 12 a

72 = 18a

a=4 cm.

2. In an isosceles triangle ABC, AC=BC, BAC  is bisected by AD where D lies
on BC. If AD=AB then find ACB

Sol. In ,ABC AC BC   and AD=BD where AD is angle bisector of .A  Let

BAC =2x then BAD =x

 AC=BC Hence 
2

BAC ABC

ABC x

 
 

B

D

C A
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In ,ABD  AD=AB Hence 2ADB ABC xthenin ABD   

2 2 180x x x   
5 x  = 180
x  = 36

so BAC  = 2 x  36  = 72

72ABC  

Now in ABC

180BAC ABC ACB    

72 72 180ACB      

180 144ACB   

36ACB  
3. In a triangle ABC, AB=12 cm, BC=14 cm, AC=16 cm then find AD where AD

is the angle bisector of BAC
Sol. Let ABC  having a=14 cm, b=16 cm, c=12 cm

s=
2

a b c 

= 
14 16 12

2

 

= 
42

21
2

cm

 
2 4 ( )bcs s a

AD
b c






= 
 

 2
4 16 12 21 21 14

12 16

x x x 



=  2
4 16 4 3 3 7 7

28

x x x x x x

A

12
C

M

B D C

16CM

14CM
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AD =  2
4 4 4 4 3 3 7 7

28

x x x x x x x

AD = 
4 4 3 7

12
28

x x x
cm

4. In adjoining figure ABC is a triangle right angled at B and .BD AC  If AD=4
cm and CD=5 cm then find AB.

 Sol    BD AC

~ADB BDC 

then 
AD BD

BD CD


2.ADCD BD

4.5 = 2BD
2BD =20

Now in ABD  By Pythagoras theorem

2 2 2AB AD BD 

=  24 20

2 16 20AB  

36 6AB cm 

5. Let ~ABC DEF   and their areas be respectively 2 264 121cm and cm if a

median of DEF  is 16.5 cm find the corresponding
median of .ABC

Sol. Let AK be the median of
.ABC  and DL be the me-

dian of DEF

A

D

B C

D

E L F

A

B K C
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 Ratio of areas of two similar triangle is equal to the ratio of squares of their
corresponding sides.

2

2

ar ABC AB

ar DEF DE


2
64

121

AB

DE
   
 

64

121

AB

DE


AB : DE = 8:11

Now  ~ABC DEF 

  
AB BC

DE EF


2

2

AB BK

DE EL
    As AK and DL are medians

AB BK

DE EL


&    B E      By CPST

~ABK DEL 

 
AB AK

DE DL
    By CPST

8

11 16.5

AK


AK = 
8

16.5 12
11

x cm
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Problems for Practice
1. In adjoining figure, if ~ABC DEF   and their sides are of lengths (in cm) as

marked along them, then find the perimeter of ABC

A

B 2x+2 C

3x

2x
-1

D

F E

18

6x

3x+9

  [Ans : 36 cm]

2. For going to a city B from city A, there is a route via city C such that

,AC CB  AC=2x km and CB=2 7 .X Km  It is proposed to construct a 26

Km highway which directly connects two cities A and B. Find how much
distance will be saved in reaching city B from city A after the construction of
the highway.   [Ans : 8 km]

3. In adjoining figure if ,ACB CDA  AC=8 cm
and AD=4 cm find BD.

[Ans : 12 cm]

4. ABCD is a trapezium in which AB||DC and P and Q are points on AD and BC
respectively such that PQ||DC. If PD=18 cm, BQ=35 cm and QC=15 cm,
find AD.    [Ans : 60 cm]

5. In an isosceles ,ABC  AB=AC=13 cm and the median AD=12 cm. Find BC.

[Ans : 10 cm]

A D B

C
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6. If ~ ,ABC DEF   AB=4 cm, DE=6 cm, EF=9 cm and FD=12 cm, find the
perimeter of ABC . [Ans : 18 cm]

7. Two sides of a triangle are 10 cm and 5 cm in length, and the length of the

median to the third side is 6.5 cm. The area of the triangle is 26 .x cm

Determine the value of x. [Ans : 14]

8. Perimeters of two similar triangles ABC and PQR are in the ratio 4:5. If the
sum of their areas is 2164 .cm  Find the area of smaller triangle.

   [Ans : 264cm ]

9. The areas of two similar triangles ABC and PQR are in the ratio 4:9. If the
sum of the perimeters is 30 m, find the perimeter of larger triangles.

 [ Ans : 18 cm]

10. A ladder 25 m long is placed so as to reach a road side window 24 m high
and returning the ladder over to the other side of the road, it reaches a point
7m high. Find the breadth of the road.      [Ans : 31 m]
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Solution to Unsolved
1. ~ABC DEF 

AB BC AC

DE EF DF
 

2 1 2 2 3

18 3 9 6

x x x

x x

 
 



Taking

2 1 3

18 6

x x

x




2 1 3

18 6

x 


2x-1=9

2x=10

x=5

Taking

2 2 3

3 9 6

x x

x x






12x+12=9x+27

12x-9x=27-12

3x=15

x=5

Taking

2 1 2 2

18 3 9

x x

x

 



26 3 18 9x x x  

= 36x+36

26 15 9 36x x x  

-36=0
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26 21 45 0x x  
22 7 15 0x x  
22 10 3 15 0x x x   

(x-5) (2x+3)=0

x=5, x=-3/2 NA

So x=5 is acceptable

AB=2x5-1=9

BC=2x5+2=12

AC=3x5=15

Perimeter = 9+12+15=36 cm

2. In ABC  By Pythagoras theorem

2 2 2AB AC BC 

      22 2
26 2 2 7x x    

676= 2 24 4 196 56x x x  

2 24 4 56 196 676 0x x x    

28 56 480 0x x  
22 14 120 0x x  
22 24 10 120 0x x x   

2x(x+12)-10(x+12)=0

(x+12) (2x-10)=0

either x+12=0

x=-12 N.A.

As distance cannot be negative

2x-10=0

x=5

A

26

B 2(x+7) C

2x
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Then AC+BC=2x5+2(5+7)

   = 10+24

   = 34 Km

Distance saved

   = 34-26=8 km

3. In ACBand ADC 

ACB CDA Given  

A A    Common

~ACB ADC    By AA Similarity

AC AB

AD AC


2 .AC AB AD

   2
8 AD BD AD 

64 =  4 4BD x

16=4+BD

BD=12 cm

4.  PQ||DC||AB

 
AD BC

PD QC


50

18 15

AD


10 50
AD 

18
6

15 3

60cm

A B

P Q35

15

CD

18
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5.  In an isosceles triangle median to non-equal side is r  to that side.
 ABD  is a right triangle.

In ABD  By Pythagoras theorem
2 2 2AB AD BD 
2 2 2(13) (12) BD 
2 169 144BD  

25 5BD  
2 10BC BD cm  

6. ABC DEF  

Perimeter of ABC AB

Perimeter of DEF DE






4

6 9 12 6

Perimeter of ABC


 

4
27

6
Perimeter of ABC  

18 cm

7. In ABC  By appolonius theorem

2 2 2 22( )AB AC AD BD  

2 2 2 2(5) (10) 2[(6.5) ]BD  

225 100 2[42.25 ]BD  

2125
42.25

2
BD 

262.5 42.25 BD 
2 62.5 42.25BD  
2 20.25BD 

20.25 4.5BD  

A

13

B D C

12cm

13

A

5c
m

B D C

10cm
6.5cm
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9BC cm

s 
5 10 9 24

12
2 2

cm
 

  

area of ( ) ( ) ( )s s a s b s c    

6 12(12 – 5)(12 –10)(12 – 9)x 

6 12 7 2 3x    

6 6 14x 

14x   Ans.

8. ABC PQR  

2
area ABC Perimeter ABC

Hence
area PQR Perimeter PQR

 
  
 

2
4

5
   
 

area ABC

area PQR
16

25


16

25

area ABC x

area PQR x




ATQ

16 25 164x x 

41 164x 

4x 
area of smaller 16 4  

264 cm

9. ABC PQR 

2
arABC PerimeterABC

arPRQ PerimeterPQR

 
  
 
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2
4

9

PerimeterABC

PerimeterPQR

 
  
 

2

3

PerimeterABC

PerimeterPQR


2Perimeter ABC x

3Perimeter PQR x

. 2 3 30ATQ x x 

5 30x 

6x 

arg 3 6Perimeter of l er  

18cm

10. In ABC  By Pythagoras Theorem

2 2 2AC AB BC 
2 2 2(25) (24) BC 

2625 – 576 BC
2 49BC 

7BC m

In CDE  By Pythagoras theorem

2 2 2CE ED CD 
2 2 2(25) (7 ) CD 

2625 – 49 CD
2 576CD 

24CD m

breadth of road= 24+7=31 m   Ans

A

24
m

B C D

7m

E
25m

25m
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Leva’s Theorem

Let P be a point inside the ABC continue lines , ,AP BP CP  to hit , ,BC CA AB

at , ,D E F  respectively , then

. . 1
AF BD CE

FB DC EA


Converse of Ceva’s  Theorem-

If , ,D E F  are on sides , ,BC CA AB  respectively s.t.

. . 1
AF BD CE

FB DC EA
 , then

lines , &AD BE CF   are concurrent at a point P..

Menelaus’s Theorem–

Let ABC  be a triangle and let line l cut the sides of the triangle( extended
if necessary) at points ,D E  and .F  , then

. . 1
AD BE CF

BD EC FA


A

F

B

P

D C

E

A

D

E

B C

F
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Converse of Menelaus’s Theorem

Suppose three points , ,D E F  are on sides (or extension) , ,AB BC AC
respectively such that 1 or 3 of them are in the extensions of the sides, then
points , ,D E F  are collinear if and only if

1
AD BE CF

DB EC FA
  

Centroid of a Triangle

The centroid of a triangle is a point where all three medians meets/ Intersect.

If 1 1 2 2( , ), ( , )A x y B x y  and 3, 3( )C x y  are

vertices of triangle, then co-ordinate of
centroid

1 2 3 1 2 3,
3 3

x x x y y y
G

      
 

Some Properties of centroid of Triangle

Centroid divide the median in 2 :1



: 2 :1

2 1
,

3 3

AG GD

AG AD GD AD

 

 



2 2 2 2 2 2

2 2 2

3( )

4
( )

3

AB BC CA GA GB GC

AD BE CF

    

  

 For any point inside the triangle

2 2 2 2 2 2PA PB PC GA GB GC    

A (x ,y )1 1

F E

DB
(x ,y )2 2

C
(x ,y )3 3
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 The three medians divides the triangle into six triangles, each of which
have the same area.

 If ,BC a AC b  and AB c  then length of median

2 2 22 2 –

4

b c a
AD




2 2 22 2 –

4

a c b
BE




2 2 22 2 –

4

a b c
CF




 As Centroid divides medians in 2 : 1 , therefore

2 2 21
2 2 –

3
AG b c a 

2 2 21
2 2 –

3
BG a c b 

2 2 21
2 2 –

3
CG a b c 

 If any line through the centroid hits AB  at P  and AC  at Q , then

1
BP CQ

PA QA
 

A

P

G Q

B C
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Incenter of Triangle

The incenter of a triangle is a point where all three internal angle bisector
intersect.

– Incenter is equidistant from triangle’s side

– If 1 1 2 2( , ), ( )A x y B x y and 3 3( , )C x y  are vertices of
triangle, then co-ordinate of incenter

1 2 3 1 2 3,
ax bx cx ay by cy

o
a b c a b c

          

if s is semiperimeter of triangle, r is inradius
, then

area of Triangle = .s r 

Circumcenter of Triangle

The circumcenter of a triangle is a point where all three perpendicular
bisector of sides meets.

– Circumcenter is equidistant from all vertices of triangle

– Circumradius

2sin 4

a abc

A s
R 

– Euler’s Theorem [ Relation between inradius (r) and circumradius(R)]

2 2 2( ) d rR r  

Where R = circumradius

  r  = Inradius

  d = distance between the incenter and the circumcenter

A (x , y )1 1

o

B
(x ,y )2 2

C
(x3,y )3

bc

a
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Orthocenter of Triangle

The orthocentre of a triangle is a point where all three altitudes from
vertices of opposite side meets

In ABC  , ,AD BE  and CF  are altitudes on sides BC ,AC and CA
respectively.

1
1

2
ah 

1
2

2
bh 

1
3

2
ch 

1 2 3

1 1 1

2 2 2

a b c

h h h
    

  

2

2

a b c 





2

s



1

.

s

s r r


1 2 3

1 1 1 1

h h h r
  

A

B D C

E
F

c
b

a
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Inequalities in a Triangle-

If three line segments with lengths a,b and c are given, then triangle with
sides a,b and c exist if and only if

(i) a+b>c

(ii) a+c>b

(iii) b+c>a

these relations call  “ Triangle existence inequalities”

 If two sides of a triangle are unequal, the angle opposite to the longer
side is larger (or greater)

eg if a b c 

A B C  
 In any triangle, the side opposite to the larger (greater) angle is longer.

 In a right angled triangle, the hypotenuse is the longest side.

Angle bisector Theorem

An angle bisector of a triangle divides the opposite side in to two segments
that are proportional to other two sides of triangle.

Let CD be the angle bisector in ABC , then

BD BC

AD AC


x a

y b


Length of Angle bisector CD

= ab xy
B D A

C

a b

x y

 
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Some Solved Problem
Problem (1)

In ABC , G is the centroid and AB= 6 cm, AC=8cm and medians

52

73

5

cm

CF cm

AD cm

BE






Find the length of BC.

Solution -

2 10

3 3
AD cmGA 

2 2 52

3 3
BE cmGB 

2 2 73

3 3
CF cmGC 

2 2 2 2 2 23( )BC CA GA GB GCAB     

2 100 208 292
36 64 3

9 9 9
BC       

 

2 600

9
100 3BC   

2 100BC 

A 

F E

DB C

G
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10BC cm
Problem- 2

In ,ABC 70 , 6 , 7 ,cm b cm c cma   Find the length of median ADAD

Sol.  
2 2 22 2

4

b c a
AD

 


72 98 70
5

4
cm

 
 

Problem- 3

 If G is the centroid of PQR and a line passing through G meet PQ at A and
PR at B such that

2AQ cm

5AP cm

3BR cm

Find the length of PR

Sol. Using 1
AQ BR

AP PB
 

2 3
1

5 PB
 

PB=5 cm

 PR= 5+3 = 8 cm

Problem-4

Let  ( , )o a b  be the circumcenter of ABC , Whose vertices are

(1,4), (–2,3)A B  and (5,2),c  Find ( )a b

Sol. As circumcenter is equidistant from vertices

A G

Q R

B

P
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OA OB OC  

2 2OBOA 
2 2 2 2( 1) ( – 4) ( 2) ( 3)a b a b     

3 2a b  ______(1)

2 2OB OC
2 2 2 2( 2) ( 3) ( – 5) ( – 2)a b a b    

7 8a b  ______(2)

on solving eg (1) and (2)

1, –1a b 

circumcentre (1,–1)

1–1 0a b  
Problem- 5

In ABC , 15 , 14AB cm BC cm  13AC cm

Find inradius r.

Sol.

2

a b cs  

   
15 14 13

2

 

    21 cm

area ( )( )( )( ) s s a s b s cABC   

   21(21–15)(21–14)(21–13)

    284 cm ____________(1)

A

F Er r

o

r

B D C
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area ( ) ( ) ( ) ( )ABC ar BOC ar AOC ar AOB  

   
1 1 1
.14. .13. .15.

2 2 2
r r r 

   
14 13 15

2

r r r 


  2.21r cm __________(2)

from (1) and (2)

21 84r 

4r cm

Problem- 6

One side of some triangle is 5.3 cm, and the other is 0.7 cm, Find the third
side of triangle, if its length is a natural number

Sol. Let third side be x cm.

By Triangle existence inequalities

5.3 0.7x  

6x   ________(1)

5.3 0.7x 

4.6x  _______(2)

0.7 5.3x 

4.6x   _______(3)

from eq (1), (2) and (3)

4.6 6x 

or          (4.6,6)x

As x  is a natural number

 5x cm

A

5.3 cm

B
x cm C

0.7 cm
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Some Problems for Practice

1. In ABC , 8BC cm , 82 cmAC   median 6BE cm

Fine the length of AB.

[Ans  AB=7cm]

2. In  ABC , 5AB cm , 6BC cm , 8CA cm median 7BE cm ,

Median CF   
35

2
cm

Find the length of median AD. [Ans 6AD cm ]

3 In ABC

equation of side AB  is

2 – 2x y  

eq. of side BC  is

8x y 

egs of side AC  is

2 –7x y 

If centroid of ,ABC  is ( , )G x y  then Find the value of x.y

Ans [x.y=10]

4. In ABC , G is centroid and p be any point  in the interior of ABC , such that

5 , 5GA cm GB Cm 

4 3GC cm , 3PA cm

5PB cm

Find length of PC

Ans PC=8cm

A
2x

-y
= 

-2

B Cx+y=8

x-2y= -7

A

B

G

C

P
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5. In ABC , Altitude 4AD cm  Altitude 6BE cm  and Altitude 12CF cm

Find in radius Ans r-2cm

6. An artist has created a triangular stained glass
window and has one strip of siding left before
completing the window.

Find out the length of the last side (FB) based
on the length of other sides as shown in figure

Hint :- Use ceva’s Theorem [Ans FB=2 cm)

7. In given figure

AF = 6 cm

BD= 7 cm

CE= 8 cm

AE=6 cm

Find  CD×FB

[Ans FB×CD=56]

8. A right triangle with legs of length 3 cm and 4 cm. Find the radius of inscribed
circle. [Ans r-1 cm]

A 3 E 4 C

10

D

3

B

F

5

A F B

E D

C
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9. In the following fig. CD in angle bisector of ACB  such that

8BC cm

12AC cm

10AB cm

Find (i)  length of AD

(ii) length of CD

6

6 2

AnsAD cm

CD cm

 
 

 

10. For ABC  inradius = 5 / 2r cm

circum radius 9R cm

Find the distance between incenter and circumcenter.]

[Ans d = 6 cm]

B D A

 

C
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Solution of problems for Practice

1. 8 , 82 , ?a cm b cm C  

median 6BE cm

2 2 22 2 –

4

a c b
BE




2128 2 82
36

4

c 


22 98c      7C cm

2. 5 ,AB cm 6BC cm , 8CA cm

Median 7BE cm ,  MedianCF
35

2
cm

median ?AD 

2 2 2 2 2 24
( )

3
AB BC CA AD BE CF    

24 35
25 36 64 ( 49 )

3 4
AD    

2375 4 196 35AD  

2 24 144 36 6AD AD AD cm    

3. For vertex A

2x-y=-2 ______(1)

x-2y=-7 ______(2)

on solving  (1, 4)A 

For vertex B

A

2x
-y

= 
-2

B Cx+y=8

x-2y= -7
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2n-y = –2   _______(1)

x+y=8    ______(2)

on solving B   (2,6)

For vertex C

x-2y=-7   ______(2)

x+y=8   ______(3)

on solving (3,5)C 

Centroid 
1 2 3 4 6 5

( , ) , (2,5)
3 3

G x y
      

 

. 2 5 10x y   

4. 5GA cm ,   5GB cm ,   4 3GC cm

3PA cm 5PB cm ?PC 

2 2 2 2 2 2PA PB PC GA GB GC    

29 25 25 25 48PC    

2 64PC   8PC cm

5. Altitude 1 4AD h cm 

Altitude 2 6BE h cm 

Altitude 3 12CF h cm 

Inradius= ?r 

1 2 3

1 1 1 1

h h h r
  

1 1 1 1

4 6 12 r
  
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3 2 1 1

12 r

 
  2r cm

6. By Ceva’s Th

. . 1
FB EA DC

FA EC DB


. . . .FB EA DC FA EC DB

3 10 5 4 3FB     

2FB cm

7. BY Ceva’s Th

1
AF BD EC

FB DC EA
  

6 7 8
1

6FB CD

 


 

56FB CD 

8. Inradius ?r 

Area of 21
3 4 6

2
cm    

3 4 5
6

2
s cm

 
 

sr 

6
1

6
r cm

s


  

9. By Angle insector Th

5 4

3

B y D x A

128

C

10
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12

8 10 –

x

x


8 120 –12x x

20 120x 

6x 

6AD cm

(ii) CD ab xy 

12 8– 6 4 72   

6 2CD cm

10. Inradius 5 / 2r cm , circum radius R=9 cm Distance between incenter &
circumcenter d=?

By Euler’s Th

2 2 2( – )R r d r 

2 2
25 5

9 –
2 2

d       
   

2 169 25 144
– 36

4 4 4
d   

6d cm
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(a) A circle is symmetric about any of its diameter.

(b) Given any three non-collinear points A, B, C there exist a unique circle
passing through A, B, C.

(c) Equal chord of a circle are equidistant from center.

(d) Given any two chords of a circle, the one which is nearer to the center, is
greater than one more remote.

(e) For any arc of a circle the angle substended at the center is double the
angle substended at any point on the remaining part of circumference.

(f) Angle in the same segment of a circle are equal.

(g) If a straight line segment joining two points substends equal angle at two
other points on the same side of it,  than four points are concyclic.

(h) One and only one tangent can be drawn to a circle at any point on its
circumference and this tangent is perpendicular to the radius through the
point of contact.

(i) If two circles touch one another than the point of contact lies on the line
joining the center.

(j) If two tangents are drawn to a circle from an exterior point then :

(1) The length of tangent are equal.

(2) They subtend equal angles at the center.

(3) The angle between them is bisected by line joining the points and the
center.

(k) In equal circles of two chords are equal than they cut-off equal arc on the
circle.

(l) If any circle of angle between a tangent and chord through the point of
contact of tangent is equal to the angle in alternate segment.
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(m) A common tangent of two circles divides the line segment joining center
externally or internally in the ratio of their radii.

(n) The opposite angle of a cyclic quadrilateral are supplimentary.

(o) If ABCD is cyclic quadrilateral then any exterior angle of ABCD is equal to
interior opposite angle.

(p) If two opposite angle of a quadrilateral are supplimentary then it is cyclic.

(q) If AB and CD are any two chords of a circle meeting at point, P then :

PA.PB = PC.PD

(r) If, p is any point on a chord AB of a circle with center, O and radius, r then:

AP.PB = r2 – OP2

Example : 1

Two circles are tangent to each other through the center of the second is
drawn a tangent to the first. The distance from the point of tangency to the
center of the second circle equals 3 times its radius. What is the ratio of
radii of the first circle to the second.

Solution :

A

O1 R2R1

R1

R2

O2

According to question :

R R (R R )    on solving  
R

R

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Example : 2

Two circles are inscribed in a 60° angle, so that second circle is tangent to
first one. How much is the combined area of two circles greater than that of
first.

Solution :

60º
P

M

r1

Q

R

O2O1

r2

Let PM = x

 sin 30° =  

r

r x
x r

also sin 30° =
r

r x r r
x r r

   
 

According to question,

)r r

r

 
  =  

r r

r




Example : 3

Consider two tangent circles such that one is within the other. A line
passes through point B,C and the center of the smaller circle and
crosses the bigger one at point A and D. Find the ratio of radii of circles
of :
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| AB | : | BC | : | CD | = 2 : 4 : 3

Solution :

A

M

D

N

B

r
o2

C

R

o1

Let r be the radius of smaller circle and R of bigger

AB

BC
 =  or AB = r ( BC = 2r)

Similarly CD =
r

Now AO
2
. O

2
D = MO

2
. O

2
N

 2r. 
r

 = r. (2R – r)


R

r
 = 3

Example : 4

The tangent to a circle at point K is parallel to chord LM of circle it is
known that LM = 48 cm and KM = 40 cm. Find radius of circle.

Solution :

82



L

K

M48cm
40

cm

O

x

N

32
cm

Using the pythagoras theorem is KMN , KN = 32 cm.

Again ON = x, so OK = 32 – x = r = OM (radius)

x2 + (24)2 = (32 – x)2

 x = 7

 r = 32 – 7 = 25 cm

Example : 5

Triangle ABC is inscribed in a circle. A tangent dropped from vertex C of the
triangle intersects the extension of side AB from vertex B at point D. It is
known that :  CDA+ ACB=2 BAC.    Find the angle between tangent and
chord CB.

Solution :

A

 

B D

 -



C

18
0-

-


83



Let A  =   and B  = 

Using properties of a angle between tangent CD and chord CB are equal to
the angle BAC.

And CDA + ACB   = BAC

 – – –    = 

   = 45°

Question/Answer

1. The tangent point of a right triangle and an inscribed circle divides a leg into
segment of length 3 cm and 2 cm.

Ans. 12

2. A circle is inscribed into a triangle with sides AB = 8, BC = 6 and AC = 4. Find
the length of segment, DE in nearest integer of D and E are tangent to sides
AB, AC res.

Ans. 2

3. An isosceles triangle, ABC, with sides of length 2 cm and 120° vertex angle
is given. Find the radius of the circle in nearest integer that can be inscribed
in ABC .

Ans. 5

4. An isosceles, trapezium of base 9, and 16 cm circumscribed about a circle,
then find is height.

Ans. 12

5. ABCD is a cyclic quadrilateral such that angles between sides CB and DA
be 20° and between sides AB and DC be 30°, find D .

Ans. 65°

6. Two circles of same radius   intersect each other so that distance

between their centers equal   . In a figure formed by intersection of two
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circles, a square is inscribed. Find the side of square.

Ans. 3

7. Four congruent circles are placed in a square of sides 40 cm, so that each
is tangent to two sides of the square and to two sides of other circle. A
smaller fifth circle is drawn tangent to each of the four circles. Find its radius
in nearest integer.

Ans. 4

8. The tangent to a circle at point, K is parallel to chord, LM of the circle it is
known that LM = 6  and  KM = 5. Find BR where, R is radius of circle.

Ans. 25

9. Chord AP and CQ of circle circumscribed about acute triangle ABC contain
its height dropped from verticle A and C. Find the radius of the circle circum-
scribed about triangle PLO where L is the point of intersection of chords AP

and CQ, BAC = 65°, ACB = 70° and PQ = .

Ans. 2

Circle : A circle is the path travelled by a point which moves in such a way
that its distance from a fixed point remain constant.

The fixed point is known as center and the fixed distance is called radius.

(a) Circumference or perimeter of circle = r d  

(b) Area of circle = r = 
c

cr
d

 


(c) r = 


A Circumference

r

(d) Ratio of area of the two circles :

2

1

Areaof circlecircumscribing square

Areaof circleinscribing same square

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(e) Ratio of area of two squares is :


Area of square circumscribing circleis

Area of square inscribing in same circle

Sector  : A sector is a figure enclosed by two radii and an arc lying between
them :

Arc = 
 n

Area of sector :  Arc×r =
r 



Semi-circle : Semi-circle is a figure enclosed by a diameter and the part of
circumference cut off by it.

Segment : Segment of a circle is a figure enclosed by chord and an arc
which it cut off. Any chord of a circle which is not a diameter divides the
circle into two segments, one greater and one less than a semi-circle.

o

A

C

B

•Area of segment ACB = Area of sector ACBO : Area of OAB

•Area of segment ADB = Area of circle – Area of segment ACB.

•A circular ground of radius, r, has a path of width, w around it on outside.
The area of circular pathway is given by w (2r + w).

•A circular ground of radius, r has a pathway of width, w around it as inside.
The area of circular pathway is given by w (2r – w).

•The area of largest circle can be inscribed in a sqaure of side, a is 
a

.
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•Area of square inscribed in a circle of radius, r is 22 .r  Area of largest
triangle inscribed in a semi-circle of radius, r is  r2.

•The number of revolutions made by a circular wheel of radius, r is travelling

distance d is given by 
d

r
 
 

 
.

1.
A

3
 c

m
2

 c
m

C 2 cm x cm B

x cm

3 cm

Using pythagoras theorem

(5)2 + (2 + x)2 = (3 + x)2

 25 + 4 + 4x + x2 = 9 + 6x + x2

 x = 10

 Second leg CB = 2 + 10 = 12

2.

A

C B

o

Fy x

D

z

x

z

E

y
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Let us introduce the variable x = FB = BD, Y = CF = EC and Z = DA = AE,
and r = OD = OE.

We can find the radius r, using the relationship between the area of triangle
ABC, the radius of inscribed circle and the half perimeter,

p=
 

 . By Heron’s formula,

s =  P(P – a)(P – b)(P – c)  =  ( – )( – )( – )  ...(1)

and s = pr = 9r
....(2)

From (1) and (2) r = 

Now x + y = 6, y + z = 4, z + x = 8   x = 5, y = 1, z = 3

Now area of AEOD in two different ways.

DEOA
 =

r.z
.    DE =

.

. A OA
 ......(3)

Again OD2 = OD2 + AD2    OA ....(4)

From (3) and (4)

DE = 
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3.

A D C

o

20
cm

B

120º

Using the formula S = Pr.

In ABD  sin 60° = 
AD

AB
  

AD
AD=10 

 AC =

P =
 

 

S =   

 r =   
 

4.

A E 16cm

Q

F D

P

9cmB C

S
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AE ,AB=AS + SB=AQ +BP=

 AB =

In   AEB

AB2 = BE2 + AE2

 =  h 

( BE=h)

h = 12

5.

A

M
20

B

30º

N

?

D

C

We know that B  + D  = 180° ...(i)

and A + C  = 180°
...(ii)

In AND A + D   = 150° ...(iii)

In   MCD C + D   = 160° ...(iv)

On solving these four equation

D  = 65°
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A B

(R,o)

C
D

o1
M

(R ,o)
2

o2(P,o)

6.

Radius of both circles are same centre of both the circle lie on one another.

 1 2OO R

Let first circle’s centre is on (0, 0),  (R, 0) is the centre of second circle.
Equation of first circle will be x2 + y2 = R.

Let ABCD be the required square then AC diagonal inclined at 45° with

1 2OO . So equation of AC will be y – 0 = tan 45 (x – R/2)

  y =  
R

x– . Now point of intersection of (1) and first circle x2 + y2 = R2  is

   7 1 , 7 1
4 4

R R   
 

 Length of one side of square will be  R
–  here

R = 
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 Side = 
( )( – )



7.

A B

D C

O1

E
O2

O3
O4

O5

Radius of each big circle will be 10 cm. Let r be that of 5m one.

In BCD  right angled at C

BD2  = BC2  + CD2 and in BO2 E

O2B2  = BE2 + O2E2 ....(i)

x = ( – )x

and BD = 2x + 2r + 40 = 20 ( – )  = 20 ( ) r 

from (i) r=10  2 1 4r 
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L

K

M

O

N

6cm

r

5cm
r

x

In  MNK

25 = (r + n)2 + 9

 r + x = 4
...(i)

again in MNO

r2 – n2 = 9

(r + x) (r – x) = 9
...(ii)

from (i) and (ii)

r =  = 8R = 25

Q

N

A

L

CM

P

B
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CAN and AMC are right triangles so ACQ  = 25° and CAP  = 20°

From the inscribed angle theorem

APQ  = ACQ  = 25, CQP= CAP = 20° 

 QLP  = 180 – 25 – 20 = 135°

Finally, applying law of sine to the triangle PLQ and find the radius of its
circumscribed circle

R = 2sin

PQ

PLQ    =
sin


 

94



Combinatorics

Rule of sum :  If one event can take place in m ways and 2nd event can take
place in n ways then any one out of these 2 events (either first only or 2nd

only) can take place in m+n ways.

Rule of multiplication : If one event can take place in m ways and 2nd

event can take place in n ways then both the events (one after the other or
simultaneously) can take place in m n ways:

Difference between permutations & Combinations:

(between arrangements & selections)

No. of permutations means no. of different arrangements. Order of objects
is important in this case. No of combinations means no. of different groups/
selections. Order doesn’t have any importance in this case.

Example: If there are 3 objects a, b & c, then different permutations of 3
objects taken 2 at a time are ab, ba, bc, cb, ac & ca i.e. 6 arrangements
while for these 3 objects different combinations (selections) if 2 are taken
at a time are ab, bc & ca i.e. 3 only. Please note ab & ba are 2 different
permutations but it is only one combination.

• No. of permutations of n objects taken r at a time  (repetition not allowed)

= 
n n

r r

n
P p

n r
 



Where n = n! = factorial n

= 1×2×3.......n.

• No. of permutations of n objects taken all at a time if out of these n objects,

1p  are of same kind, p
2
 are of same kind,.....,......, p

n
 are of same kind is

1 2 n

n

p . p ........ p .

• No. of ways in which m+n things can be divided into 2 groups containing m

& n objects respectively is 
m n

.
m n


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• If m=n then ways of subdivision is 
2m

.
m m 2

• No of ways in which m+n+p objects can be divided into 3 groups

containing m, n & p things is 
m n p

m n p

 

• No. of permutations of n things taken r at a time, when each object
may be repeated once, twice, thrice, ............. r times = nr

• No. of combinations/selections of n different objects taken r at a time

= nC
r
 = 

n

n r

n
C

r n r 


• No. of combinations of n different objects taken 1 or 2 or 3, ..............or
n objects at a time = 2n–1.

• No. of objects, when no. of combinations out of n objects is maximum is:

(i)
n

2
 if n is even & no. of combinations =

n

n
2

C

(ii)
n 1 n 1

or
2 2

 
, if n is odd.

& no. of combinations = 
n n

n 1 n 1
2 2

C or C  .

• No. of selections by taking some or all out of p+q+r+..... objects,
where p  are all of one kind, q are alike of a II kind, r are alike of III kind
is (p+1).(q+1). (r+1)........–1.
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Q1. Find the number of ways in which a selection of 4 letters can be made from
the letters of the word ‘PROPORTION’.

Ans. There are 10 letters of 6 different sorts.

O, O, O, P, P, R, R, T, I, N

Possible groups of 4 letters are as follows.

(a) 3 alike 1 different is 3 O’s & 1 different letter out of P,R,T,I,N i.e in 5
ways.

(b) 2 alike & 2 different : Selection of 1 set of 2 alike out of 3 pairs in 3C
1

=3 ways & selection of 2 out of 5 = 5C
2

 =10,  No. of ways = 3×10=30

(c) 2 alike & 2 alike : Selection of 2 alike groups out of 3 groups = 3C
2
=3.

(d) All four different : No. of selections = 6C
4 
=15

 Total no. of selections = 5+30+3+15 = 53.

Q2. If words formed by all the letters of the word MOTHER are arranged as in

a dictionary, If there are total n words before mother then find 
n

4
.

Ans. In alphabetical sequence,

Words starting with No. of words

E 5 120

H 5 120

ME 4 24

M H 4 24

M O E 3 6

MOH 3 6

MOR 3 6

MOTE 2 2

MOTHER ______.

 n=120+120+24+24+6+6+6+2=308


n

4
=77
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Q3. If total n rectangles can be drawn on a chess board then find 
n

36
.

Ans. To form a rectangle we need 2 horizontal and 2  vertical lines. 2 lines
out of 9 lines can be chosen in 9

2C  ways

 n= 9C
2
×9C

2 
= 36×36

 
n

36
36



Q4. In how  ways can 6 speakers A, B, C, D, E and F address a gathering if A
speaks after B.? If answer is n then find n/6.

Ans. Total ways of addressing the gathering = 6

    = 720

Using symmetry it is clear that out of 720, 
720

2
i.e. 360 ways are there

when A speaks after B. n/6=60

Q5. If n distributions are possible of 5 identical objects into 7 distinct boxes.
If there is no restriction on how many each box many contain. Find n/7.

Ans. Let boxes are repressented by B
1
,B

2
,.........B

7
. And identical objects

are represented by xls. Let one of the distributions is

B
2
B

2
 B

4
 B

7
 B

7

Then we can write is as |x x|| x||| x x

there are 6 vertical separators to separate 7 boxes

Now the question is in how many ways can we arrange these 6 separators
& 5 x’s.

i.e. 
11

66 7 n
6 5

  

n
66.

7
 
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Q6. Find the number of all rational numbers 
m

n
s.t. (i) 0<

m

n
<1, (ii) m & n are

relatively prime and (iii) mn= 25 . If answer is n find n/16.

Ans. We have to resolve 25 into 2 relatively prime factors. Out of / & /p q q p
any one out of these 2 will be less than 1. The distinct primes occuring in the
expression of 25  are the exponents of 2,3,5,7,11,13,17 19 & 23. As these

are 9 distinct primes so there will be 
1

2
9 =256 ways expressing  25 .

 There are 256 required numbers.    16
16

n
 

Q7. If in any set of n distinct integers chosen from the set {1,4,7,.......100}
there will always be 2 distinct integers whose sum is 104. Find minimum

value of n.

Ans. No.s {1,4,7.....100} can be divided into 17 pairs (4,100), (7, 97), (10,94).......,
(49,55) and (1,52). The sum of integers in first 16 pairs is 104. Sum of last
pair is not 104.

Now we construct largest set, sum of whose any 2 integers is always other
than 104. So we will choose exactly 1 no. from each of the first 16 pairs
and 2 no.s from the last pair i.e 18 nos can be chosen. Now if we choose
and 19th no. then it will be 2 no. of any one pair sum will be 104.

 Answer to this questions =19
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Q8. Ten points are taken at random within a square of side 1 unit. If maximum
possible distance between 2 nearest paints is d. Find the value of 9d2.

Ans. First 9 points can be placed in 9 small squares having side 
1

3
unit, Now 10th

point will be in any 1 of these 9 squares.

 Maximum distance between 2 nearest points

= length of diagonal of smaller square

 
2

d
3

  9 d2=2.

1

1

9. If 12 things can be divided equally among 4 persons in n ways then find

n
4 6 2 0

.

Ans. n=  4

12
11 10 6 7 5 4 4

3
      

n
80

4620
  .

100



Questions (1to15)
1. How many strings of digits from 1–9 of length 5 have an odd number in the

odd positions and an even number in the even positions? suppose the

answer is n then find 
n

100
. Ans-20

2. Rob has 4 blue socks, 7 red socks, 5 white socks and 3 black socks. Rob

likes to wear either a red sock on his left foot with a blue sock on his right

foot or a white sock on his left foot with a black sock on his right foot. How

many ways are there Rob to choose his socks? Ans-43

3. There are 5 candidates for 2 posts. In how many ways can the posts be

filled? Ans-20

4. The students in a class are seated according to their marks in the previous

examination. Once it so happens that four of the students got equal marks

and therefore the same rank. To decide their seating arrangement, the

teacher wants to write down all possible arrangements one in each of

separate bits of paper in order to choose one of these by lots. How many

bits of paper are required? Ans-24

5. For a set of five true or false questions, no student has written all the

correct answers, and no two students have given the same sequence of

answers. What is the maximum number of students in the class for this to be

possible. Ans-31

6. How many different numbers of two digits can be formed with the digit

1,2,3,4,5,6, no digits being repeated? Ans-30

7. The number of ways in which none gets his umbrella of the 5 gentlemen. at

the end of the party. Ans-44
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8. Find the number of positive integers not greater than 100, which are not
divisible by 2,3, or 5. Ans-26

9. Find the number of ways of dealing a five cards hand from a regular 52 card
deck such that the hand contains at least one card in each suit If number of

ways are equal to z. then find 
z

57122
 
 
 

.Ans-12

10. How many integers from 1 to 106 (both inclusive) are neither perfect squares

nor perfect cubes nor perfect fourth powers? If answer is P then find 
P

.
10090
 
 
 

Ans-99

11. If n is a positive integers, the number of integers less than n and prime to it

called the Euler function  (n). Calculate the value of  (100) using the IEP..

Ans-40

12. In how many ways can we arrange three objects into five slots if exactly two

of the objects are identical? Ans-30

13. Find the number of three elements subsets of  a set with 9 distinct elements.

Ans-84

14. A girl has three markers of different colours and one black pen. She is going

to colour a grid of six  white squares. Three of the squares are going to be

coloured with the markers and the remaining three will be either coloured

black or left white. The black pen can be used multiple times, but each

marker can only be used to colour one square. How many different ways

are there to colour the grid? If number of ways be N then find 
N

20
 
 
 

. Ans-48

15. Ram has 12 bricks, each painted with a different pattern he chooses 4 of
these bricks, one at a time, and stacks the bricks in the order that she
choose them. How many different stacks can she obtain? If number of

different stacks be z. then find 
Z

990
 
 
 

. Ans-12
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Solutions of question (1-15)
Ans. 1. Total strings 3 3( ) 5 4 2000n   

2000
20

100 100

n
Ans  

Ans. 2 Number of ways to choose his socks =(7×4)+(5×3)

  = 28+15

  =43

Ans. 3. Number of ways 5
2

5!
20

3!
P  

Ans. 4 Number of bits of papers are required = 4 ! 24

Ans. 5. Total number of different sequence of answer = 52 32  there is only
one correct answer.

Here the maximum number of students = (32-1)=31 Ans

Ans. 6. Number of ways 
6

2
6!

6.5. 30
4!

P
  



Ans. 7. Total number of ways 
1 1 1 1 1

5 ! (1
1! 2 ! 3 ! 4 ! 5 !

     

1 1 1 1
5 ! (1 1

2 ! 3 ! 4 ! 5 !
      )

5 ! 5 ! 5 ! 5 !

2 ! 3 ! 4 !
   

5 !

=5.4.3-5.4+5-1

=60-20+4

=44

Ans. 8 Positive integers less than or equal to 100 that are divisible by at
least one of 2,3 or 5

= 50+33+20-16-6-10+3

=74
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Total numbers are not divisible by 2,3 or 5 = 100-74 =26

Ans. 9. Number of all 5 cards be 52
5C

If n(1) is calculated by removing one suit from the deck and dealing the
rest n(1)= 4×39C

5

Similarly n(2)=4C
2
×26C

5
 = 6×26C

5

n(3)=4C
3
×13C

5
 = 4×35

n(4)=4C
4
×0=0

Hence z=n(o) = 52C
5
-439C

5
+626C

5
-413C

5

=685464

685464
12

57122 57122

Z
Ans  

Ans. 10  Total perfect square be 3 2(10 )

Let n(1) be perfect squres , n(2) be perfect cubes and n(3) be perfect
fourth power.

Then P=106- (n(1)-n(2) +n(3))

= 106–(103+102+31)+(10+3+31)-3  ________(1)

This is because the perfect squares less than or equal to 106=(103)2

are 12.22.32.42.- —(103)2

So that no. of perfect squares is 103.So also the no of perfect cubes
is the perfect fourth powers are

4 4 4 6 1 4 4 3 2 4 41 .2. 3 [(10 ) ) (10 ) 31    

i.e 14.24.34- - - 314

So that number of such perfect fouth power 610 31.is Again to
calculate n(2), we look for integers which are perfect squares as well
as perfect cube e.g.82=64=26. The number are in fact

16.26.36 - - - 106.

Which means there are only 10 such.

If we look for perfect cubes which are also perfect forth power  there
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are 12 12 121 ,2 ,3    only since 412>106

From eq(1). P   =  100000-1131+44-3   =  998910

P/10090=99 Ans.

Ans 11. Let the prime decomposition of n  be

n= 1 2 12
1 2 12.P P P      

Where P is distinct primes and ' s  are all positive integers for each

i = 1,2 ---- k define property of having 0
iP  then

( ) (1) (2) (3)n n n n n        

ˆ. . ., .i i j ki j i j k
i j i j k

n n n
n

P i i j P P P P P
  

        

1 2 3

1 1 1
(1 ) (1 )(1 )n

p p P
      

To illustrate we have,

100 = 22.52

1 1
(100) 100 (1 ) (1 )

2 5
1 4

100
2 5

40

   

  



Ans. 12. We choose two slots to put the identical objects and then one of the
remaining slots to place the other objects total number of possible

arrangement = (3) 5
2C

3 5 4

2 1

 




= 30

Ans.13 In subsets the order of the elements does not matter
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Total number of elements = 9
3C  

9 8 7
84

3 2 1

 
 

 

Ans. 14. (i) 3  o u t  o f  6  s q u a r e s  to  b e  c o lo u r e d  =  6C
3
=20

(ii) 3 squares we choose a different colour = 3×2×1=6

(iii) Each of the three remaining squares can be either coloured
black or left white = 2×2×2

     =8

Total distinct ways to colour the grid =20×6×8

N= 960

 
N

20
= 

960

20
=48.

Ans. 15. Let number of ways that she can make a stack of bricks is number of
ways that she choose from bricks. From the set of 12. Where order
is not matter be 12P

4 
.

12

4

12!
P 11880

8!
 

If  Z = 11880

then 
Z

990
=12 Ans.
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TRIGONOMETRY  

Basic Concepts: 

1. Measurement of an angle: 

      (i) Sexagesimal System: In this system angle is measured in term of ‘degrees’ 

         One right angle = 90 degree; 1 degree = 60 minutes; 1 minute = 60 seconds 

      (ii) Circular measure of an angle: In this system, angle is measured in terms of “radians”. A radian 

is a constant angle is defined as angle formed at the centre of the circle by an arc whose length is 

equal to the radius of the circle.   

2. Relation between Sexa-gesimal system and Circular system:  
c=180  

                             
c









=

180
10      and     

0
180

1 







=



c  

3. An angle is formed by rotating a ray about its fix point in clock and anti-clock wise direction. If rotation 

is anti clock-wise, angle is termed as positive and if it is in clock-wise direction it is taken as negative. 

4. In a circle of radius ‘r’, if radian measure of an arc of length ‘l’ is    , then l = r.  

5.               Y 

                                                            I :  All are positive        

               II              I                              II:  Only Sin and Cosine are positive 

       X/                                          X       III:  Only Tan and Cot are positive 

                III            IV                          IV:  Only Cos and Sec are positive  

                 Y /             

 

            I Quadrant:    ,   360 +  ,    90 -  ;      II Quadrant:   90 +  , 180 -   

            III Quadrant: 180 +  ,         270 -  ;      IV Quadrant: 270 +   ,  360 -   ,  -   

 

6.  For the values      90        and  270            Trigonometry values are changed as per table        

                  Sin               Cos ;     tan                  cot ;    Cosec                  Sec 

           Illustrations: sin(90 − 𝜃) = cos 𝜃 ,         cot(270 + 𝜃) = − tan 𝜃 

7.  Some Basic Formulas :      

       𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃 = 1,                   1+𝑡𝑎𝑛2𝜃 = 𝑠𝑒𝑐2𝜃,                     1+𝑐𝑜𝑡2𝜃 = 𝑐𝑜𝑠𝑒𝑐2𝜃 

 8.  Sum and Difference Formulas:  

    Sin (A + B) = Sin A Cos B + Cos A Sin B;            Sin (A - B) = Sin A Cos B - Cos A Sin B             

    Cos (A + B) = Cos A Cos B - Sin A Sin B;            Cos (A - B) = Cos A Cos B + Sin A Sin B 

     ( )
tan tan

tan
1 tan .tan

A B
A B

A B

+
+ =

−
;                                  ( )

tan tan
tan

1 tan .tan

A B
A B

A B

−
− =

+
 

     ( )
cot cot 1

cot
cot cot

A B
A B

B A

−
+ =

+
 ;        ( )

cot cot 1
cot

cot cot

A B
A B

B A

+
− =

−
 

     )().(22 BASinBASinBSinASin −+=−                    )().(22 BACosBACosASinBCos −+=−  
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9. Product to Sum & Difference Formulas:  

      2 Sin A. Cos B = Sin (A + B) + Sin (A - B);              2 Cos A. Sin B = Sin (A + B) - Sin (A - B) 

      2 Cos A. Cos B = Cos (A + B) +Cos (A - B);         2 Sin A. Sin B =  Cos (A - B) – Cos (A + B) 

10. Sum/ Differecne to Product Formulas: 

     
2

.
2

2
DC

Cos
DC

SinSinDSinC
−+

=+  ;                     
2

.
2

2
DC

Sin
DC

CosSinDSinC
−+

=−    

     :
2

.
2

2
DC

Cos
DC

CosDCosCCos
−+

=+                 
2

.
2

2
DC

Sin
DC

SinCosDCCos
−+

−=−  

 11. Multiple angle formulas:    

                 Sin 2 A = 2 sin A. Cos A = 
2

2 tan

1 tan

A

A+
  

            Cos 2A  = Cos 2 A - Sin 2 A   = 2 Cos 2 A -1  = 1 – 2 Sin 2 A   = 
2

2

1 tan

1 tan

A

A

−

+
          

             tan 2 A  = 
2

2 tan

1 tan

A

A−
      

Sin 3 A =  3 Sin A – 4 Sin 3 A ;         Cos 3 A = 4 Cos 3 A – 3 Cos A ,        tan 3 A = 
3

2

3tan tan

1 3tan

A A

A

−

−
 

   12. Domain and Range of Trigonometric Functions 

Function Domain Range 

sin A R [−1,1] 

cos A R [−1,1] 

tan A R - [(2𝑛 + 1)
𝜋

2
, 𝑛 ∈ 𝑍] R 

cosec A R - [𝑛𝜋, 𝑛 ∈ 𝑍] (−∞, −1] ∪ [1, ∞) 

sec A R - [(2𝑛 + 1)
𝜋

2
, 𝑛 ∈ 𝑍] (−∞, −1] ∪ [1, ∞) 

cot A R - [𝑛𝜋, 𝑛 ∈ 𝑍] R 

    Hence  

                                |sin 𝐴| ≤ 1               i.e.            −1 ≤ sin 𝐴 ≤ 1 

                                |cos 𝐴| ≤ 1               i.e.            −1 ≤ cos 𝐴 ≤ 1 

                                sec 𝐴 ≥ 1   or        sec 𝐴 ≤ −1 and   cosec 𝐴 ≥ 1   or        cosec 𝐴 ≤ −1 
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Problems on Basic Concepts 

 

Illustration 1.  If 10 𝑠𝑖𝑛4𝑥 + 15𝑐𝑜𝑠4𝑥 = 6  then calculate value of 27𝑐𝑜𝑠𝑒𝑐6𝑥 + 8  𝑠𝑒𝑐6𝑥. 

 Sol.:             10 𝑠𝑖𝑛4𝑥 + 15𝑐𝑜𝑠4𝑥 = 6   

                      10 𝑠𝑖𝑛4𝑥 + 15𝑐𝑜𝑠4𝑥 = 6 (𝑠𝑖𝑛2𝑥 + 𝑐𝑜𝑠2𝑥)2   

                      10𝑡𝑎𝑛4𝑥 + 15 = 6(𝑡𝑎𝑛2𝑥 + 1)2 

                        (2 𝑡𝑎𝑛2𝑥 − 3)2 = 0        implies   𝑡𝑎𝑛2𝑥 =
3

2
 

                    27𝑐𝑜𝑠𝑒𝑐6𝑥 + 8  𝑠𝑒𝑐6𝑥 = 27(1 + 𝑐𝑜𝑡2𝑥)3 + 9(1 + 𝑡𝑎𝑛2𝑥)3 = 250 

 

Illustration 2.   If sin 𝑥 + cosec 𝑥 = 2  , calculate value of 𝑠𝑖𝑛10𝑥 + 𝑐𝑜𝑠𝑒𝑐10𝑥. 

Sol.:        sin 𝑥 + cosec 𝑥 = 2  Implies  𝑠𝑖𝑛2𝑥 + 1 = 2 sin 𝑥 

                 𝑠𝑖𝑛2𝑥 − 2 sin 𝑥 + 1 = 0   implies    (sin 𝑥 − 1)2 = 0 

                 sin 𝑥 = 1    Hence    𝑠𝑖𝑛10𝑥 + 𝑐𝑜𝑠𝑒𝑐10𝑥 = 1 + 1 = 2 

 

Problem set 1. 

1. If  sin 𝑥 + 𝑠𝑖𝑛2𝑥 + 𝑠𝑖𝑛3𝑥 = 1   calculate value of  𝑐𝑜𝑠6𝑥 − 4  𝑐𝑜𝑠4𝑥 + 8  𝑐𝑜𝑠2𝑥    [Ans.04]    

2. If  sin 2𝑥 =
3

4
  and value of  𝑠𝑖𝑛3𝑥 + 𝑐𝑜𝑠3𝑥 =  

𝑎

𝑏
   then calculate value of b          [Ans.]    

3. If 
𝑠𝑖𝑛4 𝑥

2
+

𝑐𝑜𝑠4𝑥

3
=

1

5
   and  

𝑠𝑖𝑛8 𝑥

8
+

𝑐𝑜𝑠8𝑥

27
=

1

𝑎𝑏𝑐
    then  calculate value of  (a + b) . c  [Ans.15]    

4. If sin 𝐴 . sin 𝐵 sin 𝐶 + cos 𝐴. cos 𝐵 = 1 then calculate value of  23 sin 𝐶                  [Ans.23]    

5. For  cos(𝛼 + 𝛽) =
4

5
    and  sin(𝛼 − 𝛽) =

5

13
   with  0 < 𝛼, 𝛽 <

𝜋

4
  and tan 2𝛼 =

𝑎

𝑏
  then                            

calculate (a + b).                                                                                                              [Ans.89]    

6. Calculate   tan 1𝑜 . tan 2𝑜 tan 3𝑜 … … … … … … … . tan 89𝑜.                                          [Ans.01]    

7. Calculate   cos 1𝑜 . cos 2𝑜 cos 3𝑜 … … … … … … … . cos 179𝑜 + 34                                 [Ans.34]    

8. In a triangle ABC, sin 𝐴 − cos 𝐵 = cos 𝐶  then calculate 28 sin 𝐵 − 2 cos 𝐵               [Ans.28]    

9. If 𝑥 sin 𝜃 = 𝑦 sin (
2𝜋

3
+ 𝜃) = 𝑧 sin (

4𝜋

3
+ 𝜃), then calculate value of (𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥). [Ans.00]    

10. If 3 sin 𝜃 + 4 cos 𝜃 = 5, calculate  value of 3 cos 𝜃 − 4 sin 𝜃                                       [Ans.00]    

 

Important Result 

                 Maximum and Minimum Values 

                            For trigonometric expression 𝑎 sin 𝑥 + 𝑏 cos 𝑥       

     −√𝑎2 + 𝑏2 ≤ 𝑎 sin 𝑥 + 𝑏 cos 𝑥 ≤ √𝑎2 + 𝑏2      (How? Explore ) 

                      Hence minimum value of 𝑎 sin 𝑥 + 𝑏 cos 𝑥      = −√𝑎2 + 𝑏2 

                                  Maximum value of 𝑎 sin 𝑥 + 𝑏 cos 𝑥      = √𝑎2 + 𝑏2 
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Illustration 1.  If    a and b are respectively minimum and maximum values of the expression 

6 sin 𝑥 cos 𝑥 + 4 cos 2𝑥 , then calculate the value of ( 2 a + 7 b)  

    Sol.:                6 sin 𝑥 cos 𝑥 + 4 cos 2𝑥 = 3 sin2 𝑥 + 4 cos 2𝑥         as  sin2 𝑥 = 2 sin 𝑥 . cos 𝑥 

               a  =  Minimum value of 3 sin2 𝑥 + 4 cos 2𝑥 = −√32 + 42 = −5  

               b  =  Maximum value of 3 sin2 𝑥 + 4 cos 2𝑥 = √32 + 42 = 5 

                   Now (2 a + 7 b)  =  -20 + 35 = 15 

Illustration 2.   Calculate the maximum value of expression   5 cos 𝜃 + 3 𝑐𝑜𝑠 (𝜃 +
𝜋

3
) + 37  

  Sol.:  5 cos 𝜃 + 3 𝑐𝑜𝑠 (𝜃 +
𝜋

3
)      =      5 cos 𝜃 + 3 cos 𝜃. cos

𝜋

3
− 3 sin 𝜃 . sin

𝜋

3
  

               = 
13

2
cos 𝜃 +

3√3

2
sin 𝜃 

Maximum value of 
13

2
cos 𝜃 +

3√3

2
sin 𝜃 = √(

13

2
)

2

+ (
3√3

2
)

2

   = 7 

 Hence Maximum value of 5 cos 𝜃 + 3 𝑐𝑜𝑠 (𝜃 +
𝜋

3
) + 37 = 7 + 37 = 44 

Illustration 3.   The maximum and minimum values of 4𝑠𝑖𝑛2𝑥 − cos 2𝑥   are   m and n respectively. 

Calculate value of (2𝑎 + 𝑏2). 

Sol.:   Let  4𝑠𝑖𝑛2𝑥 − cos 2𝑥 =  2(1 − 𝑐𝑜𝑠2𝑥) − cos 2𝑥 = 2 − 3𝑐𝑜𝑠2𝑥 

                        −1 ≤ cos 2𝑥 ≤ 1          −3 ≤ 3 cos 2𝑥 ≤ 3            2 − 3 ≤ 2 + 3 cos 2𝑥 ≤ 2 + 3     

                        −1 ≤ 2 + 3 cos 2𝑥 ≤ 5         

        Hence     m = minimum value =  -1 and  n =  maximum value = 5 

           Hence   (2𝑎 + 𝑏2) =  - 2 + 25 = 23 

Problem set 2. 

1. The least value of 5 cos 𝑥 + 3 cos (𝑥 +
𝜋

3
) + 15   is m. Calculate value of   (3 m – 2)               [Ans.22] 

2. Calculate the difference in maximum and minimum value of the function 4 sin 𝑥 − 3 cos 𝑥 + 7          

                                                                                                                                                    [Ans.10] 

3. The ratio of greatest value of 2 − cos 𝑥 + 𝑠𝑖𝑛2𝑥  to its least value is    
𝑎

𝑏
. Calculate value of  

         (𝑏2 + 3𝑎)                                                                                                                           [Ans.55]    

4. Find sum of mini. and max values of expression 𝑐𝑜𝑠2𝑥 − 6 sin 𝑥 cos 𝑥 + 3 𝑠𝑖𝑛2𝑥 + 2      [Ans.08]    

5. Calculate the maximum value of the expression 
1

𝑠𝑖𝑛2𝜃+3 sin 𝜃 cos 𝜃+5𝑐𝑜𝑠2𝜃
                         [Ans.02]    

6. If maximum value of 𝑐𝑜𝑠2 (
𝜋

3
− 𝑥) − 𝑐𝑜𝑠2 (

𝜋

3
+ 𝑥) =  

𝑎

𝑏
  then calculate (𝑎4 + 10 𝑏)    [Ans.29]    

7. Calculate minimum value of expression 9 𝑡𝑎𝑛2𝜃 − 4 𝑐𝑜𝑡2𝜃                                    [Ans.12]    

8. Calculate maximum value of expression 12 sin 𝜃 − 9 𝑠𝑖𝑛2𝜃                                  [Ans.04]    

9. If 𝑢 = √16 𝑐𝑜𝑠2𝜃 + 25 𝑠𝑖𝑛2𝜃 + √25 𝑐𝑜𝑠2𝜃 + 16 𝑠𝑖𝑛2𝜃 ,  Calculate maximum value of  𝑢2                                                                                                     

[Ans.82]    

10. Evaluate      √3𝑐𝑜𝑠𝑒𝑐 200 − sec 200                                                                          [Ans.04]    
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TRIGONOMETRIC EQUATIONS AND INEQUATIONS  

 Solutions of Trigonometric Equations  

(i) Principal solution of trigonometric equations lie between 0   and 2  

      (ii) General Solution of the trigonometry equations 

S. No. Equation General Solution 

1 Sin x = 0 or tan x = 0 x = n   , 𝑛 ∈ 𝑧 

2 Cos x = 0 or Cot x = 0 x = (2n + 1)  /2, 𝑛 ∈ 𝑧 

3 Sin x = Sin      x = n  + (-1) n  , 𝑛 ∈ 𝑧 

4 Cos x = Cos     x = 2n  , 𝑛 ∈ 𝑧 

5 tan x = tan        x = n  +  , 𝑛 ∈ 𝑧   

 

6 
𝑠𝑖𝑛2𝑥 = 𝑠𝑖𝑛2𝛼 

𝑐𝑜𝑠2𝑥 = 𝑐𝑜𝑠2𝛼 

𝑡𝑎𝑛2𝑥 = 𝑡𝑎𝑛2𝛼 

x = n  , 𝑛 ∈ 𝑧 

Illustration 1. Find the maximum value of “k” for which equation 𝑘 cos 𝑥 − 3 sin 𝑥 = 𝑘 + 1 is solvable. 

Sol.:  We know that  |𝑎 sin 𝑥 + 𝑏 cos 𝑥| ≤ √𝑎2 + 𝑏2 for all x 

           Hence  |𝑘 + 1| ≤ √𝑘2 + 9    implies  (𝑘 + 1)2 ≤ 𝑘2 + 9         𝑘 ≤ 4 

            Hence Maximum value is 04. 

Illustration 2. If ‘m’ is the number of solutions of the equation 2 𝑠𝑖𝑛3𝑥 + 2 𝑐𝑜𝑠3𝑥 − 3 sin 2𝑥 + 2 = 0 

in [0,4𝜋], then calculate value of “2 m2 + 3”. 

Sol.:           2 𝑠𝑖𝑛3𝑥 + 2 𝑐𝑜𝑠3𝑥 − 3 sin 2𝑥 + 2 = 0  

                   𝑠𝑖𝑛3𝑥 + 𝑐𝑜𝑠3𝑥 − 3 sin 𝑥 cos 𝑥 + 1 = 0  

                   sin 𝑥 + cos 𝑥 + 1 = 0          2 sin
𝑥

2
cos

𝑥

2
+ 2𝑐𝑜𝑠2 𝑥

2
= 0         2 𝑐𝑜𝑠

𝑥

2
(sin

𝑥

2
+ cos

𝑥

2
) = 0      

                  𝑐𝑜𝑠
𝑥

2
= 0                        𝑥 = 𝜋, 3𝜋                  

                    (sin
𝑥

2
+ cos

𝑥

2
) = 0      tan

𝑥

2
= −1           𝑥 =

3𝜋

2
, 

7𝜋

2
 

                   Hence number of solutions “m” = 4 Hence     2 m2 + 3 = 35  

Problem Set 3 

1. Find the integral number of solutions of the equation 1 + sin 𝑥 𝑠𝑖𝑛2 𝑥

2
= 0 in [−𝜋, 𝜋]  [Ans. 00] 

2. Calculate the integral value of “k” so that the equation 7 cos 𝑥 + 5 sin 𝑥 = 2 𝑘 + 1 has a solution. 

[Ans.08] 

3. If ‘m’ is the number of solutions of the equation 3 𝑠𝑖𝑛3𝑥 − 7 sin 𝑥 + 2 = 0 in [0,5𝜋], then calculate 

value of “2 m2 + 3 m + 7”. [Ans.: 97] 

4. If 2 𝑡𝑎𝑛2𝑥 − 5 sec 𝑥 = 1 has exactly seven solutions in [0, 𝑛 
𝜋

2
], then calculate the sum of least and 

largest value of n. [Ans.: 28] 

5. The number of solutions in [0,2𝜋] of equation 16𝑠𝑖𝑛2𝑥 + 16𝑐𝑜𝑠2𝑥 = 10 is        [Ans.: 08] 
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SOLUTIONS PROBLEM SET 1 

1. sin 𝑥 + 𝑠𝑖𝑛2𝑥 + 𝑠𝑖𝑛3𝑥 = 1          sin 𝑥 + 𝑠𝑖𝑛3𝑥 = 1 − 𝑠𝑖𝑛2𝑥           sin 𝑥 (1 + 𝑠𝑖𝑛2𝑥) = 𝑐𝑜𝑠2𝑥    

      sin 𝑥 (2 − 𝑐𝑜𝑠2𝑥) = 𝑐𝑜𝑠2𝑥         𝑠𝑖𝑛2𝑥(2 − 𝑐𝑜𝑠2𝑥)2 = 𝑐𝑜𝑠4𝑥         𝑠𝑖𝑛2𝑥(2 − 𝑐𝑜𝑠2𝑥)2 = 𝑐𝑜𝑠4𝑥 

     (1 − 𝑐𝑜𝑠2𝑥)(4 − 4𝑐𝑜𝑠2𝑥 +  𝑐𝑜𝑠4𝑥) = 𝑐𝑜𝑠4𝑥                       𝑐𝑜𝑠6𝑥 − 4 𝑐𝑜𝑠4𝑥 + 8 𝑐𝑜𝑠2𝑥 = 4    

2. 𝑠𝑖𝑛3𝑥 + 𝑐𝑜𝑠3𝑥 = (sin 𝑥 + cos 𝑥) (1 −
1

2
sin 2𝑥) 

                          = √1 + sin 2𝑥 (1 −
1

2
sin 2𝑥) = √1 +

3

4
(1 −

3

8
) =

5√7

16
 

                  
𝑎

𝑏
=

5√7

16
      Hence 𝑏 = 16 

3. 
5

2
𝑠𝑖𝑛4𝑥 +

5

3
𝑐𝑜𝑠4𝑥 = 1          (1 +

3

2
) 𝑠𝑖𝑛4𝑥 + (1 +

2

3
) 𝑐𝑜𝑠4𝑥 = (𝑠𝑖𝑛2𝑥 + 𝑐𝑜𝑠2𝑥)2   

(
√3

2
𝑠𝑖𝑛2𝑥)

2

+ (
√2

3
𝑐𝑜𝑠2𝑥)

2

− 2𝑠𝑖𝑛2𝑥 𝑐𝑜𝑠2𝑥 = 0         (
√3

2
𝑠𝑖𝑛2𝑥 −

√3

2
𝑠𝑖𝑛2𝑥)

2

= 0 

√3

2
 𝑠𝑖𝑛2𝑥 =

√2

3
𝑐𝑜𝑠2𝑥            𝑡𝑎𝑛2𝑥 =

2

3
   

𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠2𝑥
=

2

3
               

𝑠𝑖𝑛2𝑥

2
=

𝑐𝑜𝑠2𝑥

3
=

𝑠𝑖𝑛2𝑥+𝑐𝑜𝑠2𝑥

2+3
=

1

5
           𝑠𝑖𝑛2𝑥 =

2

5
,   𝑐𝑜𝑠2𝑥 =

3

5
  

𝑠𝑖𝑛8𝑥

8
+

𝑐𝑜𝑠8𝑥

8
=

2+3

526
=

1

125
=

1

𝑎𝑏𝑐
               (𝑎 + 𝑏). 𝑐 = (1 + 2). 5 = 15 

4. As cos 𝐶 ≤ 1   

sin 𝐴. sin 𝐵 sin 𝐶 + cos 𝐴 cos 𝐵 ≤ sin 𝐴 sin 𝐵 + cos 𝐴 cos 𝐵 

sin 𝐴. sin 𝐵 sin 𝐶 + cos 𝐴 cos 𝐵 ≤ cos(𝐴 − 𝐵) 

1 ≤ 𝑐𝑜𝑠(𝐴 − 𝐵)         𝑐𝑜𝑠(𝐴 − 𝐵) = 1         𝐴 = 𝐵 

sin 𝐴. sin 𝐵 sin 𝐶 + cos 𝐴 cos 𝐵 = 1 

𝑠𝑖𝑛2𝐴 sin 𝐶 + 𝑐𝑜𝑠2𝐴 = 1 Hence   sin 𝐶 = 1    Hence  23 sin 𝐶 = 23.1 = 23             

5. cos(𝛼 + 𝛽) =
4

5
 , sin(𝛼 − 𝛽) =

5

13
    

tan(𝛼 + 𝛽) =
3

4
, tan(𝛼 − 𝛽) =

5

12
    

tan 2𝛼 = 𝑡𝑎𝑛((𝛼 + 𝛽) + (𝛼 − 𝛽)) =
𝑡𝑎𝑛(𝛼 + 𝛽) + tan(𝛼 − 𝛽)

1 − tan(𝛼 + 𝛽). tan(𝛼 − 𝛽)
=

3
4 +

5
12

1 −
3
4 .

5
12

=
56

33
 

𝑎

𝑏
=

56

33
      Hence 𝑎 + 𝑏 = 89 

6. 𝑡𝑎𝑛1. 𝑡𝑎𝑛2 … … … … . 𝑡𝑎𝑛45 … … … … … 𝑡𝑎𝑛89 

(tan 1. tan 89). (tan 2 tan 88) … … … … … . (tan 44 . tan 46). tan 45 
(1). (1) … … … … . . (1). 1 = 1 

7.  cos 1. cos 2 . cos 3 … … … … … … cos 179 + 34 

= cos 1. cos 2 . cos 3 … … … cos 90 … … … cos 179 + 34 

= cos 1. cos 2 . cos 3 … … … (0) … … … cos 179 + 34 

= 0 + 34 = 34 

8. sin 𝐴 = cos 𝐵 + cos 𝐶                             implies              2 sin
𝐴

2
cos

𝐴

2
= 2 cos (

𝐵+𝐶

2
) . cos (

𝐵−𝐶

2
) 

sin
𝐴

2
cos

𝐴

2
= cos (

𝜋

2
−

𝐴

2
) . cos (

𝐵−𝐶

2
)      implies             sin

𝐴

2
cos

𝐴

2
= sin (

𝐴

2
) . cos (

𝐵−𝐶

2
) 

Implies 𝐴 = 0    In Triangle ABC , Not Possible  

Hence cos
𝐴

2
= 𝑐𝑜𝑠 (

𝐵−𝐶

2
)     Implies   𝐴 = 𝐵 − 𝐶   Implies  𝐴 + 𝐶 = 𝐵  

Hence 𝐴 + 𝐵 + 𝐶 = 180      Implies  𝐵 = 90     

Hence 28 sin 𝐵 − 2 cos 𝐵 = 28 − 0 = 28 

9.  
sin 𝜃

1

𝑥

=
sin(𝜃+

2𝜋

3
)

1

𝑦

=
𝑠𝑖𝑛(𝜃+

4𝜋

3
)

1

𝑧

=
𝑠𝑖𝑛𝜃+sin(𝜃+

2𝜋

3
)+𝑠𝑖𝑛(𝜃+

4𝜋

3
)

1

𝑥
+

1

𝑦
+

1

𝑧

 

                                                  = 
𝑠𝑖𝑛𝜃+2𝑠𝑖𝑛(𝜋+𝜃).𝑐𝑜𝑠

𝜋

3
1

𝑥
+

1

𝑦
+

1

𝑧

 

                                                  =  
0

1

𝑥
+

1

𝑦
+

1

𝑧

= 0  
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𝑠𝑖𝑛𝜃. (
1

𝑥
+

1

𝑦
+

1

𝑧
) = 0.

1

𝑥
= 0   Implies (

1

𝑥
+

1

𝑦
+

1

𝑧
) = 0 Implies (

𝑥𝑦+𝑦𝑧+𝑧𝑥

𝑥𝑦𝑧
) = 0 

 Hence 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 = 0 

10. 3𝑠𝑖𝑛𝜃 + 4𝑐𝑜𝑠𝜃 = 5   implies  9𝑠𝑖𝑛2𝜃 + 16 𝑐𝑜𝑠2𝜃 + 24 sin 𝜃 cos 𝜃 = 25 

9(1 − 𝑐𝑜𝑠2𝜃) + 16(1 − 𝑠𝑖𝑛2𝜃) + 24 sin 𝜃. cos 𝜃 = 25   

9𝑐𝑜𝑠2𝜃 + 16 𝑠𝑖𝑛2𝜃 − 24 sin 𝜃 cos 𝜃 = 0  implies  (3𝑐𝑜𝑠𝜃 − 4𝑠𝑖𝑛𝜃   )2 = 0 

Hence 3 cos 𝜃 − 4 sin 𝜃 = 0 

SOLUTIONS PROBLEM SET 2 

1. 5 cos 𝑥 + 3 𝑐𝑜𝑠 (𝑥 +
𝜋

3
) = 5𝑐𝑜𝑠𝑥 + 3 (𝑐𝑜𝑠𝑥. 𝑐𝑜𝑠

𝜋

3
− 𝑠𝑖𝑛 𝑥𝑠𝑖𝑛

𝜋

3
) 

                                        = 5𝑐𝑜𝑠𝑥 +
3

2
𝑐𝑜𝑠𝑥 −

3√3

2
𝑠𝑖𝑛𝑥 =  

13

2
𝑐𝑜𝑠𝑥 −

3√3

2
𝑠𝑖𝑛𝑥 

                                           −√
169

4
+

27

4
≤

13

2
𝑐𝑜𝑠𝑥 −

3√3

2
𝑠𝑖𝑛𝑥 ≤ √

169

4
+

27

4
 

−7 ≤
13

2
𝑐𝑜𝑠𝑥 −

3√3

2
𝑠𝑖𝑛𝑥 ≤ 7 

−7 + 15 ≤
13

2
𝑐𝑜𝑠𝑥 −

3√3

2
𝑠𝑖𝑛𝑥 + 15 ≤ 7 + 15 

8 ≤
13

2
𝑐𝑜𝑠𝑥 −

3√3

2
𝑠𝑖𝑛𝑥 + 15 ≤ 22 

         Minimum value = m = 8,        3m – 2 = 22 

2.                               −√42 + 32 ≤ 4𝑠𝑖𝑛𝑥 − 3𝑐𝑜𝑠𝑥 ≤ √42 + 32 

                                            −5 ≤ 4𝑠𝑖𝑛𝑥 − 3𝑐𝑜𝑠𝑥 ≤ 5 

                                                   2 ≤ 4𝑠𝑖𝑛𝑥 − 3𝑐𝑜𝑠𝑥 + 7 ≤ 12 

            Minimum value = 2 and maximum value = 12 

            Difference in maximum value and minimum value = 10 

3. Let 𝑦 = 2 − cos 𝑥 . +𝑠𝑖𝑛2𝑥 = 3 − (𝑐𝑜𝑠𝑥 + 𝑐𝑜𝑠2𝑥) =
13

4
− (𝑐𝑜𝑠𝑥 +

1

2
)

2

 

Now −1 ≤ 𝑐𝑜𝑠𝑥 ≤ 1 implies −
1

2
≤ 𝑐𝑜𝑠𝑥 +

1

2
≤

3

2
 

Hence 0 ≤ (𝑐𝑜𝑠𝑥 +
1

2
)

2

≤
9

4
    implies   −

9

4
≤ − (𝑐𝑜𝑠𝑥 +

1

2
)

2

≤ 0   

Hence 1 ≤
13

4
− (𝑐𝑜𝑠𝑥 +

1

2
)

2

≤
13

4
    implies  1 ≤ 𝑦 ≤

13

4
 

Hence 𝑦𝑚𝑎𝑥 =
13

4
, 𝑦𝑚𝑖𝑛 = 1   Hence 

𝑎

𝑏
=

13

4
   Hence 𝑏2 + 3𝑎 = 16 + 39 = 55 

4. 𝑐𝑜𝑠2𝑥 − 6𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 + 3𝑠𝑖𝑛2𝑥 + 2   

= (
1+𝑐𝑜𝑠2𝑥

2
) − 3𝑠𝑖𝑛2𝑥 + 3 (

1−𝑐𝑜𝑠2𝑥

2
) + 2 = −𝑐𝑜𝑠2𝑥 − 3𝑠𝑖𝑛2𝑥 + 4 

−√1 + 9 ≤ −𝑐𝑜𝑠2𝑥 − 3𝑠𝑖𝑛2𝑥 ≤  √1 + 9     Implies 

 −√10 + 4 ≤ −𝑐𝑜𝑠2𝑥 − 3𝑠𝑖𝑛2𝑥 + 4 ≤  √10 + 4    

𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑉𝑎𝑙𝑢𝑒 = −√10 + 4, Maximum Value =  √10 + 4 

Hence Sum of maximum value and minimum value = 8 

5. 𝑠𝑖𝑛2𝜃 + 3𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 5𝑐𝑜𝑠2𝜃 = 
1−𝑐𝑜𝑠2𝜃

2
+ 3𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 + 5 (

1+𝑐𝑜𝑠2𝜃

2
) 

                                                         = 3 + 2𝑐𝑜𝑠2𝜃 +
3

2
𝑠𝑖𝑛2𝜃 

                          −√4 +
9

4
≤ 2𝑐𝑜𝑠2𝜃 +

3

2
𝑠𝑖𝑛2𝜃 ≤ √4 +

9

4
 

                   −
5

2
+ 3 ≤ 3 + 2𝑐𝑜𝑠2𝜃 +

3

2
𝑠𝑖𝑛2𝜃 ≤

5

2
+ 3 

                           
1

2
≤ 3 + 2𝑐𝑜𝑠2𝜃 +

3

2
𝑠𝑖𝑛2𝜃 ≤

11

2
 

                           
2

11
≤

1

3+2𝑐𝑜𝑠2𝜃+
3

2
𝑠𝑖𝑛2𝜃

≤ 2     Hence Maximum value = 2 

6. 𝑐𝑜𝑠2 (
𝜋

3
− 𝑥) − 𝑐𝑜𝑠2 (

𝜋

3
+ 𝑥) = (𝑐𝑜𝑠

𝜋

3
𝑐𝑜𝑠𝑥 + 𝑠𝑖𝑛

𝜋

3
𝑠𝑖𝑛𝑥)

2

− (𝑐𝑜𝑠
𝜋

3
𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛

𝜋

3
𝑠𝑖𝑛𝑥)

2

 

= 4 (𝑐𝑜𝑠
𝜋

3
𝑐𝑜𝑠𝑥) (𝑠𝑖𝑛

𝜋

3
𝑠𝑖𝑛𝑥)= 

√3

2
𝑠𝑖𝑛2𝑥 

113



 8 

−1 ≤ 𝑠𝑖𝑛2𝑥 ≤ 1  

−
√3

2
≤

√3

2
𝑠𝑖𝑛2𝑥 ≤

√3

2
 

Maximum Value = 
𝑎

𝑏
=

√3

2
 

𝑎4 + 10𝑏 = 9 + 20 = 29 

7.  9𝑡𝑎𝑛2𝜃 − 4𝑐𝑜𝑡2𝜃 = (3𝑡𝑎𝑛𝜃 − 2𝑐𝑜𝑡𝜃)2 + 2.3𝑡𝑎𝑛𝜃. 2𝑐𝑜𝑡𝜃 = (3𝑡𝑎𝑛𝜃 − 2𝑐𝑜𝑡𝜃)2 + 12 

(3𝑡𝑎𝑛𝜃 − 2𝑐𝑜𝑡𝜃)2 ≥ 0  implies (3𝑡𝑎𝑛𝜃 − 2𝑐𝑜𝑡𝜃)2 + 12 ≥ 12 

Hence Minimum value = 12 

8. 12𝑠𝑖𝑛𝜃 − 9𝑠𝑖𝑛2𝜃 = −(2 − 3𝑠𝑖𝑛𝜃)2 + 4 

  −1 ≤ 𝑠𝑖𝑛𝜃 ≤ 1 implies  −3 ≤ −3𝑠𝑖𝑛𝜃 ≤ 3 implies −1 ≤ 2 − 3𝑠𝑖𝑛𝜃 ≤ 5 

Hence 0 ≤ (2 − 3𝑠𝑖𝑛𝜃)2 ≤ 25  Implies −25 ≤ −(2 − 3𝑠𝑖𝑛𝜃)2 ≤ 0    

Hence −21 ≤ 4 − (2 − 3𝑠𝑖𝑛𝜃)2 ≤ 4   

Hence Maximum value = 4 

9. Let 𝑢 = √𝑎2𝑐𝑜𝑠2𝜃 + 𝑏2𝑠𝑖𝑛2𝜃 + √𝑎2𝑠𝑖𝑛2𝜃 + 𝑏2𝑐𝑜𝑠2𝜃  

    𝑢2 = (𝑎2 + 𝑏2) + 2√𝑎2𝑐𝑜𝑠2𝜃 + 𝑏2𝑠𝑖𝑛2𝜃 √𝑎2𝑠𝑖𝑛2𝜃 + 𝑏2𝑐𝑜𝑠2𝜃 

    𝑢2 − (𝑎2 + 𝑏2) = 2√𝑎2𝑐𝑜𝑠2𝜃 + 𝑏2𝑠𝑖𝑛2𝜃 √𝑎2𝑠𝑖𝑛2𝜃 + 𝑏2𝑐𝑜𝑠2𝜃 

[𝑢2 − (𝑎2 + 𝑏2)]2 = 4[(𝑎4 + 𝑏4)𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃 + 𝑎2𝑏2(𝑐𝑜𝑠4𝜃𝑠𝑖𝑛4𝜃)] 

[𝑢2 − (𝑎2 + 𝑏2)]2 = ((𝑎4 + 𝑏4 − 2𝑎2𝑏2))
2

𝑠𝑖𝑛22𝜃 + 4𝑎2𝑏2 

𝑢4 − 2𝑢2(𝑎2 + 𝑏2) + (𝑎2 − 𝑏2)2 = (𝑎2 − 𝑏2)2𝑠𝑖𝑛22𝜃 

𝑢4 − 2𝑢2(𝑎2 + 𝑏2) + (𝑎2 − 𝑏2)2 ≤ (𝑎2 − 𝑏2)2     as   0 ≤ 𝑠𝑖𝑛22𝜃 ≤ 1 

𝑢4 − 2𝑢2(𝑎2 + 𝑏2) ≤ 0 

𝑢2[𝑢2 − 2(𝑎2 + 𝑏2)] ≤ 0  implies   0 ≤ 𝑢2 ≤ 2(𝑎2 + 𝑏2) 

Hence  Maximum value of 𝑢2 = 2(𝑎2 + 𝑏2) 

For 𝑢 = √16𝑐𝑜𝑠2𝜃 + 25𝑠𝑖𝑛2𝜃 + √16 𝑠𝑖𝑛2𝜃 + 25 𝑐𝑜𝑠2𝜃 

  Maximum value of 𝑢2 = 2.16 + 2.25 = 82 

SOLUTIONS PROBLEM SET 3 

1. 1 + 𝑠𝑖𝑛𝑥  𝑠𝑖𝑛2 𝑥

2
= 0  

For 0 ≤ 𝑥 ≤ 𝜋  ,      𝑠𝑖𝑛𝑥  𝑠𝑖𝑛2 𝑥

2
≥ 0  implies  1 + 𝑠𝑖𝑛𝑥  𝑠𝑖𝑛2 𝑥

2
≥ 1 

                                         Hence 1 + 𝑠𝑖𝑛𝑥  𝑠𝑖𝑛2 𝑥

2
= 0 has no solution for 0 ≤ 𝑥 ≤ 𝜋 

For −𝜋 ≤ 𝑥 < 0 , −1 < 𝑠𝑖𝑛𝑥  𝑠𝑖𝑛2 𝑥

2
≤ 0  

0 < 1 + 𝑠𝑖𝑛𝑥  𝑠𝑖𝑛2 𝑥

2
≤ 1 implies 1 + 𝑠𝑖𝑛𝑥  𝑠𝑖𝑛2 𝑥

2
≠ 0 

                                         Hence 1 + 𝑠𝑖𝑛𝑥  𝑠𝑖𝑛2 𝑥

2
= 0 has no solution for −𝜋 ≤ 𝑥 < 0  

Hence number of solutions are 00 

2. We know that equation 𝑎 𝑐𝑜𝑠𝑥 + 𝑏 𝑠𝑖𝑛𝑥 = 𝑐 has a solution if |𝑐| ≤ √𝑎2 + 𝑏2 

Hence 7 cos 𝑥 + 5 sin 𝑥 = 2𝑘 + 1 will have solution if |2𝑘 + 1| ≤ √49 + 25 = √74 

Hence −√74 ≤ (2𝑘 + 1) ≤ √74    

For integral values −8 ≤ (2𝑘 + 1) ≤ 8 implies  𝑘 = −4, −3, −2, −1,0,1,2,3 

Hence 𝑘 = 8 

3. 3𝑠𝑖𝑛2𝑥 − 7𝑠𝑖𝑛𝑥 + 2 = 0 implies (3𝑠𝑖𝑛𝑥 − 1)(𝑠𝑖𝑛𝑥 − 2) = 0 

𝑠𝑖𝑛𝑥 =
1

3
  as 𝑠𝑖𝑛𝑥 ≠ 2  Implies 

𝑥 = 𝑠𝑖𝑛−1 (
1

3
) , 𝜋 − 𝑠𝑖𝑛−1 (

1

3
) , 2𝜋 + 𝑠𝑖𝑛−1 (

1

3
) , 3𝜋 − 𝑠𝑖𝑛−1 (

1

3
) , 4𝜋 + 𝑠𝑖𝑛−1 (

1

3
) , 5𝜋 − 𝑠𝑖𝑛−1 (

1

3
) 

𝑚 = 6    Hence 2 𝑚2 + 3𝑚 + 7 = 72 + 18 + 7 = 97  

4. 2 𝑡𝑎𝑛2𝑥 − 5𝑠𝑒𝑐𝑥 = 1 implies 2 𝑠𝑒𝑐2𝑥 − 5 𝑠𝑒𝑐 𝑥 − 3 = 0 
(2 sec 𝑥 + 1). (𝑠𝑒𝑐𝑥 − 3) = 0  

As |sec 𝑥| ≥ 1  Hence 2 sec 𝑥 + 1 ≠ 0     

 Hence sec 𝑥 = 3 

Solutions are points of intersection of curves 𝑦 = sec 𝑥 and 𝑦 = 3 
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The 7th solution is between [0,
13𝜋

2
] and [0,

15𝜋

2
] 

Hence sum of values of max. and min. values = 28  

5. 16𝑠𝑖𝑛2𝑥 +
16

16𝑠𝑖𝑛2𝑥
= 10     implies   𝑦2 − 10𝑦 + 16 = 0    for 𝑦 = 16𝑠𝑖𝑛2𝑥 

       𝑦 = 2,8   hence 𝑦 = 16𝑠𝑖𝑛2𝑥 = 2, 8 

      24𝑠𝑖𝑛2𝑥 = 2                     and 24𝑠𝑖𝑛2𝑥 = 8 = 23 

     Hence    4𝑠𝑖𝑛2𝑥 = 1     and       4𝑠𝑖𝑛2𝑥 = 3 

                  𝑠𝑖𝑛2𝑥 = 𝑠𝑖𝑛2 𝜋

6
           and       𝑠𝑖𝑛2𝑥 = 𝑠𝑖𝑛2 𝜋

3
 

         𝑥 = 𝑛𝜋 ±
𝜋

6
                        and         𝑥 = 𝑛𝜋 ±

𝜋

3
 

         Hence 𝑥 =
𝜋

6
,

5𝜋

6
,

7𝜋

6
,

11𝜋

6
,

𝜋

3
,

2𝜋

3
,

4𝜋

3
,

5𝜋

3
 

         Hence Number of solutions = 08 
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 There are 30 questions in this question paper. Each question carries 5 marks. 

 Answer all questions. 

 Time allotted: 2.5 hours. 

 

 
1. How many positive integers less than 1000 have the property that the sum of the digits of each 

such number is divisible by 7 and the number itself is divisible by 3 ? 

Ans. 28        

Sol. coefficient of x21 : (x0 + x1 + x2 +......... + x9)3 

 :
10 3

3

(1– x )

(1– x)
 

(1 – 3x10 + 3x20 +.....)(1 – x)–3 

:  3 + 21–1C21 – 3.3+11–1C11 + 3.3  

 = 23C21 – 3.13C11 + 9 = 
2

2223
– 

2

12133 
+ 9 

= 23 × 11 – 39 × 6 + 9 

= 253 – 234 + 9 = 28 Ans. 

 

 

2. Suppose a, b are positive real numbers such that a a b b 183  , a b b a 182  .  

Find 
9

(a b)
5

 .        

Ans. 73 

Sol. a a  + b b  = 183 and a b  + b a  = 182 we have to find 
9

(a b)
5

   

Let  a = A2,  b = B2  
 

A3 + B3 = 183 ............(i)   

A2B + B2A = 182..........(ii)  

(1) + (2) 

A3 + B3 + 3AB(A + B) = 183 + 3 × 182 

(A + B)3 = 183 + 546  

(A + B)3 = 729 

A + B = 9 

from (2)  AB(A + B) = 182 

AB = 
9

182
 

a + b = A2 + B2 = (A + B)2 – 2AB 

= 81 – 
9

364
= 

9

365
 

5

9
× 

9

365
 = 73 
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3. A contractor has two teams of workers : team A and team B. Team A can complete a job in 12 

days and team B can do the same job in 36 days. Team A starts working on the job and team B 

joins team A after four days. The team A withdraws after two more days. For how many more days 

should team B work to complete the job ?    

Ans. 16 

Sol. Let total worker in team A be x  

 Let total worker in team B be y 

Given 12 x = 36 y 

x = 3y 

Per worker work done per day be W. 

total work 36 × W × y 

36Wy = 6 × Wx + MWy 

M = 2 + Number of more days.  

36 y = 18 y + My 

M = 18y + My 

M = 18  

Hence 16 more days  

 

 

4. Let a, b be integers such that all the roots of the equation (x2 + ax + 20)(x2 + 17x + b) = 0 are 

negative integers. What is the smallest possible value of a + b ? 

Ans. 25           

Sol. 

 

(x2 + ax + 20)(x2 + 17x + b) = 0 

z– z– z–
z– 

 
so a > 0 and b > 0 since sum of roots < 0 and product > 0 

(since 20 = (1 × 20) × (2 × 10) or (4 × 5) 

min a = 9 

– 17 =  +   ()  (–1, – 16), (–2, – 15), (–8, –9) 

min b = 16  

(a+b)min = amin + bmin = 9 + 16 = 25   

 

 

5. Let u, v, w be real numbers in geometric progression such that u > v > w. Suppose u40 = vn = w60 . 

Find the value of n.      

Ans. 48 

Sol. u = a 

 v = ar 

 w = ar2 

 a40 = (ar)n = (ar2)60 

 a20 = r–120      a = r–6 

 r–240 = r–5n  5n = 240 

 n = 
240

5
 = 48 
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6. Let the sum 
9

n 1

1

n(n 1)(n 2)   written in its lowest terms be 
p

q
. Find the value of q – p. 

Ans. 83       

Sol. 


9

1n 2

1
 

n 2 – n

n(n 1)(n 2)


 

 

= 
9

n 1

1 1 1
–

2 n(n 1) (n 1)(n 2)

 
    

  

 = 
































1110

1
–

109

1
.........

4.3

1
–

3.2

1

3.2

1
–

2.1

1

2

1
 

= 







110

1
–

2

1

2

1
 

= 
2

1 55 – 1

110

 
 
 

 
110

27
 q – p = 110 – 27 = 83 

 
 

7. Find the number of positive integers n such that n n 1 11   . 
Ans. 29         

Sol. N  + 1N  < 11 
 N = 1, 2, 3, 4, 5, 6, 7,8 ........ 16...... 25 

1N  + N  = 11  ........ (1) 

N–1N

1


 = 11 

1N  – N  = 
11

1
  ........ (2) 

2 1N =
11

122
  1N  = 

11

61
  N + 1 = 

121

3721
 

N = 
121

3600
 = 29.75 

So 29 values  
 
 
8. A pen costs  ` 11 and a notebook costs `13. Find the number of ways in which a person can 

spend exactly ` 1000 to buy pens and notebooks.   
Ans. 7 
Sol. Cost of a pen is  `11 
 Cost of a  notebook is `13 
 11x + 13y = 1000 

 y = 
1000 – 11x

13
 

12 11x

13




(13 – 1) – (13x – 2x)

13


2x – 1

13


12x – 6

13


13x – (x 6)

13




x 6

13


  

x = 13 – 6    (1  x  90)  
x  {7,20,.......,85}  { = {1,2,....,3}}  
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9. There are five cities A,B,C,D,E on a certain island. Each city is connected to every other city by 

road. In how many ways can a person starting from city A come back to A after visiting some cities 
without visiting a city more than once and without taking the same road more than once ? (The 
order in which he visits the cities also matters. e.g., the routes A  B  C  A and  
A  C  B  A are different.)       

Ans. 60 

Sol.  

 
A 

B 

C

D
E 

  

ways = 4C22! + 4C33! + 4C44! 
= 12 + 24 + 24 = 12 + 48 = 60 

 
 

10. There are eight rooms on the first floor of a hotel, with four rooms on each side of the corridor, 
symmetrically situated (that is each room is exactly opposite to one other room). Four guests have 
to be accommodated in four of the eight rooms (that is, one in each) such that no two guests are in 
adjacent rooms or in opposite rooms. In how many ways can the guests be accommodated? 

Ans. 48          

Sol.   

2× 4! = 48 
 

11. Let f(x) = sin 
3cos

3 10
x x
 for all real x. Find the least natural number n such that f(n + x) = f(x) for 

all real x.        
Ans. 60 

Sol. f(x) = sin
x

3
 + cos 

3x

10
 

 period of sin
x

3
is 

6

1


and  period of cos 

3x

10
is 

2

3 /10


 =  

20

3


 

 LCM is 
60

1


    n = 60 

 
12. In a class, the total numbers of boys and girls are in the ratio 4 : 3. On one day it was found that 8 

boys and 14 girls were absent from the class and that the number of boys was the square of the 
number of girls. What is the total number of students in the class ?    

Ans. 42 
Sol. Ratio is 4 : 3 therefore 

Boys are 4x 
 Girls are 3x 
 given (4x – 8) = (3x – 14)2 
 9x2 + 196 – 84x = 4x – 8 
 9x2 – 88x + 204 = 0 

 x =  
288 88 4 9 204

18

   
 

 = 
22(22 22 9 51)

9

  
 

 = 
2(22 5)

9


 = 2× 

27

9
 or 2 × 

17

9
 

 x = 6 or 
34

9
 

 7x = 42 or non integer   42 students 
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13. In a rectangle ABCD, E is the midpoint of AB : F is point on AC such that BF is perpendicular to 

AC and FE perpendicular to BD. Suppose BC = 8 3 . Find AB.   
Ans. 24 

Sol. sin = 
8 3

2x
 = 

4 3

x
 

   

 

A 

D C 

B 

P 

90+ 90–
E2x

M
2

90–2



F 

 
 FA = 2x cos 
 FB = 2x sin 
 MB = FBx sin 2 = 2x sin sin2 
 ME2 + MB2 = BE2 = x2 
 x2sin2 + 4x2 sin2 sin2 2= x2 
 sin2  + 4sin2sin2 2 = 1 
 4sin2  sin2 2 = cos2  
 16 sin4  = 1 

 sin2 = 
1

4
   sin = 

1

2
 

 
4 3

x
 = 

1

3
  x = 12 2x = AB =  24 Ans.  

 
14. Suppose x is a positive real number such that {x}.[x] and x are in the geometric progression. Find 

the least positive integer n such that xn > 100. (Here [x] denotes the integer part of x and  
{x} = x – [x])         

Ans. 10 
Sol. [x]2 = x{x} 
 {x} = a 
 [x] = ar 
 x = ar2 
 a + ar = ar2 
 r2 – r – 1 = 0 

r = 
2

51
 r = 

2

51
 

 ar =  

a=
2I

(1 5 )
 

a = 
2

)1–5(I
 

0 < a < 1 

0 < 
2

)1–5(I
< 1 

0 <  < 
1–5

2
 

0 <  < 
2

15 
 

 = 1 
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ar = 1  a = 
51

2


 = 

2

1–5
 

x = ar2 = r = 
2

15 
 

N

2

15









 
 > 100  N log10 









 
2

15
 > 2 

N > 9.5  Nmin = 10  
 
 
 
15. Integers 1,2,3……..n where n > 2, are written on a board. Two numbers m, k such that  

1 < m < n. 1 < k < n are removed and the average of the remaining numbers is found to be 17. 

What is the maximum sum of the two removed numbers ?   

Ans. 51 

Sol. 

n(n 1)
(2n 1)

2
n – 2


 

< 17 < 

n(n 1)
3

2
n – 2




 

 
2n n 4n 2

2(n – 2)

  
 < 17 <  

2n n 6

2(n 2)

 


 

 
2n 3n 2

2(n 2)

 


 < 17 < 
(n 3)(n 2)

2(n 2)

 


 

 
n 1

2


 < 17 < 

n 3

2


 

 n < 35 and n > 31 

 n = 32, 33, 34 

 case-1,  n = 32 

 

n(n 1)
p

2
(n 2)





= 17         

n(n 1)

2


– 17 (n – 2) = p 

 p = 18 

 case-2,  n = 33   p = 34 

 case-3,  n = 34       p = 51 

 Maximum sum = 51  

 

16. Five distinct 2-digit numbers are in a geometric progression. Find the middle term. 

Ans. 36           

Sol. Let the numbers be  a ar ar2 ar3 ar4 

 since all are 2 digit number r = 
2

3
or 

3

2
(as fourth power of integers greater than 3 are 3 digit 

numbers) 

 Hence the five numbers are (16, 24, 36, 54, 81) 

 Hence middle term is 36. 
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17. Suppose the altitudes of a triangle are 10,12 and 15. What is its semi-perimeter ? 
Ans. Bonus          
Sol. ha : hb : hc = 10 : 12 : 15 

 a, b, c = 
1

10
: 

1

12
: 

1

15
 

 a : b : c = 6 : 5 : 4 
 (a,b,c) = (6k, 5k, 4k) 
 2s = 15k 

  = s(s – a)(s – b)(s – c)  

  

 = 
15k 15k 15k 15k

– 6k – 5k – 4k
2 2 2 2

   
   
   

 

  = 
15k 3k 5k 7k

. . .
2 2 2 2

 

  = 2 21
15 .7k

4
= 215

7k
4

 

 ha = 10 =

215
2 7k

4
6k


 

 60k = 215
7k

2
 

 8 = 7k   k = 
8

7
 

 s = 
15 8

2 7
 = 

60

7
 

 
 
18. If the real numbers x, y, z are such that x2 + 4y2 + 16z2 = 48 and xy + 4yz + 2zx = 24. what is the 
 value of x2 + y2 + z2 ?       
Ans. 21  
Sol. x2 + 4y2 + 16z2 = 48 
 (x)2 + (2y)2 + (4z)2 = 48 
 2xy + 8yz + 4zx = 48 
 now we can say that 
 (x)2 + (2y)2 + (4z)2 – (2xy) – (8yz) – (4zx) = 0 
 [(x – 2y)2 + (2y – 4z)2 + (x – 4y)2)] = 0 

 x = 2y = 4z   
x

4
= 

y

2
= z 

 (x, y, z) = (4, 2, ) 
 x2 + 4y2 + 16z2 = 48 
 162 + 162 + 162 = 48 
 so 2 = 1 
 x2 + y2 + z2 = 212 = 21 
  
19. Suppose 1,2,3 are the roots of the equation x4 + ax2 + bx = c. Find the value of c. 
Ans. 36          
Sol. 1,2,3 are roots of x4 + ax2 + bx – c = 0 
 since sum of roots is zero and  fourth root is – 6 
 Hence c = 36 
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20. What is the number of triples (a, b, c) of positive integers such that (i) a < b < c < 10 and (ii) a, b, c, 
 10 form the sides of a quadrilateral?      
Ans. 73 
Sol. a + b + c > 10 
  (a,b,c) can be  
 a b c   
 1 2 8,9   
 1 3 7,8,9   
 1 4 6,7,8,9    
 1 5 6,7,8,9   
 1 6 7,8,9   
 1 7 8,9   
 1 8 9   
 2 3 6,7,8,9   
 2 4 5,6,7,8,9  
 2 5 6,7,8,9      
  2 6 7,8,9 
 2 7 8,9 
 2 8 9 
 3 4 5,6,7,8,9 
 3 5 6,7,8,9  
 3 6 7,8,9 
 3 7 8,9 
 3 8 9 
 4 5 6,7,8,9 
 4 6 7,8,9 
 4 7 8,9 
 4 8 9 
 5 6 7,8,9 
 5 7 8,9 
 5 8 9 
 6 7 8,9 
 6 8 9 
 7 8 9 

Total 73 cases 
 
 
21. Find the number of ordered triples (a, b, c) of positive integers such that abc = 108. 
Ans. 60          
Sol. abc = 33.22 

 a =  1 13 .2  ,  b = 2 23 .2  ,  c = 3 33 .2   
 1 + 2 + 3 = 3 and 1 + 2 + 3 = 3 
 5C2 and 4C2 
 Total = 4C2 × 5C2 = 10×6 = 60 
 
 
22. Suppose in the plane 10 pair wise nonparallel lines intersect one another. What is the maximum 
 possible number of polygons (with finite areas) that can be formed? 
Ans. 46           
Sol. Number of non-overlapping polygons = 56 – 20 = 46 
 1 line divide plane into 2 regions 
 2 lines divide plane into 4 regions 
 3 lines divide plane into 7 regions 
 4 lines divide plane into 11 regions 
 5 lines divide plane into 16 regions 
 6 lines divide plane into 22 regions 
 7 lines divide plane into 29 regions 
 8 lines divide plane into 37 regions 
 9 lines divide plane into 46 regions 
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10 lines divide plane into 56 regions 

 Now open regions for 3 lines are 6 

 

 

 
 Similarly for 10 lines are 20  
 Note : If we consider overlapping polygons then maximum possible number of  
 polygons = 10C3 + 10C4 +.....+ 10C10  = 210 – 1 – 10 – 45 = 968   
  
23. Suppose an integer r, a natural number n and a prime number p satisfy the equation                         
 7x2 – 44x + 12 = pn. Find the largest value of p.   
Ans. 47 
Sol. 7x2 – 44x + 12 = pn 
 7x2 – 42x – 2x + 12 = pn 
 (7x – 2)(x – 6) = pn 
 7x – 2 = p   and  x – 6 = p 
 (7x – 2) – 7(x – 6) = p – 7p 
 40 = p – 7p 
   If ,  N,  p is divisors of 40   p = 2 or 5 
 If p = 2, 40 = 2 – 7.2    23.5 =  2 – 7.2

    = 3 and 2 = 40 + 56       Z    hence not possible 
 If p = 5 then 40 = 5 – 7.5   23.5 =  5 – 7.5

    = 1 and 5 = 40 + 35       Z    hence not possible 
 so  = 0    p = 47   p = 47 and  = 1 
 
24. Let P be an interior point of a triangle ABC whose side lengths are 26, 65, 78. The line through P 
 parallel to BC meets AB in K and AC in L. The line through P parallel to CA meets BC in M and BA 
 in N. The line through P parallel to AB meets CA in S and CB in T. If KL, MN, ST are of equal 
 lengths, find this common length.    
Ans. Bonus 
Sol.  

 A 

L 

C M B 

K 

N 
26 

78 

65 

T 

c2 

b2 

2bc 

2ab 

 P a2 

2ac 

S 

 
Let MN = ST = KL =  

 
26


= 

2

2

(b c)

(a b c)



 
 

 
26


= 

b c

a b c


 

 

 
65


= 

a c

a b c


 

 

 2
78 26

 
 

 

 2
26 65 78

  
  

 

 30  which is not possible as   has to be less than 26   
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25. Let ABCD be a rectangle and let E and F be points on CD and BC respectively such that area 
 (ADE) = 16, area (CEF) = 9 and area (ABF) = 25. What is the area of triangle AEF ? 
Ans. 30      
Sol.  

 

 

25 

9 

E y–a 
C 

b 

F 

x–b

B y A 

x 

D 
a 

16 

 
 xa = 32       xa = 32 
 b(y – a) = 18  by – ab = 18 
 y (x – b) = 50  xy – by = 50 

 by –  
32b

x
 = 18  b =  

18b

xy – 32
 

 xy – 
18xy

xy – 32
 = 50 

 xy = t 

  
2t 32t 18t

t 32

 


= 50 

 t2 – 50t = 50t – 1600 
 t2 – 100t + 1600 = 0 
 t = 80 , 20 
 Now xy = 80 
 Area of AEF = 80 – (16 + 9 + 25) = 30 
 
 
26. Let AB and CD be two parallel chords in a circle with radius 5 such that the centre O lies between 

these chords. Suppose AB = 6, CD = 8. Suppose further that the area of the part of the circle lying 
between the chords AB and CD is (m + n) / k, where m, n, k are positive integers with  
gcd(m, n, k) = 1. What is the value of m + n + k ?    

Ans. 75 
Sol.  

 

 

5 

1 

3

2 

4 

6 3 

0 

8 4 C D 

A B 

 

A = 2 
1

25
2
     

+ 
1

2
 × 3 × 8 + 

1

2
 × 4 × 6 

  = [ – (1 + 2)] = –1 –14 3
tan tan

3 4

      
  

 

  = 
2


 

 A = 24 + 
25

2


  A = 

48 25

2

 
 

 (m + n + k) = (48 + 2 + 25) = 75 
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27. Let 1 be a circle with centre O and let AB be diameter of 1. Let P be a point on the segment OB 

 different from O. Suppose another circle 2 with centre P lies in the interior of 1. Tangents are 

 drawn from A and B to the circle 2 intersecting 1 again at A1 and B1 respectively such that A1 
 and B1 are on the opposite sides of AB. Given that A1 B = 5, AB1 = 15 and OP = 10, find the radius 

 of 1. 
Ans. 20           
 
Sol.  

 

r1 90– 

A 


r–1 r O 
 P 

r 10 

15 

A1 

B 

5 

B1 S1= 0  
1r

r 10
= 

5

2r
.......(1) 

1r

r – 10
= 

15

2r
  ........(2) 

r – 10

r 10
= 

1

3
 

3r – 30 = r + 10 
2r = 40 
r = 20     

 
28. Let p, q be prime numbers such that n3pq – n is a multiple of 3pq for all positive integers n. Find the 
 least possible value of p + q.       
Ans. 28 
 
29. For each positive integer n, consider the highest common factor hn of the two numbers n! + 1 and 

 (n + 1)!. For n < 100, find the largest value of hn.     
Ans. 97 
Sol. n! + 1 is not divisible by 1,2,....,n 
 (n + 1)! is divisible by 1,2,....,n 

 so HCF  n + 1 
 also (n + 1)! is not divisible by n +2, n + 3..... 
 so HCF can be n + 1 only 
 Let us start by taking n = 99 

  99! + 1 and 100! 
 HCF = 100 is not possible as 100 divides 99! 
 composite number will not be able to make it  
 so let us take prime i.e. n = 97 
 now 96! + 1 and 97! are both divisible by 97 
 so HCF = 97 
 (by Wilson's theorem (p – 1)! + 1) is divisible by p) 
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30. Consider the areas of the four triangles obtained by drawing the diagonals AC and BD of a 
 trapezium ABCD. The product of these areas, taken two at time, are computed. If among the six 
 products so obtained, two product are 1296 and 576, determine the square root of the maximum 
 possible area of the trapezium to the nearest integer.     
Ans. 13  
Sol.  

 

ar 

a 

ar 

ar2 

  
 
Case-1   a2r2 = 1296 

ar2 = 576 
       ________________ 

r = 
2

36 9

24 4

   
 

 

a2 = 24 × 24 × 
4

9
   a = 24 × 

2

3
 

a = 16 
Case-2   a2r = 576 
 

a2r3 = 1296 
________________ 

r2 = 
1296

576
 

 r2 = 
2

3

2

 
 
 

 r = 
3

2
 

a2 = 576 × 
2

3
 

a2 = 192 × 2 
a2 = 384 
Case-3 a2r3 = 1296 

a2r2 = 576 
________________ 

r2 = 
1296

576
 

 r = 
9

4
 

a2 = 
576 16

81


 

a = 
32

3
 

area = a(r + 1)2 

Case-1 : area = 16 
2

9
1

4

  
 

= 169  square root is 13  

Case-2 : area = 
2

3
1

2

  
 

= 122.47 

Case-3 : area = 
2

32 9
1

3 4

  
 

 so maximum area is 13 
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INSTRUCTION 

Number of Questions : 30               Max. Marks : 102 

1. Use of mobile phones, smartphones, ipads, calculators, programmable wrist watches is 

STRICTLY PROHIBITED. Only ordinary pens and pencils are allowed inside the 

examination hall.  

2. The cirrection is done by machine through scanning. On OMR sheet, darken bubbles 

completely with a black pencil or a black  blue pen. Darken the bubbles completely only 

after you are sure of your answer : else, erasing lead to the OMR sheet getting damaged 

and the machine may not be able to read the answer.  

3. The name , email addredd.a and date of birth entered on the OMR sheet will be your login 

credentials for accessing your PROME score.  

4. Incomplete /incorrectly and craelessly filled information may disqualify your candidature. 

5. Each quaestion has a one or two digit number as answer. The first diagram below shows 

improper and proper way of darkening the bubble with detailed instructions. The second 

diagram shows how to mark a 2-digit number and a 1-digit number.  

    

6. The answer you write on OMR sheet is irrelevant. The darken bubble will be considered as 

your final answer. 

7. Questions 1 to 6 carry 2 marks each : Questions  7 to 21 carry 3 marks each : Questions 

22 to 30 carry 5 marks each. 

8.  All questions are compulsory.  

9.  There are no negative marks.  

10. Do all rough work in the space provided below for it. You also have pages at the end of the 

question paper to continue with rough work.  

11. After the exam, you may take away the Candidate’s copy of the OMR sheet.  

12. Preserve your copy of OMR sheet till the end of current olympiad season. You will need it 

further for verification purposes.  

13. You may take away the question paper after the examination. 
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1. A book is published in three volumes, the pages being numbered from 1 onwards. The page 

numbers are continued from the first volume to the second volume to the third. The number of 

pages in the second volume is 50 more than that in the first volume, and the number pages in the 

third volume is one and a half times that in the second. The sum of the page numbers on the first 

pages of the three volumes is 1709. If n is the last page number, what is the largest prime factor of 

n ? 

,d iqLrd rhu [k.Mksa esa izdkf'kr gS] vkSj dqy i`"B la[;k 1 ls 'kq: gksrh gSA nwljs [kaM dh i`"B la[;k igys 

[kaM ds vkxs ls 'kq: gksrh gS o rhljs dh nwljs ds vkxs lsA nwljs [kaM esa igys [kaM ls 50 vf/kd i`"B gSa] o 

rhljs [kaM esa nwljs ls Ms<+ xquk i`"B gSaA rhuksa [kaMksa ds i`Fke ì"B dh i`"B la[;k dk ;ksx 1709 gSA vxj n 

vafre i`"B la[;k gS] rks n dks foHkkftr djus okyh lcls cM+h vHkkT; la[;k dkSulh gS ?  

Sol. (17) 

 Let the number of pages in volume-1 be x 

   Number of pages in second volume = x + 50 

  Number of pages in third volume = 
3

2
(x + 50) 

 Moreover 1 + (x + 1) + (2x + 51) = 1709 

    3x + 53 = 1709 =  x = 552 

 So  n = 552 + 602 + 903 = 2057 

 So n = 112 × 17 

 Hence largest prime factor of n = 17 

Hindi :  ekuk Hkkx-1 esa ì"Bksa dh la[;k x gSA  

   Hkkx nks esa i`"Bksa dh la[;k = x + 50 

  Hkkx rhu esa i`"Bksa dh la[;k = 
3

2
(x + 50) 

 rFkk 1 + (x + 1) + (2x + 51) = 1709 

    3x + 53 = 1709 =  x = 552 

 blfy,  n = 552 + 602 + 903 = 2057 

 blfy, n = 112 × 17 

 vr% n dk vf/kdre vHkkT; xq.ku[k.M  = 17 
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2. In a quadrilateral ABCD, it is given that AB = AD = 13, BC = CD = 20, BD = 24. If r is the radius of 

the circle inscribable in the quadrilateral, then what is the integer closest to r ?  

 ,d prqHkZqt ABCD esa ;s fn;k gqvk gS fd AB = AD = 13, BC = CD = 20, BD = 24 gSA ;fn r bl prqHkqZt ds 

vanj cuk, tk ldu okys vUr% o`Ùk dh f=kT;k gS] rks r  ls fudVre iw.kkZad dk eku D;k gksxk ? 

Sol. (8) 

 

 

A 13 B 

24 13 

20 C D 

20 
 

Area of ABCD  = Area of ABD + Area of BCD 

  = 25 12 12 1   + 32 8 12 12    

  = 60 + 192 = 252 

Indadius(r) = 
Area

semi perimeter
= 

252 84
7.64

33 11
   

 Hence integer nearest to r is 8 

Hindi : 

 

A 13 B 

24 13 

20 C D 

20 
 

ABCD dk {ks=kQy = ABD dk {ks=kQy + BCD dk {ks=kQy 

  = 25 12 12 1   + 32 8 12 12    

  = 60 + 192 = 252 

vUr% f=kT;k (r) = 
 

{ks=kQy
v) Z i fj eki

= 
252 84

7.64
33 11

   

 vr% r ds fudVre iw.kkZad 8 gSA  
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3. Consider all 6-digit numbers of the form abccba where b is odd. Determine the number of all such 

6-digit numbers that are divisible by 7.  

 ,slh 6-vadksa dh la[;k abccba ds ckjs esa lkspks ftuesa b fo"ke gSA ,slh fdruh 6-vadksa dh la[;k,– a gksaxh tks 

fd 7 ls foHkkftr gks tkrh gSa \  

Sol. (70) 

abccba (b is odd) 

 = a(105 + 1) + b(104 + 10) + c(103 + 102) 

 = a (1001 – 1) 100 + a + 10b(1001) + (100) (11) c 

 = (7.11.13.100)a – 99a + 10b(7.11.13) + (98 + 2)(11)c 

 = 7p + (c – a) where p is an integer 

 Now if c – a is a multiple of 7 

  c – a = 7, 0, –7 

 Hence number of ordered pairs of (a, c) is 14 

 since b is odd 

 Number of such number = 14 × 5 = 70  

Hindi :  abccba (b fo"ke gS) 

 = a(105 + 1) + b(104 + 10) + c(103 + 102) 

 = a (1001 – 1) 100 + a + 10b(1001) + (100) (11) c 

 = (7.11.13.100)a – 99a + 10b(7.11.13) + (98 + 2)(11)c 

 = 7p + (c – a) tgk¡ p ,d iq.kZkad gS 

 vc ;fn c – a,  7 dk xq.kt gS  

  c – a = 7, 0, –7 

 vr% (a, c) ds dzfer ;qXeksa dh la[;k = 14 

 pwfda b fo"ke gSA  

 bl izdkj dh la[;k = 14 × 5 = 70  
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4. The equation 166  56 = 8590 is valid in some base b  10 (that is 1,6,5,8,9,0 are digits in base b 

in the above equation). Find the sum of all possible values of b  10 satisfying the equation.  

lehdj.k 166  56 = 8590 fdlh vk/kkj (base) b  10 esa lgh gS (eryc fd 1,6,5,8,9,0 vk/kkj (base) b esa 

vad gSa) ,slh lHkh lEHko la[;kvksa b  10 dk ;ksx D;k gksxk \   

Sol. (12) 

 166 = b2 + 6b + 6 

 56 = 5b + 6 

 8590 = 8b3 + 5b2 + 9b 

 Now (b2 + 6b + 6) (5b + 6) = 8b3 + 5b2 + 9b 

  5b3 + 36b2 + 66b + 36 = 8b3 + 5b2 + 9b 

  3b3 – 31b2 – 57b – 36 = 0 

  (b – 12) (3b2 + 5b + 3) = 0 

  b = 12 

 We have only one b which is 12 

 So sum = 12 

Hindi : 166 = b2 + 6b + 6 

 56 = 5b + 6 

 8590 = 8b3 + 5b2 + 9b 

 vc (b2 + 6b + 6) (5b + 6) = 8b3 + 5b2 + 9b 

  5b3 + 36b2 + 66b + 36 = 8b3 + 5b2 + 9b 

  3b3 – 31b2 – 57b – 36 = 0 

  (b – 12) (3b2 + 5b + 3) = 0 

  b = 12 

 b dk dsoy ,d eku 12 gSA  

 vr% ;ksxQy = 12 
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5. Let ABCD be a trapezium in which AB || CD and AD  AB. Suppose ABCD has an incircle which 

touches AB at Q and CD at P. Given that PC = 36 and QB = 49, Find PQ.  

 ABCD ,d leyac prqHkqZt gS ftlesa fd AB || CD o AD  AB eku yks fd bl prqHkqZt dk ,d var% òÙk AB 

ls Q esa o CD ls P esa feyrk gSA vaxj PC = 36 o QB = 49 rks PQ dk eku D;k gksxk \   

Sol. (84)  

 

A B 

C D 

r 

r 

r Q S 49 

P 36 r 

 

 Let incircle touch BC at R  

 So CR = 36, BR = 49 

 Further let inradius = r 

 So AQ = PD = r & AD = 2r 

 Let perpendicular from C meet AD at S 

 So BS = 13, BC = 85 

 Now (CS)2 = 852 – 132 = 98 × 72 = 49 × 144 

  So CS = 7 × 12 = 84 

 Hence PQ = 84 

Hindi : 

 

A B 

C D 

r 

r 

r Q S 49 

P 36 r 

 

 ekuk v)ZoR̀r BC dks R ij Li'kZ djrk gSA  

 blfy, CR = 36, BR = 49 

 iqu% ekuk vUr% f=kT;k = r 
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 blfy, AQ = PD = r & AD = 2r 

 ekuk C ls yEc AD dks  S ij feyrk gSA  

 blfy,  BS = 13, BC = 85 

 vc  (CS)2 = 852 – 132 = 98 × 72 = 49 × 144 

  So CS = 7 × 12 = 84 

 vr% PQ = 84 

 

6. Integers a, b, c satisfy a + b – c = 1 and a2 + b2 – c2 = –1. What is the sum of all possible values of 

a2 + b2 + c2 ? 

 

a, b, c ,sls iw.kkZad gSa ftuds fy, a + b – c = 1 o a2 + b2 – c2 = –1. a2 + b2 + c2 ds tks Hkh eku laHko gSaA 

mudk ;ksx D;k gksxk \ 

Sol. (18) 

 a + b – c = 1, a2 + b2 – c2 = – 1 

 a + b – 1= c 

  a2 + b2 + 1 + 2ab – 2(a + b) = c2  ab = a + b  (a – 1) (b – 1) = 1 

 So  a – 1 = b – 1 = ±1  a = b = 2 or a = b = 0 

 So c = 3 (when a = b = 2) or c = –1 (when a = b = 0) 

 Hence a2 + b2 + c2 = 17 or 1  Sum = 18 

Hindi : a + b – c = 1, a2 + b2 – c2 = – 1 

 a + b – 1= c 

  a2 + b2 + 1 + 2ab – 2(a + b) = c2  ab = a + b  (a – 1) (b – 1) = 1 

 blfy,  a – 1 = b – 1 = ±1  a = b = 2 or a = b = 0 

 blfy,  c = 3 (tc a = b = 2) ;k c = –1 (tc a = b = 0) 

 vr%  a2 + b2 + c2 = 17 or 1  ;ksx = 18 
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7. A point P in the interior of a regular hexagon is at distance 8,8,16 units from three consecutive 

vertices of the hexagon, respectively. If r is radius of the circumscribed circle of the hexagon, what 

is the integer closest to r ?  

 fcUnq P ,d le&"kV~Hkqt dk Hkhrjh fcUnq gS vkSj "kV~Hkqt ds rhu _ekuqxr dksuksa ls mldh nwjh Øe'k% 8,8 o 16 

gSA vxj r "kV~Hkqt ds ifjo`Rr dh f=kT;k dk eku gS rks r ds lcls djhc dkSulk iw.kkZd gksxkA  

Sol. (14) 

 

 

A B 

C 

D E 

F 
2x 

16 16 

8 8 P P 

x 
Q 

R 

 

 

Note that CF = 2AB, PA = 2PC & PB = 2PF 

Hence PAB is similar to PFC, hence A1P1C & B1P1F are collinear. Let each side of hexagon be 

equal to x . 

Let Q & R be foot of altitudes from P to base AB & CF respectively. So R is centre of hexagon 

Now 
1

3
× 

23x x
64

2 4
   

 
2 2x x

64
12 4

   

 
24x

64
12

    x = 8 3  

Note that circumradius of a regular hexagon = side of regular hexagon 

 Hence r = 8 3  13.856 

 Hence nearest integer = 14 
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Hindi : 

 

A B 

C 

D E 

F 
2x 

16 16 

8 8 P P 

x 
Q 

R 

 

 

fn;k x;k gS CF = 2AB, PA = 2PC & PB = 2PF 

vr% PAB , PFC ds le:i gS vr% A1P1C & B1P1F lajs[k gSA ekuk "kVHkqt dh izR;sd Hkqtk x ds cjkcj gSA  

ekuk Q ,oa  R,  P ls AB ,oa CF ij dze'k% 'kh"kZyEc dk ikn gS] blfy, R "kVHkqt dk dsUnz gSA  

vc 
1

3
× 

23x x
64

2 4
   

 
2 2x x

64
12 4

   

 
24x

64
12

    

 x = 8 3  

fn;k x;k gS le~"kV~Hkqt dh ifjf=kT;k = le"kV~Hkqt dh Hkqtk 

 vr% r = 8 3  13.856 

 vr% fudVre iw.kkZad = 14 
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8. Let AB be a chord of circle with centre O. Let C be a point on the circle such that ABC = 30° and 

O lies inside the triangle ABC. Let D be a point on AB such that DCO = OCB = 20°. Find the 

measure of CDO in degrees.  

 AB ,d o`Ùk dh thok gS ftldk dsUnz O gSA ekuyks fd C oR̀r ij ,d ,slk fcUnq gS ftlls fd ABC = 30°  

o O f=kHkqt ABC ds vanj gSA ekuyks fd D o`Ùk AB ij ,d ,slk fcUnq gS ftlls fd  

DCO = OCB = 20° A CDO dk eku fMxzh esa irk djksA 

Sol. (80)

 A 

B 

D 

C
20° 
20° 

O 
 

OCB = 20°  

&  

OBC = 20°  

&  

OBA = 10°  

&   

OAB = 10° 

 Since BOC = 140  A = 70°  

&   

OAC = 60°  

&  

ACD = 40° 

 Now C is circumcenter of AOD 

 as OCD = 2OAD   

&  

AOD = 
1

2
OAD = 20°  
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&  

DOC  = AOD + AOC 

= 20 + 60 

= 80 

  ODC = 180 – (DOC + OCD) 

   = 180 – (80 + 20) 

   = 80° 

Hindi. 

 A 

B 

D 

C
20° 
20° 

O 
 

OCB = 20°  

rFkk  

OBC = 20°  

rFkk  

OBA = 10°  

rFkk   

OAB = 10° 

 pwafd BOC = 140  A = 70°  

rFkk   

OAC = 60°  

rFkk  

ACD = 40° 
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 vc C , AOD dk ifjdsUnz gS 

 pwfd OCD = 2OAD   

rFkk  

AOD = 
1

2
OAD = 20°  

rFkk  

DOC  = AOD + AOC 

= 20 + 60 

= 80 

  ODC = 180 – (DOC + OCD) 

   = 180 – (80 + 20) 

   = 80° 

9. Suppose a,b are integers and a + b is a root of x2 + ax + b = 0. What is the maximum possible 

values of b2 ?  

 ekuk fd a,b iw.kkZd gS rFkk a + b lehdj.k x2 + ax + b = 0 dk ,d gy gSA b2 
dk vf/kdre lEHko eku D;k 

gS ? 

Sol. (81) 

 If “a + b” is a root it satisfies the equation 

 Hence (a + b)2 + a(a + b) + b = 0 

  2a2 + 3ba + (b2 + b) = 0 

 Now since “a” is an integer Discriminant is a perfect square  

  9b2 – 8 (b2 + b) = p2 for same p  Z 

  (b – 4)2 – 16 = p2 

 (b – 4 + b) (b – 4 – p) = 16 

b – 4 + p = ±8,  b – 4 – p = ±2, b –  4 + p = b – 4 – p = ±4 
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So b – 4 = 5, – 5, 4, – 4 

 b = 9, –1, 8, 0  (b2)max = 81  

Hindi :  ;fn “a + b” ewy gS] ;g nh xbZ lehdj.k dks larq"V djrk gSA 

 vr% (a + b)2 + a(a + b) + b = 0 

  2a2 + 3ba + (b2 + b) = 0 

 vc “a” iw.kkZad gS foospd] iw.kZ oxZ gksxkA 

  9b2 – 8 (b2 + b) = p2  fdlh  p  Z ds fy,  

  (b – 4)2 – 16 = p2 

 (b – 4 + b) (b – 4 – p) = 16 

b – 4 + p = ±8,  b – 4 – p = ±2, b –  4 + p = b – 4 – p = ±4 

blfy, b – 4 = 5, – 5, 4, – 4 

 b = 9, –1, 8, 0  (b2)max = 81 

 

10. In a triangle ABC, the median from B to CA is perpendicular to the median from C to AB. If the 

median from A to BC is 30, determine (BC2 + CA2 + AB2)/100.  

 ,d f=kHkqt ABC esa B ls CA rd dh ekf/;dk C ls AB rd dh ekf/;dk ls yEc gSA vxj A ls BC rd dh 

ekf/;dk dh yEckbZ 30 gS rks (BC2 + CA2 + AB2)/100 dk eku Kkr djksA 

Sol. (24) 

 

 

F 

B 
D 

G 

C 

E 

A 

M 

 

Let G be centroid, D,E,F be mid-points of BC, CA, AB & M be mid-point of FE. 

 Let BE = 3x, CF = 3y, given AD = 30 

 Hence AM = 5, GM = 5, GD = 10, BG = 2x, GE = x, CG = 2y, GF = y 
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 Now D is mid-point of hypotenuse of right angle triangle BGC  

 So D is circum centre of the triangle 

 SO BD = GD = 10  BC = 20 

 Hence 4(x2 + y2) = 400  x2 + y2 = 100  

 Now 9(x2 + y2) =  2 2 2 2 2 21
2BC 2AB AC 2BC 2AC AB

4
      

  900 × 4 = 4BC2 + AB2 + AC2 

  AB2 + AC2 = 3600 – 1600 = 2000 

 Hence 
2 2 2AB BC CA 2400

24
100 100

 
   

 

11. There are several tea cups in the kitchen, some with handle and the others without handles. The 

number of ways of selecting two cups without a handle and three with a handle is exactly 1200. 

What is the maximum possible number of cups in the kitchen ?     

 fdpu esa dbZ pk; ds di gS] dqN esa gSMy gS] vkSj dqN esa ugha gSA vxj buesa ls nks di fcuk gSM+y ds o rhu 

di gSaMy ds pquus gks rks ;g 1200 rjhdksa ls fd;k tk ldrk gSA fdpu esa fdrus di gS ?     

Sol. (29)  

Let cups without handle equals to x & cups with handle equals to y 

  xC2 × yC3 = 1200 = 24 × 3 × 52 

  
x(x 1) y(y 1)(y 2)

2 6

  
 = 24 × 3 × 52 

 x = 25, y = 4 and x = 16, y = 5 

 x + y is maximum when x = 25, y = 4 

 maximum possible cups equals to 29 

Hindi. ekuk fcuk gSUMy okys diksa dh la[;k x rFkk gSUMy okys diksa dh la[;k y gS 

  xC2 × yC3 = 1200 = 24 × 3 × 52 

  
x(x 1) y(y 1)(y 2)

2 6

  
 = 24 × 3 × 52 

 x = 25, y = 4 rFkk x = 16, y = 5 

 x + y vf/kdre gksxk tc x = 25, y = 4  

 vf/kdre lEHkkfor di 29 ds cjkcj gS 
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12. Determine the number of 8-tuples ( 1 2 8, ,...,   ) such that 1 2 8, ,...,   {1, 1}  and  

    1 2 3 82 3 ... 8         

 is a multiple of 3. 

 ,sls fdrus Øeokj&lewPp; ( 1 2 8, ,...,   )gS ftlesa 1 2 8, ,...,   {1, 1}   o 1 2 3 82 3 ... 8         dk 

eku 3 ls HkkT; gks \  

Sol. (88) 

 1, 2, 3,…………8 {–1, 1}. 

 1 + 22 + 33 +……..+ 88 

  (1 + 44 + 77 ) + (22 + 55 + 88 ) + 3(3 + 26) 

  (1 + 4 + 7 ) + 2(2 +5 + 8 ) + 3m (m is an integer) 

 (1 – 2) + (4 –5) +(7 –8) + 3q (q is an integer) 

 1 – 2 = 2, 0, –2 & similarly others 

  p12 + p45 + p78 + 3q  (where p12 =1 – 2  

p45 =4 – 5  

p78 =7 – 8) 

 p12 = p45 = p78 = 0   8 cases 

 p12 = p45 = p78 = 2 (or –2)  2 cases 

 p12 = 2,  p45 = –2,  p78 = 0  (2 × 6) cases 

 Hence number of tuples = 22 × 4 = 88 

     

    (3 & 6 can be any one of 1 or –1) 

Hindi.  

1, 2, 3,…………8 {–1, 1}. 

 1 + 22 + 33 +……..+ 88 

  (1 + 44 + 77 ) + (22 + 55 + 88 ) + 3(3 + 26) 
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  (1 + 4 + 7 ) + 2(2 +5 + 8 ) + 3m (m iw.kkZd gS) 

 (1 – 2) + (4 –5) +(7 –8) + 3q (q ,d iw.kkZd gS) 

 1 – 2 = 2, 0, –2 rFkk blh izdkj vU; similarly others 

  p12 + p45 + p78 + 3q  (tgk¡ p12 =1 – 2  

p45 =4 – 5  

p78 =7 – 8) 

 p12 = p45 = p78 = 0   8 fLFkfr;k¡  

 p12 = p45 = p78 = 2 (or –2)  2 fLFkfr;k¡  

 p12 = 2,  p45 = –2,  p78 = 0  (2 × 6) fLFkfr;k¡ 

 vr% Øeokj&leqPp; dh la[;k = 22 × 4 = 88 

     

    (3 & 6 la[;k 1 ;k –1 eas ls dksbZZ ,d gks ldrk gS) 

 

13. In a triangle ABC, right-angled at A, the altitude through A and the internal bisector of A have 

lengths 3 and 4, respectively. Find the length of the median through A.  

 ,d f=kHkqt ABC, ftlesa dks.k A ledks.k gS, ,slk gS fd A ls yEc dh yEckbZ o  A dks.k&lef}Hkktd dh 

yEckbZ Øe'k% 3 o 4 gSA A ls ef/;dk dh yEckbZ fdruh gksxh\  

Sol. (24) 

 

 

B 
F E D 

C 

4 3 

A

 

 CAE = 45° =  BAE 

 AD = 3   
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 Let BC = a, CA = b, AB = c 

 
1 1

bc ·a·3 bc 3a
2 2

    

 
2bc A 6a 1

cos 4 · 4
b c 2 b c 2

  
 

 

   2 2 b c 3a   

  8(b2 + c2 + 2bc) = 9a2 

  8(a2 + 6a) = 9a2 

  48a = a2  a = 48 

 So AF = 
a

24
2
  

14. If x = cos1°cos2°cos3°…..cos89° and y = cos2°cos6°cos10°…..cos86°, then what is the integer 

nearest to 
2

7
log2(y/x) ?  

 vxj x = cos1°cos2°cos3°…..cos89° o y = cos2°cos6°cos10°…..cos86°, rks la[;k 
2

7
log2(y/x) ds 

lcls djhc dkSulk iw.kkZd gksxk ? 

Sol. (19) 

 
y cos2 cos6 cos10 .........cos86

x cos1 cos2 cos3 .........cos89

   


   
 

 = 244 × 2
cos2 cos6 cos10 .........cos86

sin2 sin4 .........cos88

   
  

 

 = 
89 / 22 sin4 sin8 sin12 ..........sin88

sin2 sin4 sin6 ..........sin88

   
   

 

 = 
89 / 22

cos4 cos8 cos12 .............cos88   
 

 = 
8989 / 2 22
2

22

2
2

1

2




 
 
 

 

 = 
133

22  

 
2

7
log2(y/x) = 

2

7
log2

133

22 = 
2

7
 × 

133

2
= 19 
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15. Let a and b natural numbers such that 2a – b, a – 2b and a + b are all distinct squares. What is the 

smallest possible value of b ?  

 ekuyks fd a o b ,slh izkd̀frd la[;k gS ftlls fd 2a – b, a – 2b o a + b lHkh vyx&vyx iw.kkZdksa ds oxZ 

gSA b dk U;wure lEHko eku D;k gksxk ? 

Sol. (21) 

 2a – b = 2
1k   ……(1) 

 a – 2b = 2
2k   ……(2) 

 a + b = 2
3k   ……(3) 

Add (2) & (3) we get 

 2a – b = 2
2k + 2

3k    

 2
2k + 2

3k = 2
1k   (k2 < k3) 

For least ‘b’ difference of 2
3k & 2

2k is also least and must be multiple of 3 

 2
2k = a – 2b = a2 & 2

3k  = a + b = 122 

 2
3k – 2

2k = 3b = 144 – 81 = 63  b = 21 

 least b is 21 
 

Hindi. 2a – b = 2
1k   ……(1) 

 a – 2b = 2
2k   ……(2) 

 a + b = 2
3k   ……(3) 

 (2) o (3) dks tksM+us ij 

 2a – b = 2
2k + 2

3k    

 2
2k + 2

3k = 2
1k   (k2 < k3) 

 ‘b’ ds U;qure eku ds fy, 
2

3k & 2
2k  ds U;qure vUrj U;qure gksxk rFkk 3 dk xq.kt gksxk 

 2
2k = a – 2b = a2 & 2

3k  = a + b = 122 

 2
3k – 2

2k = 3b = 144 – 81 = 63  b = 21 

 b dk U;qure eku 21 gS 
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16. What is the value of 
1 i j 10
i j odd

(i j)
  
 

  –
1 i j 10
i j even

(i j)
  
 

  ?  

 fuUe dk eku irk djksA 

1 i j 10
i j odd

(i j)
  
 

  –
1 i j 10
i j even

(i j)
  
 

  ?  

Sol. (55) 

 

i  1 2 3 4 5 6 7 8 9 

j   1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

10 

 

 Sum of odd =  
9 7 5 3

3 5 7 9 ....... 19 5 7 ........ 17 7 9 ........ 15 9 11 13 11                     

 Sum of even = 
8 6 4 2

4 6 ....... 18 6 8 ....... 16 8 10 12 14 10 12                 

 Difference = (–1 –1 –1……….8 times) + 19 +  (–1 –1 –1……….6 times) + 17 + (–1 –1 –1 –1) + 15 

 + (–1 –1) + 13 + 11 

= –8 – 6 –4 –2 + 19 + 17 + 15 + 13 + 11 = 75 – 20 = 55 

17. Triangles ABC and DEF are such that A = D, AB = DE = 17, BC = EF = 10 and AC – DF = 12. 

What is AC + DF ?  

 ABC o DEF ,sls f=kHkqt gS fd A = D, AB = DE = 17, BC = EF = 10 vkSj AC – DF = 12 gSA AC + 

DF dk eku D;k gS ? 

Sol. (30) 

 Let A coincides with D, B coincides with E. With E(B) as centre draw a circle with radius 10 

intersecting the line, making angle  = A with AB, at F & C.  
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A(O) 17 B(E) 

10 

C 

12 

F 

10 

M 

  

 Let N be the foot of perpendicular from B(E) to CF 

 So BM = 8  Hence AM = 2 217 8 = (25)(9)  = 15 

 Hence AF = 15 – 6 = 9 & AC = 15 + 6 = 21 

 So AC + DF = 30 

Hindi. ekuk A , D ds lkFk lEikrh gS rFkk B, E ds lkFk lEikrh gSA E(B) dks dsUnz ekurs gq, 10 f=kT;k dk ,d o`Ùk 

[khpk tkrk gS tks js[kk dks izfrPNsn djrk gS rFkk AB ds lkFk F vkSj C ij  = A dks.k cukrk gS    

 

 

A(O) 17 B(E) 

10 

C 

12 

F 

10 

M 

  

 ekuk N, B(E) ls CF ij yEc dk yEcikn gS 

 blfy,  BM = 8  vr% AM = 2 217 8 = (25)(9)  = 15 

 vr% AF = 15 – 6 = 9 & AC = 15 + 6 = 21 

 blfy, AC + DF = 30 
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18. If a,b,c   4 are integers, not all equal, and 4abc = (a + 3) (b + 3) (c + 3), then what is the value of 

a + b + c ?  

 vxj a,b,c   4 iw.kkZd gS] lHkh cjkcj ugha gS] vkSj 4abc = (a + 3) (b + 3) (c + 3) rks a + b + c dk eku D;k 

gS ? 

Sol. (16) 

 4abc = 27 + 3(ab + bc + ca) + 9 (a + b + c) + abc 

  3abc = 27 + 3(ab + bc + ca) + 9 (a + b + c) 

 abc = 9 + (ab + bc + ca) + 3 (a + b + c) 

 abc – (ab + bc + ca) + (a + b + c) –1 =  8 + 4 (a + b + c) 

 (a – 1) (b – 1) (c – 1) = 8 + 4 (a + b + c) 

Put a – 1 = A, b – 1 = B, c – 1 = C, 

 ABC = 20 + 4 (A + B + C) 

 A = 
4(5 B C)

BC 4

 


 

 B = 3, C = 4, A = 6 

or they can be interchanged 

 (a, b, c) are anangemets of (4, 5, 7) 

 a + b + c = 16 

 

19. Let N = 6 + 66 + 666 + ….. + 666….66, where there are hundred 6’s in the last term in the sum. 

How many times does the digit 7 occur in the number N ?  

 ekuyks fd N = 6 + 66 + 666 + ….. + 666….66 tgk¡ vkf[kjh la[;k esa lkS 6’ ds vad gSA N esa vad 7 fdruh 

ckj vk,xk ? 

Sol. (33) 

 N = 6 + 66 + 666 +…………….
100 times

6666..........66  

 = 
6

9 100 times

9 99 .............. 999.............99
 
   
  

  

 = 
6

9
[(10 – 1) + (102 – 1) + ………….+ (10100 – 1)] 

 = 
6

9
[(10 +102 +……….+ 10100) – 100] 
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 = 
6

9
[(102 + 103 +……….+ 10100) – 90] 

 = 
6

9

 99

2
10 1

10 60
9

     
 

 

 = 
200

27
(1099 – 1) – 60 

 = 
200

27 99 times

999.........99 60
 
  
 
 
  

 = 
1

3 99 times

222.........200 60
 
  
 
 
  

 = 
740comes33 times

740 740.........7400 – 60 

= 
32 times

740 740.........740 340  

 7 comes 33 times 

 7, 33 ckj vkrk gS  

20. Determine the sum of all possible positive integers n, the product of whose digits equals n2 – 15n – 

27.  

 
,sls lHkh /kukRed iw.kkZdksa dk ;ksx irk djks ftuds vadksa dk xq.kuQy n2 – 15n – 27 gSA 

Sol. (17)  

n2 – 15n – 27 is always odd number for all n  I 

n must be maximum of two digit number.  

because maximum product of three digit number is 729 & minimum value of n2 – 15n – 27 for 3 

digits number is 10000 – 1500 – 27 which is greater than 729. 

n2 – 15n – 27 is increasing function for all n  {8, 9, 10,……………} 

at n = 17, n2 – 15n – 27 is equal to  17 

at n = 19, n2 – 15n – 27 is equal to  49 

at n = 21, n2 – 15n – 27 is equal to  99 
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And maximum product of digits of two digit number is 81 

 So n must be less than 21 

 Between 1 to 15, n2 – 15n – 27 is negative 

 So n = 17 only 

 Sum of possible number equal to 17 

Hindi. n2 – 15n – 27 lnSo lHkh n  I ds fy, fo"ke la[;k gS 

n nks vad dh la[;k dk vf/kdre eku gksxk  

D;ksfd  rhu vad la[;k dk vf/kdre xq.kuQy 729 rFkk n2 – 15n – 27 dk U;wure eku ] rhu  vad dh 

la[;k gksus ds fy, 10000 – 1500 – 27 tks 729 ls cM+k gSA  

n2 – 15n – 27 lHkh n  {8, 9, 10,……………} ds fy, o/kZeku gS 

 n = 17 ij, n2 – 15n – 27 dk eku 17 gS 

 n = 19 ij, n2 – 15n – 27 dk eku 49 gS 

 n = 21 ij, n2 – 15n – 27 dk eku 99 gS 

rFkk nks vad dh la[;k dk vf/kdre xq.kuQy 81 gS 

 n, 21 ls de gksxkA 

 1 ls 15 ds e/; , n2 – 15n – 27 _.kkRed gS  

 blfy, n = 17 dsoy 

 lEHkkfor la[;k dk ;ksxQy 17 ds cjkcj gS 

21. Let ABC be an acute-angled triangle and let H be its orthocentre. Let G1, G2 and G3 be the 

centroids of the triangles HBC , HCA and HAB respectively. If the area of triangle G1G2G3 is 7 

units, what is the area of triangle ABC ? 

 ekuyks fd ABC ,d U;wudks.k f=kHkqt gS vkSj H mldk yacdsUnz gSA ekuyks fd G1, G2 o G3 Øe'k% f=kHkqt HBC 

, HCA o HAB ds dsUnzd gSA vxj f=kHkqt G1G2G3 dk {ks=kQy 7 gS] rks f=kHkqt ABC dk {ks=kQy fdruk gksxk ? 

Sol. (63) 
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B D 
C

2 

1 

1 

G1 

G2 H 2 

E 

A 

 

AB = 2DE …..(1) 

 In H G1 G2 &  H D E 

 1 1 2HG G G 2

HD DE 3
   

 G1G2 = 
2

3
 DE = 

2

3

AB

2

 
 
 

AB

3
  

Becomes  G1 G2 G3 ~  ABC 

  
2 22

2
1 2 3 1 21 2

Area of ABC (AB) AB 3

Area of G G G G G 1(G G )

           
 

  Area of ABC = 9 × (Area of  G1 G2 G3) 

 Area of ABC = 9 × 7 = 63  

Hindi. 

 

B D 
C

2 

1 

1 

G1 

G2 H 2 

E 

A 

 

AB = 2DE …..(1) 

 H G1 G2  vkSj  H D E esa 

 1 1 2HG G G 2

HD DE 3
   

 G1G2 = 
2

3
 DE = 

2

3

AB

2

 
 
 

AB

3
  
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ls  G1 G2 G3 ~  ABC 

  
2 22

2
1 21 2 3 1 2

ABC (AB) AB 3

G G 1G G G (G G )

           

{ks=kQy
{ks=kQy

 

  ABC dk {ks=kQy = 9 × ( G1 G2 G3 dk {ks=kQy) 

 ABC dk {ks=kQYk = 9 × 7 = 63  

 

22. A positive integer k is said to be good if there exists a partition of {1,2,3,…..,20} in to disjoint proper 

subsets such that the sum of the numbers in each subset of the partition is k. How many good 

numbers are there ?  

 ,d iw.kkZd k dks ge vPNk dgsaxs vxj {1,2,3,…..,20} dks ge mfpr milewPp;ksa (proper subsets) esa 

foHkkftr dj ldrs gS ¼,sls fd ,d la[;k ,d gh milewPp; esa gks½ rkfd gj milewPp; esa vkus okyh 

la[;kvksa dk ;ksx k gksA fdruh la[;k,¡ vPnh gS ? 

Sol. (6) 

 Sum of numbers equals to 
20 21

210
2


  & 210 = 2 × 3 × 5 × 7 

  Number of partition sum 

I 2 105 

II 3 70 

III 5 42 

IV 7 30 

V 6 35 

VI 10 21 

 

 So K can be 21, 30, 35, 47, 70, 105 

 Good numbers equal to 6 

Case-I  A = {1, 2, 3, 4, 5, 16, 17, 18, 19, 20} , B = {6, 7, 8, 9, 10, 11, 12, 13, 14, 15}  

Case-II  A = {20, 19, 18, 13},  B = {17, 16, 15, 12, 10}, C = {1, 2, 3, 4, 5, 6, 7, 8, 9, 11, 14}  

Case-III           A = {20, 10, 12},  B = {18, 11, 13}, C = {16, 15, 9, 2}, D = {19, 8, 7, 5, 3}, E = {1, 4, 6, 14, 17} 
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Case-IV A = {20, 10},  B = {19, 11}, C = {18, 12}, D = {17, 13}, E = {16, 14}, F = {1, 15, 5},  

G = {2, 3, 4, 6, 7, 8} 

Case-V  A = {20, 15},  B = {19, 16}, C = {18, 17}, D = {14, 13, 8}, E = {12, 11, 10, 2},  

F = {1, 3, 4, 5, 6, 7, 9} 

Case-VI A = {1, 20},  B = {2, 19}, C = {3, 18}……………., J = {10, 11} 

 

Hindi. la[;kvksa dk ;ksxQy = 
20 21

210
2


  & 210 = 2 × 3 × 5 × 7 

 Hkkxks dh la[;k ;ksxQy 

I 2 105 

II 3 70 

III 5 42 

IV 7 30 

V 6 35 

VI 10 21 

 

 K dk eku 21, 30, 35, 47, 70, 105 gks ldrk gS 

 vPNh la[;k 6 ds cjkcj gS 

fLFkfr-I  A = {1, 2, 3, 4, 5, 16, 17, 18, 19, 20} , B = {6, 7, 8, 9, 10, 11, 12, 13, 14, 15}  

fLFkfr -II  A = {20, 19, 18, 13},  B = {17, 16, 15, 12, 10}, C = {1, 2, 3, 4, 5, 6, 7, 8, 9, 11, 14}  

fLFkfr –III         A = {20, 10, 12},  B = {18, 11, 13}, C = {16, 15, 9, 2}, D = {19, 8, 7, 5, 3}, E = {1, 4, 6, 14, 17} 

fLFkfr -IV A = {20, 10},  B = {19, 11}, C = {18, 12}, D= {17, 13}, E = {16, 14}, F = {1, 15, 5}, G = {2, 3, 

4, 6, 7, 8} 
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fLFkfr -V  A = {20, 15},  B = {19, 16}, C = {18, 17}, D = {14, 13, 8}, E = {12, 11, 10, 2},  

F = {1, 3, 4, 5, 6, 7, 9} 

fLFkfr -VI A = {1, 20},  B = {2, 19}, C = {3, 18}……………., J = {10, 11} 

23. What is the largest positive integer n such that  

     
2 2 2a b c

b c c a a b
29 31 29 31 29 31

 
  

  n (a + b + c) 

 holds for all positive real numbers a,b,c. 

 ,slk lcls cM+k iw.kkZd n dkSulk gS ftlls fd  

     
2 2 2a b c

b c c a a b
29 31 29 31 29 31

 
  

  n (a + b + c) 

 lHkh /kukRed okLrfod la[;kvksa a,b,c ds fy, lp gks \   

Sol. (14) 

 Since  
2 2 2 2a b c (a b c)

x y z x y z

 
  

 
 

 So 
2 2 2a b c

b c c a a b
39 31 29 31 29 31

 
  

2(a b c)

1 1 1 1 1 1
a b c

29 31 29 31 29 31

 


              
     

 

     
(a b c)

1 1

29 31

 

  
 

 

     
a b c

60

29 31

 




 

     
29 31

(a b c)
60


    

      14.98 (a + b + c) 

 So  n = 14 
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Hindi. ekuk fd 
2 2 2 2a b c (a b c)

x y z x y z

 
  

 
 

 blfy, 
2 2 2a b c

b c c a a b
39 31 29 31 29 31

 
  

2(a b c)

1 1 1 1 1 1
a b c

29 31 29 31 29 31

 


              
     

 

     
(a b c)

1 1

29 31

 

  
 

 

     
a b c

60

29 31

 




 

     
29 31

(a b c)
60


    

      14.98 (a + b + c) 

 blfy, n = 14 

24. If N is the number of triangles of different shapes (i.e. not similar) whose angles are all integers (in 

degrees), what is N/100 ?  

 vxj N vyx vyx vkdkj ds f=kHkqt ¼eryc vle:i f=kHkqt½ gS ftuds lHkh dks.k ¼fMxzh esa½ iw.kkZd gSa rks 

[N/100] dk eku D;k gksxk ? 

Sol. (27) 

 x + y + z = 180 

 x1 + y1 + z1 = 177 

 Total = 177 + 2C2  Total = 
179 178

179 89
2


   

 Total = 3! () + 3 () +  

 = 6() + 3() + 1 

 For (), number of ways = 1 

 For (), 2 +  = 177, number of ways =  (88 cases) 
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 For , number of ways = 
179 89 3 88 1

6

   
 

  = 
15931 265

6


 

  = 2611 

 So total way 2611 + 88 + 1 = 2700  

 Ans. 27 

Hindi. x + y + z = 180 

 x1 + y1 + z1 = 177 

 dqy rjhds = 177 + 2C2  dqy rjhds = 
179 178

179 89
2


   

 dqy rjhds = 3! () + 3 () +  

 = 6() + 3() + 1 

 ()ds fy,, rjhdksa dh la[;k = 1 

  ()ds fy,, 2 +  = 177, rjhdksa dh la[;k =  88 

 ds fy, , rjhdksa dh la[;k = 
179 89 3 88 1

6

   
 

  = 
15931 265

6


= 2611 

 dqy rjhds 2611 + 88 + 1 = 2700  

 Ans. 27 
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25. Let T be the smallest positive integers which, when divided by 11,13,15 leaves remainders in the 

sets {7,8,9}, {1,2,3}, {4,5,6} respectively. What is the sum of the square of the digits of T ?  
 eku yks fd T lcls NksVk /kukRed iw.kkZd gS ftldk 11,13 o 15 ls foHkktu djus ij 'ks"k Øe'k% lewPp; 

{7,8,9}, {1,2,3} o {4,5,6} esa gSA rks fQj T ds vadksa ds oxZ dk ;ksx D;k gksxk ? 
Sol. (81) 

26. What is the number of ways in which one can choose 60 units square from a 11   11 chessboard 

such that no two chosen square have a side in common ?  

 11   11 dh 'krjat dh fclkr ls 60 bdkbZ oxZ fdruh rjg ls pqu ldrs gS fd pqus gq, oxksZ dh dksbZ Hkh 

Hkqtk lk>k uk gks ? 

Sol. (62) 

  

Either select 60 black squares from 61 black square or select all 60 white squres  

 Total equal to 61C60 + 60C60 = 61 + 1 = 62 

Hindi.  

;k rks 61 dkys oxksZ ls 60 dkys oxZ pqUkuk ;k lHkh 60 lHkh lQsn oxZ pqUkuk  

dqy rjhds 
61C60 + 60C60 = 61 + 1 = 62 

27. What is the number of ways in which one can colour the square of a 4  4 chessboard with colours 

red and blue such that each row as well as each column has exactly two red squares and blue 

squares ? 

 4  4 dh 'krjat dh fclkr ds gj ,d oxZ dks yky ;k uhys esa jaxuk gS] ,sls fdrus rjhds gksaxs fd gj ,d 

csM+h iafDr vkSj gj ,d [kM+h ifDr esa nks uhys o nks yky oxZ gks\  

Sol. (90) 

 First row can be filled by 4C2 ways = 6 ways. 

Case-I  Second row is filled same as first row  

  here  second row is filled by one way 

   3rd row is filled by one way 

   4th row is filled by one way 
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 Total ways in Case-I equals to 4C1 × 1 × 1 × 1 = 6 ways 

  

R R B B

R R B B

  

Case-II  Exactly 1 R & 1 B is interchanged in second row in comparision to 1st row  

  here  second row is filled by 2 × 2 way 

   3rd row is filled by two way 

   4th row is filled by one way 

  Total ways in Case-II equals to 4C1 × 2 × 2 × 2 × 1 = 48 ways 

  

R R B B

R B B R

  

Case-III  Both R and B is replaces by other in second row as compared to 1st row  

  here  second row is filled by 1 way 

   3rd row is filled by 4C2 way 

   4th row is filled by one way 

 Total ways in 3th Case equals to 4C2 × 1 × 6 × 1 = 36 ways 

 Total ways of all cases equals to 90 ways 

 

Hindi. izFke ifDr dks 
4C2 rjhdksa ls Hkjk tk ldrk gS = 6 rjhds  

fLFkfr -I  nwljh ifDr dks igyh ifDrh ds leku Hkjk tkrk gS  

  ;gka  nwljh ifDr dks ,d rjhds Hkjk tkrk gS  

   3rd ifDr dks ,d rjhds ls Hkjk tkrk gS  

   4th ifDr dks ,d rjhds ls Hkjk tkrk gS  
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fLFkfr –I   esa dqy rjhds = 4C1 × 1 × 1 × 1 = 6 rjhds 

  

R R B B

R R B B

  

fLFkfr -II  Bhd 1 R vkSj 1 B dks nwljh ifDr dks vkil esa cnyk tkrk gS rFkk igyh ifDr ls rqyuk fd tkrh gS  

   nwljh ifDr dks 2 × 2 rjhds ls Hkjk tkrk gS 

   rhljh ifDr dks nks rjhds ls Hkjk tkrk gS 

   pkSFkh ifDr dks ,d rjhds ls Hkjk tkrk gS 

  fLFkfr –II  esa dqy rjhds = 4C1 × 2 × 2 × 2 × 1 = 48 rjhds 

  

R R B B

R B B R

  

fLFkfr -III  nksuks R o B dks vU; nwljh ifDr esa izFke ifDr dh rqyuk esa gVk;k tkrk gSA  

   nwljh ifDr dks ,d rjhds ls Hkjk tkrk gS 

   3th ifDr dks 
4C2 rjhds ls Hkjk tkrk gS 

   pkSFkh ifDr dks ,d rjhds ls Hkjk tkrk gS 

 fLFkfr –III  esa dqy rjhds = 4C2 × 1 × 6 × 1 = 36 rjhds 

 lHkh fLFkfr esa dqy rjhds 90 

 

28. Let N be the number of ways of distributing 8 chocolates of different brands among 3 children such 

that each child gets at least one chocolate, and no two children get the same number of 

chocolates. Find the sum of the digits of N.  

 eku yks fd vyx&vyx dEifu;ksa dh 8 pksdysV dks rhu cPpksa esa N rjhdksa ls ck¡Vk tk ldrk gS ftlls fd 

gj cPps dks de ls de ,d pksdysV feys vkSj fdUgh Hkh nks cPpksa dks cjkcj dh la[;k esa pksdysV uk feysA 

N ds vadks dk ;ksx fdruk gksxk \ 
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Sol. (24) 

 8  (1,2,5) or (1 , 3 , 4) 

 Number of ways 
8 8

3 3
2 5 1 1 3 4

    

 = 
8 7 6 8 7 6 5

6
2 6

       
 

 

 = 56 × 6 (3 + 5)  56 × 48 = 2688 

 Sum of digits = 24 

 

29. Let D be an interior point of the side BC of a triangle ABC. Let 1 and 2  be the incentres of 

triangles ABD and ACD respectively. Let A 1  and A 2  meet BC in E and F respectively. If                  

B 1 E = 60°. What is the measure of C 2 F in degrees ? 

 eku yks fd D ,d f=kHkqt ABC dh Hkqtk BC dk vkarfjd fcUnq gSA eku yks fd 1  o 2  Øe'k% f=kHkqt ABC o 

f=kHkqt ACD ds var% dsaUnz gSA ekuyks fd js[kk A 1  o js[kk A 2  js[kk BC ls Øe'k% E o F esa feyrh gSA vxj 

B 1 E = 60°. rks fMxzh esa C 2 F dk eku D;k gksxk ? 

Sol. (30)  

 

C D E B 

A 

I1 

I2 

F 

B/2 
60° 

B
60 –

2
 

B
120 –

2
   

BAD 120 – B    

  CAD A – 120 – B     

 = A + B – 120° 

 
A B C C

FAC – 60 90 – – 60 30 –
2 2 2


         

 
C

AFC 180 – c 30 –
2

      
 

 

 = 150 – C/2 

 2

C C
CI F 180 m – 150 –

2 2
      
 

 = 30°   
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30. Let P(x) = 2 n
0 1 2 na a x a x .... a x     be a polynomial in which ia  is non-negative integer for each 

i {0,1,2,3,....,n} . If P(1) = 4 and P(5) = 136, what is the value of P(3)? 

 ;fn P(x) = 2 n
0 1 2 na a x a x .... a x     ,d cgqin gS tgk¡ ia  v_.kkRed iw.kkZd gSa] o P(1) = 4 o P(5) = 

136 rks P(3) dk eku D;k gksxk \  

Sol. (34) 

 a0 + a1 +a2 + ...... + an = 4 

  ia 4  

 a0 + 5a1 + 52a2 + .... +a 5nan = 136 

  a0 = 1 + 5  a0 = 1 

 Hence 5a1 + 52a2 + ..... + 5nan = 135 

 a1 + 5a2 + .... 5n–1 an–1 = 27 

  a1 = 5 + 2  a1 = 2   

  5a2 + .... 5n–1 an–1 = 25 

 a2 + 5a3 + ...... 5n–2 an–2 = 5 

  a2 = 5 a2 = 0 

 a3 + 5a4 + ........... + 5n–3 an–3 = 1 

 a3 = 1 

  a4 + 5a5 + ..... + 5n–4an–3 = 0 

 a4 = a5 = ..... an = 0 

 Hence P(n) = x3 + 2x + 1 

 P(3) = 34     
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INSTRUCTION 

Number of Questions: 30               Max. Marks: 102 

1. Use of mobile phones, smartphones, iPads, calculators, programmable wrist watches is 

STRICTLY PROHIBITED. Only ordinary pens and pencils are allowed inside the 

examination hall.  

2. The correction is done by machine through scanning. On OMR sheet, darken bubbles 

completely with a black pencil or a black blue pen. Darken the bubbles completely only 

after you are sure of your answer: else, erasing lead to the OMR sheet getting damaged 

and the machine may not be able to read the answer.  

3. The name, email address and date of birth entered on the OMR sheet will be your login 

credentials for accessing your PROM score.  

4. Incomplete /incorrectly and carelessly filled information may disqualify your candidature. 

5. Each question has a one or two digit number as answer. The first diagram below shows 

improper and proper way of darkening the bubble with detailed instructions. The second 

diagram shows how to mark a 2-digit number and a 1-digit number.  

    

6. The answer you write on OMR sheet is irrelevant. The darken bubble will be considered as 

your final answer. 

7. Questions 1 to 6 carry 2 marks each: Questions 7 to 21 carry 3 marks each: Questions 22 

to 30 carry 5 marks each. 

8.  All questions are compulsory.  

9.  There are no negative marks.  

10. Do all rough work in the space provided below for it. You also have pages at the end of the 

question paper to continue with rough work.  

11. After the exam, you may take away the Candidate’s copy of the OMR sheet.  

12. Preserve your copy of OMR sheet till the end of current Olympiad season. You will need it 

further for verification purposes.  

13. You may take away the question paper after the examination. 
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1. From a square with sides of length 5, triangular pieces from the four corners are removed to form a 

regular octagon. Find the area removed to the nearest integer? 

 ,d oxZ ftldh Hkqtkvksa dh yEckbZ 5 gS] mlds pkjkas dksuksa ls f=kHkqtkdkj VqdM+s dkV dj ,d fu;fer v"VHkqt 

cuk;k tkrk gSA fdruk {ks=kQy gVk;k x;k gS] mldk eku lcls djhch iw.kkZad rd Kkr djksA  

Sol. (4) 

 

 
x 

x 

x 

x 

x 

x 

x 

x 

5 – 2x 

2x  

 

 5 – 2x = 2 x  
5

x
2 2




 

 Area removed gVk;k x;k {ks=kQy = 

 
 

2
2 2 25

2x 25 2 1 4.3
2 2 1


   


 

 So area removed to nearest integer is 4 

gVk;k x;k {ks=kQy ds lcls djhch iw.kkZad 4 gSA 

 

 

2. Let f(x) = x2 + ax + b. If for all nonzero real x 

  
1

f x
x

 
 

 
= f(x) + f

1

x

 
 
 

 

 and the roots of f(x) = 0 are integers, what is the value of a2 + b2?  

 eku yks fd f(x) = x2 + ax + b gSA ;fn lHkh v'kwU; okLrfod la[;k x ds fy, 

  
1

f x
x

 
 

 
= f(x) + f

1

x

 
 
 

 

 vkSj f(x) = 0 ds lHkh gy iw.kkZad gS] rks a2 + b2 dk eku D;k gS\  

 

Sol. (13)  

 
1 1

f x f x f
x x

   
     

   
 

  

2

2

2

1 1 1 a
x a x b x ax b b

x x xx

   
            

   
 

  b = 2 

   = 2  (,) = (1,2) or ;k (–1, –2) 

  a = 3 or ;k –3  a2 + b2 = 9 + 4 = 13 
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3. Let x1 be a positive real number and for every integer n  1 let xn+1 = 1 + x1x2……xn–1xn. If x5 = 43, 

what is the sum of digits of the largest prime factor of x6? 

 eku yks fd x1 ,d /kukRed okLrfod la[;k gS vkSj lHkh n  1 iw.kkZadksa ds fy, xn+1 = 1 + x1x2……xn–1xn gSA 

vxj x5 = 43 rks x6 ds lcls cM+s vHkkT; xq.ku[kaM ds vadksa (digits) dk ;ksx Kkr djksA  

Sol. (13) 

x5 = 1 + x1 x2 x3 x4  x1 x2 x3 x4 = 42 

 x6 = 1 + x1 x2 x3 x4 x5  = 1+(42) (43) = 1807 = 13 × 139 

  largest prime factor lcls cM+k vHkkT; xq.ku[kaM = 139  sum of digits vadksa  dk ;ksx = 13 

 

4. An ant leaves the anthill for its morning exercise. It walks 4 feet east and then makes a 160° turn 

to the right and walks 4 more feet. It then makes another 160° turn to the right and walks 4 more 

feet. If the ant continues this pattern until it reaches the anthill again, what is the distance in feet it 

would have walked?  

 ,d phaVh viuh ckach ls lqcg ds O;k;ke ds fy, fudyrh gSA og 4 QqV iwjc dh vksj pyrh gS] fQj 160° nk,¡ 

vksj eqM+ dj 4 QqV vkSj pyrh gSA fQj og ,d ckj vkSj 160° nk,¡ vksj eqM+ dj 4 QqV pyrh gSA vxj phaVh 

blh Øe esa pyrh jgrh rks okfil viuh ckach rd igqapus esa mlus dqy fdruh nwjh (QqV esa) pyh gksrh\ 

Sol. (36) 

 

 

A3  

A1  

A4  

A2  

A0  

20º 
20º 

  

 Let A0 (0,0) 

 A1 (4cos0, 4sin0) 

 A2 (4cos0 + 4cos160, 4sin0 + 4sin160) 

 An = (0,0) 

  4(cos0 + cos160 + ….. +cos160(n-1)) = 0 and 4(sin0 + sin160 + ….. +sin160(n-1)) = 0 

  sin(80n) = 0   

 n = 9  

 distance covered =  4 × 9 = 36 feet 
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5. Five persons wearing badges with numbers 1, 2, 3, 4, 5 are seated on 5 chairs around a circular 

table. In how many ways can they be seated so that no two persons whose badges have 

consecutive numbers are seated next to each other? (Two arrangements obtained by rotation 

around the table are considered different.) 

 ik¡p fcYys] ftu ij 1, 2, 3, 4, 5 fy[kk gS] igus gq, ik¡p yksx ,d xksy est ds pkjksa rjQ ik¡p dqflZ;ksa ij cSBs 

gSA og ,slh fdruh rjg ls cSB ldrs gS] ftlls fd dksbZ Hkh nks yksx ftuds fcYys ij fy[kh la[;k,¡ Øekxr 

gksa] og vxy&cxy uk cSaBs gksa\ (,d cSBus dk rjhdk tks fdlh nwljs rjhds dks ?kqek nsus ls feyrk gks] mls 

nwljs rjhds ls fHkUu ekuk tk,xkA) 

Sol. (10) 

 

 1 

4 

2 5 

3 

1 

3 

5 2 

4 

 

 two ways and 5 arrangements = 2 × 5 = 10 

 nks rjhds o ikWap dzep; = 2 × 5 = 10 

 

6. Let abc  be a three digit number with nonzero digits such that a2 + b2 = c2. What is the largest 

possible prime factor of abc ? 

eku yks fd abc  rhu vadksa dh ,slh la[;k gS] ftlds vad v'kwU; gSa o a2 + b2 = c2 gSA abc  dk lcls cM+k 

vHkkT; xq.ku[k.M D;k laHko gS\ 

Sol. (29) 

 a,b,c form Pythagoras triplet 

  abc = 345 or 435 

 345 = 3 × 5 × 23 and 435 = 5 × 3 × 29 

  Largest possible prime factor = 29 

 a,b,c ikbFkkxksjl f=kd cukrs gSa 

  abc = 345 or 435 

 345 = 3 × 5 × 23 vkSj 435 = 5 × 3 × 29 

  vf/kdre laHkkfor vHkkT; xq.ku[k.M+ = 29 

 

7. On a clock, there are two instants between 12 noon and 1 PM, when the hour hand and the minute 

hand are at right angles. The difference in minutes between these two instants is written as a + 
b

c
, 

where a, b, c are positive integers, with b < c and b/c in the reduced from. What is the value of a + 

b + c? 

 ,d ?kM+h esa nksigj 12 cts vkSj nksigj 1 cts ds chp esa nks ckj ,slk gksrk gS tc ?kaVs dh lwbZ vkSj feuV dh 

lwbZ ,d nwljs ds yEc gksrh gSA bu nks le; ds chp esa feuVksa esa varj a + 
b

c
 dh rjg fy[ksa] tgk¡ a, b, c 

/kukRed iw.kkZad gSa] b < c o b/c fHkUu dk U;wure :Ik (reduced from ;k simplest form) gSA a + b + c dk 

eku D;k gS\ 
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Sol. (51) 

 Minute hand covers 6º in one minute and hour hand covers 
1

2
° in one minute 

 Let instant is x minutes past 12 

  
x

6x 90
2

   or 270  x = 
4

16
11

 or 
1

49
11

 

 Difference = 
8

32
11

  a + b + c = 32 + 8 + 11 = 51 

feuV dh lqbZ ,d feuV esa 6º cukrh gS rFkk ?kaVs dh lqbZ ,d feuV esa 
1

2
° dks.k cukrh gSA  

 ekuk x  ml {k.k 12 vkxs gS 

  
x

6x 90
2

   or 270  x = 
4

16
11

 or 
1

49
11

 

 vUrj = 
8

32
11

  a + b + c = 32 + 8 + 11 = 51 

8. How many positive integers n are there such that 3  n  100 and 2n
x + x + 1 is divisible by x2 + x 

+ 1 ? 

 ,sls fdrus /kukRed iw.kkZad n gSa ftuds fy, 3  n  100 o 2n
x + x + 1 la[;k x2 + x + 1 ls HkkT; gS\ 

Sol.  (49) 

Since  and 2 are factors of x2 + x + 1 ; so  and 2 will be factors of 
n2x x 1   

  2n must be of the form 3k + 2 ; k I. For this to happen, n must be odd. 

 So n = {3,5,7, …… 99} 

 Number of such numbers = 49 

 pwafd  rFkk 2 , x2 + x + 1 ds xq.ku[k.M gS ; blfy,  vkSj 2 ,
n2x x 1   ds Hkh xq.ku[k.M gksxs 

  2n dk :i 3k + 2 ; k I gksxk. blds fy, n fo"ke gksxk  

 blfy, n = {3,5,7, …… 99} 

 bl izdkj la[;kvks dh l[;k,sa = 49 

 

9. Let the rational number p/q be closest to but not equal to 22/7 among all rational numbers with 

denominator < 100. What is the value of p – 3q? 

 eku yks fd p/q ,slk fHkUu gS tks ,sls fHkUu ftudk gj (denominator) < 100 gks vkSj tks 22/7 ls vyx gksa] 

muesa 22/7 ds lcls djhc iM+rk gSA rks p – 3q dk eku D;k gksxk\ 

Sol. (14) 

We have to have 
22 p

7 q
  to be as small as possible for q < 100. 

 

22 p 22q 7p

7 q 7q


 

 should be smallest. 

  |22q – 7p| = 1 

 and q = 99 
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  p = 311 

 p - 3q = 311 – 3 × 99 = 311 – 297 = 14 

 ;gk¡ 
22 p

7 q
  NksVs ls NksVk lEHko gksxk q < 100 ds fy,  

 

22 p 22q 7p

7 q 7q


 

 U;wure gksxk  

  |22q – 7p| = 1 

 vkSj q = 99 

  p = 311 

 p - 3q = 311 – 3 × 99 = 311 – 297 = 14 

 

10. Let ABC be a triangle and let  be its circumcircle. The internal bisectors of angles A, B and C 

intersect  at A1, B1 and C1 respectively and the internal bisectors of angles A1, B1 and C1 of the 

triangle A1B1C1 intersect  at A2, B2 and C2, respectively. If the smallest angle of triangle ABC is 

40°, what is the magnitude of the smallest angle of triangle A2B2C2 in degrees? 

 eku yks fd ABC ,d f=kHkqt gS vkSj mldk cfgo`Ùk gSA dks.k A, B o C ds vUr%lef}Hkktd ls Øe'k% A1, 

B1 o C1 esa feyrs gSa vkSj f=kHkqt A1B1C1 ds dks.k A1, B1 o C1 ds vUr%lef}Hkktd ls Øe'k% A2, B2 o C2, 

ls feyrs gSA vxj f=kHkqt ABC dk lcls NksVk dks.k 40° gS rks f=kHkqt A2B2C2 ds lcls NksVs dks.k dk eku 

(degree) esa D;k gksxk? 

Sol. (55) 

1 1 1

ABC
A B C

2 2

 
  

 

 
1 1 1

ACB
A C B

2 2

 
  

 

 
1 1 1

BAC
B A C

2 2

 
  

 

 
2 2 2

ABC

2 2
A B C

2 2

  
 

  
  

 

 = 
ABC

4 4

 
  

 similarly blh izdkj 2 2 2

ACB
A C B

4 4

 
    

 and vkSj 2 2 2

BAC
B A C

4 4

 
    

  smaller angle of A2 B2 C2 is 45º + 
40º

55º
4

 
 

 
 

  A2 B2 C2 dk lcls NksVk dks.k 45º + 
40º

55º
4

 
 

 
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11. How many distinct triangles ABC are there, up to similarity, such that the magnitudes of angles A, 

B and C in degrees are positive integers and satisfy 

   cos A cos B + sin A sin B sin kC = 1 

 for some positive integer k, where kC does not exceed 360°? 

 ,sls fdrus vyx&vyx (eryc vle:i) f=kHkqt ABC gSa ftuesa dks.k A, B o C dk fMxzh esa eku /kukRed 

iw.kkZaad gS] vkSj tks    

cos A cos B + sin A sin B sin kC = 1 

 lehdj.k dks fdlh /kukRed iw.kkZad k ds fy, larq"V djrs gSa kC dk eku 360° ls T;knk ugha gS ? 

Sol. (6) 

cosA cosB + sinA sinB sinkC = 1 

  cos A cos B + sinA sinB + sinA sinB sinkC – sinAsinB = 1 

  sinAsinB (sinkC –1) = 1 – cos (A – B)  

 So (sinkC – 1) = 0 and cos (A –B) = 1 

  kC = 90º and A = B 

 Number of factors of 90º 

 90 = 2 × 32 × 5 

 Number of factors = 2 × 3 × 2 = 12 

 for 6 factor A,B are integers  

  

 cosA cosB + sinA sinB sinkC = 1 

  cos A cos B + sinA sinB + sinA sinB sinkC – sinAsinB = 1 

  sinAsinB (sinkC –1) = 1 – cos (A – B) 

 blfy, (sinkC – 1) = 0 vkSj cos (A –B) = 1 

  kC = 90º vkSj A = B 

 90º ds xq.ku[k.Mksa dh la[;k 

 90 = 2 × 32 × 5 

 xq.ku[kM+ksa dh la[;k = 2 × 3 × 2 = 12 

   

12. A natural number k > 1 is called good if there exist natural numbers 

   a1 < a2 < ………. < ak 

 such that  

1 2

1 1 1
...... 1

ka a a
     

 Let f(n) be the sum of the first n good numbers, n  1. Find the sum of all values of n for which  

f(n + 5)/f(n) is an integer. 

 fdlh izkdf̀rd la[;k k > 1 dks ge vPNk dgsaxs vxj ,slh izkd`frd la[;k,Wa 

   a1 < a2 < ………. < ak 

 ekStwn gksa ftlls fd  

   

1 2

1 1 1
...... 1

ka a a
     

 gksA eku yks fd n  1 ds fy, f(n) igyh n vPNh la[;kvksa dk ;ksx gSA ,slh lHkh la[;kvksa  

n dk ;ksx Kkr djks ftuds fy, f(n + 5)/f(n) ,d iw.kkZad gSA  
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Ans (18) 

Sol.  

Let a1 = 2 2 2
1 2 2 k kA ,a = A ..............a = A  

 we have to check if it is possible for distinct natural number A1, A2………….Ak to satisfy,  

 
1 2 k

1 1 1
+ +........ = 1

A A A
 

For k = 2; it is obvious that there do not exist distinct A1, A2, such that 
1 2

1 1
+ 1

A A
  2 is not a 

good number. 

For k = 3; we have 
1 1 1

+ + = 1
2 3 6

 3 is a good number. 

1
6

1

3

1

2

1

2

1

2

1









  4 is a good number. 

k will be a good numbers for all k  3 

f(n) = 3 + 4 +… n terms  =  
n(n + 5)

2
; f(n + 5) = 

(n + 5)(n +10)

2
 

f(n + 5)

f(n)
= 

n +10

n
= 1 + 

10

n
 

Which will be integer for n = 1, 2, 5 and 10 

sum = 1 + 2 + 5 + 10 = 18. 

  

 ekuk a1 = 2 2 2
1 2 2 k kA ,a = A ..............a = A  

 ;g tk¡p djuk gS fd ;g fHkUu izkdr̀ la[;kvksa A1, A2………….Ak ds fy, larq"B djsxk  

 
1 2 k

1 1 1
+ +........ = 1

A A A
 

k = 2 ds fy, ;g Li"B gS fd ;g A1, A2 fHkUu la[;kvks ds fy, fo|eku ugha gS 
1 2

1 1
+ 1

A A
  2 vPNh 

la[;k ugha gSA  

k = 3 ds fy, 
1 1 1

+ + = 1
2 3 6

 3 vPNh la[;k gS  

1
6

1

3

1

2

1

2

1

2

1









   4 vPNh la[;k gSA 

 

f(n) = 
n(n + 5)

2
; f(n + 5) = 

(n + 5)(n +10)

2
 

f(n + 5)

f(n)
= 

n +10

n
= 1 + 

10

n
 

tks fd n = 1, 2, 5 vkSj 10 ds fy, iw.kkZd gS 

;ksxQy = 1 + 2 + 5 + 10 = 18.   
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13. Each of the numbers x1, x2,……….x101 is ±1. What is the smallest positive value of 

1 101

i j

i j

x x

  

 ? 

 x1, x2,……….x101 esa gj ,d la[;k  ±1 gSA 

1 101

i j

i j

x x

  

  dk U;wure /kukRed eku D;k gS ? 

Sol. (10) 

Let 
i j

1 i j 10

S x x
  

   

 We have 

  
2 2 2 2 2

1 2 3 101 1 2 3 101x x x .......x x x x ........ x 2S          

  

2
101 101

2

i i

i 1 i 1

2S x x
 

 
  
 
   

 Since we have xi = ± 1, So 2

i
x 1  

 So 2S = 

2
101

i

i 1

x 101


 
 

 
  

 Since 
101

i

i 1

x


  will be an integer 

 So 

2
101

i

i 1

x


 
 
 
 will be a perfect square. 

 For smallest positive S ; 

2
101

i

i 1

x


 
 
 
  must be the smallest perfect square greater than 101. 

 So 

2
101

i

i 1

x


 
 
 
 = 121 

  
101

i

i 1

x


  = 11 or –11 

 We can verify that the desired sum can be achieved by putting 45 x i’s to be –1 and 56 xi’s to be 1 

 So, 2S = 121 – 101 = 20 

  S = 10 

 ekuk 
i j

1 i j 10

S x x
  

   

 ;gk¡ 

  
2 2 2 2 2

1 2 3 101 1 2 3 101x x x .......x x x x ........ x 2S          

  

2
101 101

2

i i

i 1 i 1

2S x x
 

 
  
 
   

 pwafd xi = ± 1, blfy, 
2

i
x 1  

 blfy, 2S = 

2
101

i

i 1

x 101


 
 

 
  

 pwafd 
101

i

i 1

x


  iw.kkZd gksxk  
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 blfy, 

2
101

i

i 1

x


 
 
 
 iw.kZ oxZ gksxk  

 U;wure /kukRed S ds fy, ; 

2
101

i

i 1

x


 
 
 
  , 101 ls cM+h lcls NksVh iw.kZ oxZ la[;k gksxh 

 blfy, 

2
101

i

i 1

x


 
 
 
 = 121 

  
101

i

i 1

x


  = 11 or –11 

 ;g vlkuh ls Kkr fd;k tk ldrk gS vHkh"B ;ksxQy dks 45 xi’s, –1 gks vkSj 56 xi’s , 1 gks  

 blfy,, 2S = 121 – 101 = 20 

  S = 10 

 

14. Find the smallest positive integer n  10 such that n + 6 is a prime and 9n + 7 is a perfect square. 

 ,slk lcls NksVk /kukRed iw.kkZad n  10 Kkr djks tgkWa n + 6 vHkkT; gks vkSj 9n + 7 ,d iw.kZ oxZ gksA  

Sol.  (53) 

Since 9n + 7 is a perfect square 

 Let us assume that 9n + 7 = m2  

 Also n + 6 is a prime number  n + 6 must be odd number 

  n also must be an odd number 

 So Let us assume n = 2 k + 1 ….(ii) where k is an Integer 

 9(2 k + 1) + 7 = m2 

  18 k = m2 – 16 

  18 k = (m + 4) (m – 4) …..(iii) 

 

 Since 18k is even and m+4 and m–4 both are of some parity  m must also be even. 

 say m = 2p, where p is an Integer 

 Substituting in (iii) 

 18k = (2p + 4) (2p – 4) = 4(p + 2) (p – 2) 

  9k = 2(p + 2) (p – 2) 

  k must be even, say k = 2where  is an Integer 

 18 = 2(p + 2) (p – 2) 

  9 = (p + 2) (p – 2) 

  p must be of the form 9q + 2 or 9q – 2, where q is an Integer 

 First take p = 9q – 2  m = 2(9q – 2) 

 Take q = 1, m = 2 × 7 = 14  m2 = 196 

 9n + 7 = 196  9n = 189  n = 21 

  n + 6 = 27 which is not prime 

 Next take p = 9q + 2  m = 2(9q + 2) 

 Take q = 1  m = 2 × 11 = 22  m2 = 484 

 9n + 7 = 484  9n = 477  n = 53 
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  n + 6 = 59 which is a prime 

 So n = 53 is the smallest such number 

 

pwafd 9n + 7 ,d iw.kZ oxZ gS  

 ekuk fd 9n + 7 = m2 ……(i) tgka m ,d iw.kkZd gS rFkk  

 n + 6 ,d vHkkT; l[;k gS /kukRed iw.kkZd   10 ds fy,   n + 6 fo"ke la[;k gksxh  

  n Hkh fo"ke la[;k gksxh  

 blfy, ekuk fd n = 2k + 1 ….(ii) tgka k ,d iw.kkZd gS  

 9(2k + 1) + 7 = m2 

  18k = m2 – 16 

  18k = (m + 4) (m – 4) …..(iii) 

 pwafd 18k le gS rFkk m+4 vkSj m–4 nksuksa ,d gh izdkj ds gS  m le gksxk  

 ekuk fd m = 2p, tgka p ,d iw.kkZd gS  

 (iii) esa j[kus ij 

 18k = (2p + 4) (2p – 4) = 4(p + 2) (p – 2) 

  9k = 2(p + 2) (p – 2) 

  k le gksxk ekuk fd k = 2tgka iw.kkZd gS  

 18 = 2(p + 2) (p – 2) 

  9 = (p + 2) (p – 2) 

  p dk :i 9q + 2 ;k 9q – 2 ds :i esa gksxk , tgka q ,d iw.kkZd gS  

 igys p = 9q – 2 ysus ij   m = 2p = 2(9q – 2) 

 q = 1 ysus ij, m = 2 × 7 = 14  m2 = 196 

 

 9n + 7 = 196  9n = 189  n = 21 

  n + 6 = 27 tks fd vHkkT; ugha gS  

 vc p = 9q + 2 ysus ij  m = 2p = 2(9q + 2)  

 q = 1 ysus ij  m = 2 × 11 = 22  m2 = 484 

 9n + 7 = 484  9n = 477  n = 53 

  n + 6 = 59 tks fd vHkkT; gS  

 blfy, n = 53 lcls NksVh bl izdkj dh la[;k gS  

 

15. In how many ways can a pair of parallel diagonals of a regular polygon of 10 sides be selected  

 fu;fer nlHkqt ds fod.kksZa ds ,sls fdrus tksM+s pqus tk ldrs gSa ftlesa fd nksuksa fod.kZ lekukarj gksa \  

Sol. (45) 

 If we take gap of 2 sides then from figure shown we have 4

2C ways 

 We can start with 1, 2, 3, 4, 5 so 4

25 C 5 6   = 30 ways      
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2 1 

10 

9 

8 

7 6 

5 

4 

3 

 

 Now take 1 with 4 (gap of 3 sides) then we have 3 diagonals which are 14, 510, 69 so we have 

3

2
C ways   

 We can start with 1, 2, 3, 4, 5 so 3

2
5 C 5 3   = 15 ways   

 ;fn fp=k ls nks Hkqtkvksa dk varj fy;k tkrk gS rc 4

2
C rjhds  

 ;fn ge 1, 2, 3, 4, 5 ls 'kq:vkr djrs gS rc 4

2
5 C 5 6   = 30 rjhds     

  

 
2 1 

10 

9 

8 

7 6 

5 

4 

3 

 

 vc 1 dks 4 (3 Hkqtkvksa dk varj ysrs gSA) rc 3 fod.kZ tks fd 14, 510, 69 esa gS ds rjhds 3

2
C   

 ge 1, 2, 3, 4, 5 ds lkFk 'kq:vkr dj ldrs gSA blfy, 3

25 C 5 3   = 15 rjhds  

 

16. A pen costs Rs. 13 and a note book costs Rs. 17. A school spends exactly Rs. 10000 in the year 

2017-18 to buy x pens and y note books such that x and y are as close as possible (i.e. |x – y| is 

minimum). Next year, in 2018-19, the school spends a little more than Rs. 10000 and buys y pens 

and x note books. How much more did the school pay ?  

 ,d isu dk ewY; :- 13 gS o ,d dkih dk ewY; :- 17 gSA ,d Ldwy 2017-18 esa x isu vkSj y dkfi;kWa 

[kjhnus esa Bhd :- 10000 [kpZ djrk gS] ,sls fd x o y ftruk gks ldsa mruk djhc gksa ¼ekus fd |x – y| 

U;wure gks½ vxys lky] 2018-19 esa] Ldwy :- 10000 ls FkksMk T;knk [kpZ djrk gS] vkSj y isu o x dkfi;kWa 

[kjhnrk gSA Ldwy us fdruk T;knk [kpZ fd;k ?  

Ans (40) 

Sol. 13x + 17y = 10000 

 17x + 13y = 10000 + a 
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10000
0,

17

 
 
 

1000 1000
,

3 3

 
 
 

10000
,0

13

 
 
 

 

B 

O 

P 

A 

y – x = 0 

 

 x = 
10000 – 17y

13
 

 y = 329 

 x = 339 

  10040  

 

17. Find the number of ordered triples (a,b,c) of positive integers such that 30a + 50b + 70c   343.  

 /kukRed iw.kkZadksa ds ,sls fdrus dzeokj leqPp; (a,b,c) gSa ftuds fy, 30a + 50b + 70c   343 gSaA 

Ans (30) 

Sol. 30a + 50b + 70c  343 

  3a + 5b + 7c  34.3 

  3a + 5b + 7c  34 

 a, b, c  N  ,  a = 1 + p ,   b = 1 + q ,  c = 1 + r 

 3p + 5q + 7r  19 

 If r = 0, 

 q = 0  p can take 7 values 

 q = 1  p can take 5 values 

 q = 2  p can take 4 values 

 q = 3  p can take 2 values 

  18 values 

 If r = 1 then 3p + 5q  12 

 q = 0  p can take 5 values 

 q = 1  p can take 3 values 

 q = 2  p can take 1 values 

           9 values 

 If r = 2 then 3p + 5q  5 

 q = 0  p can take 2 values 

 q = 1  p can take 1 value 

           3 values 

 Total 18 + 9 + 3 = 30 values 

30a + 50b + 70c  343 

  3a + 5b + 7c  34.3 

  3a + 5b + 7c  34 
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 a, b, c  N  ,  a = 1 + p ,   b = 1 + q ,  c = 1 + r 

 3p + 5q + 7r  19 

 ;fn r = 0, 

 q = 0  p, 7 eku ys ldrk gSA 

 q = 1  p, 5 eku ys ldrk gSA 

 q = 2  p, 4 eku ys ldrk gSA 

 q = 3  p ,2 eku ys ldrk gSA 

  18 eku 

 ;fn r = 1 rc 3p + 5q  12 

 q = 0  p, 5 eku ys ldrk gSA 

 q = 1  p, 3 eku ys ldrk gSA 

 q = 2  p, 1 eku ys ldrk gSA 

           9 eku 

 ;fn r = 2 rc 3p + 5q  5 

 q = 0  p, 2 eku ys ldrk gSA 

 q = 1  p, 1 eku ys ldrk gSA 

           3 eku 

 dqy 18 + 9 + 3 = 30 eku  

 

18. How many ordered pairs (a, b) of positive integers with a < b and 100   a,b 1000 satisfy gcd 

(a,b) : lcm (a,b) = 1 : 495 ? .  

 /kukRed iw.kkZdksa ds ,sls fdrus dzeokj tksM+s (a, b) gSa tgkWa a < b o 100   a,b 1000 vkSj ftuds fy, gcd 

(a,b) : lcm (a,b) = 1 : 495 ? (;gkWa gcd = egÙke lekiorZd : lcm = y-l- y?kqÙke lekiorZ;) . 

Sol. (20) 

ab = (gcd)2.32.5.11 

  2a b
3 .5.11

gcd gcd

  
  

  
 

  

a

gcd

 
 
   

b

gcd

 
 
   gcd 

  32 5.11 12,13,….18 (100   a,b 1000) 

  5 32.11 no value dksbZ eku ughaA     (100   a,b 1000) 

  11 32.5 10, 11….22 (100   a,b 1000) 

  1 32.5.11 no value dksbZ eku ughaA ( 100   a,b 1000) 

 blfy, so 7 + 13 = 20 eku values  
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19. Let AB be a diameter of a circle and let C be a point on the segment AB such that AC : CB = 6 : 7. 

Let D be a point on the circle such that DC is perpendicular to AB. Let DE be the diameter through 

D. If [XYZ] denotes the area of the triangle XYZ. Find [ABD]/[CDE] to the nearest integer.  

 Eku yks fd AB ,d or̀ dk O;kl gS vkSj eku yks fd C js[kk[kaM AB ij ,slk fcanq gS ftlls fd AC : CB = 6 : 

7 gSA eku yks fd D o`r ij ,d ,slk fcanq gS fd DC [kaM AB ij yac gSA eku yks fd DE fcanq D ls xqtjrk 

gqvk o`r dk O;kl gSA vxj [XYZ] ls gekjk eryc f=kHkqt XYZ dk {ks=kQy gS rks [ABD]/[CDE] dk eku lcls 

djhch iw.kkZad rd Kkr djksA  

Ans (13) 

Sol. 

r

13

 
D 

A B C 

E 

O 

P 



12r

13

 

 

 CD = 
2

2

2

r
r -

13
= 

r

13
12 14  

 tan  = 
1

12 14
 sin  = 

1

12 14 1 
 

 
CP

CD
= sin  = 

r
12 14

13


CP
= 

1

12 14 1 
 

 CP = 
r 12 14

13 12 14 1



 
 

 
| ABD |

| CDE |
= 

1 r
(2r)× 12×14

2 13

1 r 12×14
(2r)×

2 13 12×14+1

= 12 14 1 13    

 

20. Consider the set E of all natural numbers n such that when divided by 11,12,13 respectively, the 

remainders, in that order, are distinct prime numbers in an arithmetic progression. If N is the 

largest number in E, find the sum of digits of N.  

 Eku yks fd E ,slh izkd̀frd la[;kvksa n dk leqPp; gS ftUgsa 11,12,13 ls Hkkx nsus ij feyus okys 'ks"k ,slh 

vyx–&vyx vHkkT; la[;k,Wa gSa tks blh dze esa lekUrj Js.kh esa gSaA vxj N leqPp; E dh lcls cM+hs la[;k gS 

rks N ds vadks dk ;ksx Kkr djksA  

Ans Bonus 

Sol. N can be of the type (11  12  13   ) + 29 (where  belongs to integer) so there no largest 

value.  

 N dk izdkj (11  12  13   ) + 29 (tgk¡  iw.kkZd gS) blfy, vf/kdre iw.kkZd eku ughaA 
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21. Consider the set E = {5,6,7,8,9}. For any partition {A,B} of E, with both A and B non empty. 

Consider the number obtained by adding the product of elements of A to the product of elements 

of B. Let N be the largest prime number among these numbers. Find the sum of the digits of N.  

leqPp; E = {5,6,7,8,9} dks yksA E ds fdlh Hkh foHkktu {A,B} ds fy,] tgkWa A vkSj B nksuksa vfjDr gSa] A ds 

lnL;ksa ds xq.kuQy dk B ds lnL;ksa ds xq.kuQy ls ;ksx ysus ij feyus okyh la[;k dks yksA N bu lHkh 

la[;kvksa esa lcls cM+k vHkkT; gSA N ds vadksa (digits) dk ;ksx Kkr djksA  

Sol. (17) 

one of the set A or set B contain only odd number 

leqPp; A ;k leqPp; B esa ls dsoy ,d leqPp; dh fo"ke la[;k gks ldrh gSA 

  

 set A set B Comment 

Case I 5 6,7,8,9 5 + 6 × 7 × 8 × 9 = 3029 

Which is divisible by 13 

II 7 5,6,8,9 7 + 5 × 6 × 8 × 9 = 2167 

Which is divisible by 11 

III 9 5,6,7,8 9 + 5 × 6 × 7 × 8  is multiple of 3 

IV 5,7 6,8,9 5 × 7 + 6 × 8 × 9 = 467 which is prime 

V 5,9 6,7,8 5 × 9 + 6 × 7 × 8  is divisible by 3 

VI 7,9 5,6,8 7 × 9 + 5 × 6 × 8 is divisible by 3 

VII 5,7,9 6,8 5 × 7 × 9 + 6 × 8 is divisible by 3 

Hence N is 467 

Sum of the digit of N is 17 

 

 leqPp; 

A 

leqPp; 

B 

rdZ 

fLFkfr I 5 6,7,8,9 5 + 6 × 7 × 8 × 9 = 3029 

tks fd 13 ls foHkkftr gSA 

II 7 5,6,8,9 7 + 5 × 6 × 8 × 9 = 2167 

tks fd 11 ls foHkkftr gSA 

III 9 5,6,7,8 9 + 5 × 6 × 7 × 8, 3 dk xq.kt gSA 

IV 5,7 6,8,9 5 × 7 + 6 × 8 × 9 = 467 tks fd vHkkT; 

gSA 

V 5,9 6,7,8 5 × 9 + 6 × 7 × 8 , 3 ls foHkkftr gSA 

VI 7,9 5,6,8 7 × 9 + 5 × 6 × 8, 3 ls foHkkftr gSA 

VII 5,7,9 6,8 5 × 7 × 9 + 6 × 8, 3 ls foHkkftr gSA 

 

vr% N dk eku 467 gSA 

N ds vadksa dk ;ksxQy 17 gSA 
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22. What is the greatest integer not exceeding the sum  

1599

1n n

1  

 ,slk lcls cM+k iw.kkZad Kkr djks tks fd ;ksx  

1599

1n n

1  ls cM+k uk gksA  

Sol. (78) 

1600 15991599

11 1

1
1

n

dx dx

x n x


     

 

1599
1600 1599

1 1
1

1
2 1 2



  
n

x x
n

 

 78 < 

1599

1

1
2 1599 1

n
n



   

 78 < 

1599

1

1
78.97.....

n
n



  

  

1599

1

1
78

n
n



 
  
 
 
  

23. Let ABCD be a convex cyclic quadrilateral. Suppose P is a point in the plane of the quadrilateral 

such that the sum of its distances from the vertices of ABCD is the least. If {PA, PB, PC, PD} = {3, 

4, 6, 8} 

 What is the maximum possible area of ABCD ?  

 eku yks fd ABCD ,d mRry (convex) pfdz; (cyclic)  prqHkZt gSA eku yks fd P prqHkZt ds ry esa ,slk fcanq 

gS ftldh prqHkZt ABCD ds 'kh"kksZa ls nwfj;ksa dk ;ksx U;wure gSA vxj  {PA, PB, PC, PD} = {3, 4, 6, 8} 

 rks ABCD dk vf/kdre laHko {ks=kQy fdruk gS ? 

Ans (55) 

Sol. P must be point of intersection of diagonals AC and BD 

 

 



A B 

C 

D 

3 
4 

P 

6 
8 

 

 

 Let  APB = , then 

  area of PAB = 
1

2
× 3 × 4 × sin
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  area of PAD = 
1

2
× 3 × 6 × sin( – )  

  area of PDC = 
1

2
× 8 × 6 × sin

  area of PCB = 
1

2
× 8 × 4 × sin( – )

  area of quadrilateral ABCD is  

  
1

2
(12 + 18 + 48 + 32) sin

  = (6 + 9 + 24 + 16) sin 

  Maximum area of quadrilateral ABCD is 6 + 9 + 24 + 16 = 55. 

 

 P, fod.kZ AC vkSj BD dk izfrPNsn fcUnq gksxkA 

 

 



A B 

C 

D 

3 
4 

P 

6 
8 

 

 ekuk  APB = , rc 

  PAB dk {ks=kQy = 
1

2
× 3 × 4 × sin

  PAD dk {ks=kQy = 
1

2
× 3 × 6 × sin( – )  

  PDC dk {ks=kQy = 
1

2
× 8 × 6 × sin

  PCB dk {ks=kQy = 
1

2
× 8 × 4 × sin( – )

  prqHkZqt ABCD dk {ks=kQy  

  
1

2
(12 + 18 + 48 + 32) sin= (6 + 9 + 24 + 16) sin 

  prqHkZqt ABCD dk vf/kdre {ks=kQy 6 + 9 + 24 + 16 = 55. 

 

24. A 1n rectangle (n  1) is divided into n unit (11) squares. Each square of this rectangle is 

coloured red, blue or green. Let f(n) be the number of colourings of the rectangle in which there 

are an even number of red squares. What is the largest prime factor of f(9) / f(3) ? (The number of 

red squares can be zero) 

 ,d 1n vk;r  (n 1) dks n bdkbZ (11) oxksZa esa ckWaV nsrs gSaA bl vk;r ds gj oxZ dks yky]uhyk ;k gjk jax 

nsrs gSaA eku yks fd f(n) og la[;k gS ftrus rjhdksa ls ,sls jax ldrs gS fd yky jax ds vk;rksa dh la[;k le 

gksA f(9) / f(3) dk lcls cM+k vHkkT; xq.ku[kaM D;k gS ? (yky oxksZa dh la[;k 'kwU; gks ldrh gSA) 
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Sol. (37) 

f(n) = nC0 2n + nC22n–2 + nC4 2n–4 +…………. 

Now vc (2 + 1)n = nC02n + nC12n–1 + nC22n–2 + nC3 2n–3 +…………. (1) 

 (2 – 1)n = nC02n – nC12n–1 + nC22n–2 – nC3 2n–3 +…………. (2) 

add (1) and (2)  

(1) o (2) dks tksM+us ij 

 3n + 1 = 2[nC0 2n + nC22n–2 + nC4 2n–4 + …………] 

 f(n) = 
3 1

2

n 
 

 f(9) = 
93 1

2


, f(3) = 

33 1

2


 

 
(9)

(3)

f

f
= 

9

3

3 1

3 1




= 36 – 33 + 1 = 703 = 19 × 37 

  Largest prime factor is 37.  

vf/kdre vHkkT; xq.ku[k.M 37  gSA 

 

25. A village has a circular wall around it, and the wall has four gates pointing north, south east and 

west. A tree stands outside the village, 16m north of the north gate, and it can be just seen 

appearing on the horizon from a point 48 m east of the south gate. What is the diameter in meters, 

of the wall  that surrounds the village ?   

 ,d xkWao ds pkjksa rjQ ,d xksy nhokj gS ftlesa iwjc] if'pe] mRrj o nf{k.k dh rjQ pkj }kj gSaA xkWao ds 

ckgj yxk ,d isM+ mRrj }kj ds 16 eh- mRrj esa gS vkSj og nf{k.k }kj ds 48 eh- iwjc fLFkr fcUnq ls cl 

f{kfrt ij mHkjrk gqvk Fk+ksMk lk fn[kkbZ nsrk gSA xkWao dks ?ksjrh gqbZ nhokj dk ehVj esa O;kl D;k gS \ ss 

Sol. (48) 

 

 

B 

A 

D 
C 

48 

48 

16 

E O 

S 
r 

r 

r 

W 

N 

 

Let radius equals to r 

 ekuk f=kT;k r gSA 

 AB =  
22 2 2AO OB 16 r r     = 256 32r  

 AD2 + CD2 = AC2 
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  (48)2 + (2r + 16)2 =  
2

48 256 32r   

  r2 + 8r = 24 256 32r  

  r(r + 8)_ = 24 × 4 2  r 8  

  r r 8  = 24 32  

  r = 24 

 Diameter equal to 48   

 O;kl  48 ds cjkcj gSA 

   

26. Positive integers x, y, z satisfy xy + z = 160. Compute the smallest possible value of x + yz.  

 /kukRed iw.kkZad x, y, z  lehdj.k  xy + z = 160 dks larq"V djrs gSaA x + yz dk U;wure laHko eku Kkr djksA s 

Sol. (50) 

160 z
x yz yz

y


    

 
   

2 2z y 1 160 z160 zy 160 z
zy

y y y y y

  
      

 At particle value of z it is greater 

 than equal to  2 z 160 z  

 

  least value is  2 z 160 z  

 but integer also 

 Now least for least value z is also 

 Case I  

 z  = 1, x + y z  = 
159

y
y

  

  minimum value is at y = 3 which is 56 

 Case II 

 z = 2, x + y z  = 
158

2y
y

  

  minimum value at y = 2 which is 83 (rejected) 

 Case III 

 z = 3, x + y z  = 
157

3y
y

  

  minimum at y = 1 which is 160 (rejected) 

 Case IV 

 z = 4, x + y z  = 
156

4y
y

  

  minimum at y = 6 which is 50 (accept) 

 Case V 
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 z = 5, x + y z  = 
155

5y
y

  

 minimum value at y = 5 which is 56 (reject) 

 Case VI 

 z = 6, x + y z  = 
154

6y
y

 2 924 50   

 similarly in all the cases minimum value is greater than 50. then answer is 50 

 

Hindi
160 z

x yz yz
y


    

 
   

2 2z y 1 160 z160 zy 160 z
zy

y y y y y

  
      

 z  dk ,d eku  

  2 z 160 z  ls cM+k gksxk 

  U;wure eku  2 z 160 z  

 ijUrq iw.kkZd Hkh  

 vc z  dk U;wure ls U;wure eku ds fy,  

 fLFkfr I  

 z  = 1, x + y z  = 
159

y
y

  

  y = 3 ij U;wure eku 56 gS 

 fLFkfr II 

 z = 2, x + y z  = 
158

2y
y

  

  y = 2 ij U;wure eku 83 gS (vLohdk;Z) 

 fLFkfr III 

 z = 3, x + y z  = 
157

3y
y

  

  y = 1 ij u;wure eku 160 gS (vLohdk;Z) 

 fLFkfr IV 

 z = 4, x + y z  = 
156

4y
y

  

  y = 6 U;wure eku 50 gS (Lohdk;Z) 

 fLFkfr V 

 z = 5, x + y z  = 
155

5y
y

  

 y = 5 U;wure eku 56 gS (vLohdk;Z) 
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 fLFkfr VI 

 z = 6, x + y z  = 
154

6y
y

 2 924 50   

 blh izdkj lHkh fLFkfr;ksa esa U;wure eku 50 ls cM+k gS rc mRrj 50 gS 

 

27. We will say that a rearrangement of the letters of a word has no fixed letters if. When the 

rearrangement is placed directly below the word, no column has the same letter repeated. For 

instance, H B R A T A is a rearrangement with no fixed letters of B H A R A T. How many 

distinguishable rearrangement with no fixed letters does B H A R A T have ? (The two A’s are 

considered identical) 

 ge dgsaxsa fd fdlh ‘'kCn ds v{kjksa ds dzep; esas dksbZ fLFkj v{kj ugha gS vxj] tc ge dzep; dks 'kCn ds Bhd 

uhps fy[ksa] rks fdlh Hkh LraHk esa ,d gh v{kj Åij uhps nksuksa txg ugha gksxkA tSls fd 'kCn B H A R A T ds 

dzep; H B R A T A esa dksbZ fLFkj v{kj ugha gSA  B H A R A T ds vyx&vyx ,sls fdrus dzep; gSa ftuesa 

dksbZ fLFkj v{kj ughs gSa ? (;gkWa ekusaxs fd nksuksa A esa dksbZ Hksn ugha gSA) 

Sol. (84) 

Let use assume the 2A's to A1 and A2 

 BHA1 RA2T 

 Number of rearrangements of these 6. 

   = 
1 1 1 1 1

6 265
2 3 4 5 6

 
     

 
 

 Let P be the set when A2 occupies place of A1 and  be the set when A1 occupies place of A2 

  n(P) = 53, n(Q) = 53 

  n(n Q) = 9 

 Hence required arrangements 

  = 
1

2
(265 – n(P  Q)) 

  = 
1

2
(265 – 106 + 9) 

  = 
168

84
2

  

ekuk fd  2A's bl izdkj A1 vkSj A2 

 BHA1 RA2T 

 bu 6 ds iqu% O;oLFkhdj.k dh la[;k 

   = 
1 1 1 1 1

6 265
2 3 4 5 6

 
     

 
 

 ekuk P ,d leqPp; gS tc A2 , A1 ds LFkku ij vkrk gS vkSj leqPp; gS tc A1 , A2 ds LFkku ij vkrk gS 

  n(P) = 53, n(Q) = 53 

  n(n Q) = 9 

 vr% vHkh"B Øep;  

  = 
1

2
(265 – n(P  Q)) 
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  = 
1

2
(265 – 106 + 9) 

  = 
168

84
2

  

28. Let ABC be a triangle with sides 51, 52, 53. Let  denote the incircle of ABC. Draw tangents to 

 which are parallel to the sides of ABC. Let r1,r2,r3 be the inradii of the three corner triangles so 

formed. Find the largest integer that does not exceed r1 + r2 + r3.  

 eku yks fd ABC ,d f=kHkqt gS ftldh Hkqtkvksa dk eku 51, 52, 53 gSA eku yks fd   f=kHkqt ABC dk var% 

o`Rr gSA   ds og Li'kZd cukvks tks fd ABC dh Hkqtkvksa ds lekukarj gSaA eku yks fd dksuksa ij cus rhu 

f=kHkqtksa dk var%O;kl r1,r2,r3 gSA ,slk vf/kdre iw.kkZad dkSulk gksxk tks r1 + r2 + r3 ds eku ls T;knk u gks \  

Ans (15) 

Sol.  

 A 

P Q 

B C 

 

 Let PQ be one of the required tangents is parallel to BC and meets sides AB and AC at P and Q 

respectively. 

 Further  Let PQ = x 

  and BC = 51 

 Now ABC is similar to APQ so 1rx
=

a r
 

 Similarly 2ry

6 r
   

 Hence  1 2 3r r r

r

 
= 

x y z
+ +

a b c
 

 Now   
x

a
= 
h – 2r

h
 where h is altitude 

  
x

a
 = 1 – 

2

s.2




, x = 

a
1-

s
 

   
x a + b + c

= 3 -
a s = 1 

 so  r1 + r2 + r3 = r 

 Now r = 
78(27)(26)(25)

78
 

  = 
3 23 .5 .2.13

2.3.13
 

  = 2 23 .5 15  
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Sol.  

 A 

P Q 

B C 

 

 ekuk PQ Li'kZ js[kk esa ls ,d Li'kZ js[kk gS tks BC ds lekUrj gS rFkk AB vkSj AC dks Øe'k% P vkSj Q ij 

feyrh gS  

 ekuk  Let PQ = x 

  vkSj BC = 51 

 vcABC, APQ ds le:i gS 1rx
=

a r
 

 blh izdkj 2ry

6 r
   

 vr%  1 2 3r r r

r

 
= 

x y z
+ +

a b c
 

 vc   
x

a
= 
h – 2r

h
 tgka h 'kh"kZ yEc gS  

   

   
x

a
 = 1 – 

2

s.2




, x = 

a
1-

s
 

   
x a + b + c

= 3 -
a s = 1 

 blfy,  r1 + r2 + r3 = r 

 vc r = 
78(27)(26)(25)

78
 

  = 
3 23 .5 .2.13

2.3.13
 

  = 2 23 .5 15  

 

29. In a triangle ABC, the median AD (with D on BC) and the angle bisector BE (with E on AC) are 

perpendicular to each other. If AD = 7 and BE = 9, find the integer nearest to the area of triangle 

ABC. 

,d f=kHkqt ABC esa ef/;dk AD (tgkWa D Hkqtk BC ij gS) vkSj dks.k&lef}Hkktd BE (tgkWa E Hkqtk AC ij gS) 

yEc gSaA vxj AD = 7 o BE = 9 rks ABC ds {ks=kQy ds lcls djhch iw.kkZad dk eku Kkr djksA  

Ans (47) 

Sol.  
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 A 

E 

C 
D B 

F 

 

 Let AD and BE meet at F 

 Now 
B

ABF FBD
2

     and AFB BFD 30º     and BF is common to triangles ABF and BFD 

 hence the two triangles are 

 Cengruent so AF = FD= 
7

2
 

 Also, AB = BD,  AB : BC = 1 :2 

  AE : EC = 1 : 2 

 So area of triangle ABC = 3(Area of ABE) 

 = 
1

3 AF BE
2

 
  

 
 

 = 
3 7 189

9 47.25
2 2 4
     

 Hence nearest integer = 47 

Sol.  

 

 A 

E 

C 
D B 

F 

 

 ekuk AD vkSj BE fcUnq F ij feyrs gS 

 vc 
B

ABF FBD
2

     vkSj AFB BFD 30º     vkSj BF f=kHkqt ABF vkSj BFD esa mHk;fu"B gS 

 vr% nksuksa f=kHkqt lokZxle gS  

 blfy, AF = FD= 
7

2
 

 rFkk, AB = BD,  AB : BC = 1 :2 

  AE : EC = 1 : 2 

 f=kHkqt ABC dk {ks=kQy = 3(f=kHkqt ABE dk {ks=kQy)  

 = 
1

3 AF BE
2

 
  

 
 

 = 
3 7 189

9 47.25
2 2 4
     

 vr% fudVre iw.kkZd = 47 
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30. Let E denote the set of all natural numbers n such that 3 < n < 100 and the set {1, 2, 3,….,n } can 

be partitioned in to 3 subsets with equal sums. Find the number of elements of E. 

 eku yks fd E ,slh izkdf̀rd la[;ksa n dk leqPp; gS ftuds fy, 3 < n < 100 vkSj ftuds fy, leqPp; {1, 2, 

3,….,n } dks ,sls rhu mileqPp;ksa esa foHkkftr fd;k tk ldrk gS ftudk ;ksx cjkcj gSA E ds lnL;ksa dh 

la[;k Kkr djksA  

Ans (64)  

Sol. {1, 2………..n} 

 This set can be partitioned into 3 subsets with equal sums so total sum is divisible by 3 ,  

n(n 1)

2


is divisible by 3. 

 So n will be of the form 3, 3 + 2 

 or for convenience we can take n = 6, 6+2, 6+3, 6+5 

 If n = 6then we can group numbers in bundles of 6. 

 In each bundle we can select numbers like 1, 2, 3, 4, 5, 6 (16, 25, 34) 

 If n = 6 + 2 then we can club last bundle of 8 numbers rest can be partitioned and those 8 

numbers can be done 1, 2, 3, 4, 5, 6, 7, 8 (1236, 48) 

 If n = 6 + 3, we can club last nine numbers and rest can be partitioned   1, 2, 3, 4, 5, 6, 7, 8, 9 

 (12345, 69, 78) 

 If n = 6 + 5 we can take last five numbers. Rest can be partitioned 1, 2, 3, 4, 5 (14, 23, 5) 

 Hence we can select any number of form 6(16), 6+ 2(16), 6+ 3(16), 6+ 5(16) 

so total 64 numbers. 

Sol. {1, 2………..n} 

 bl leqPp; dks 3 mileqPp; esa foHkkftr fd;k tkrk gS tks ;ksxQy esa cjkcj gS blfy, dqy ;ksxQy 3 ls 

foHkkftr gS  

n(n 1)

2


, 3 ls foHkkftr gS. 

 blfy, n dk :I 3, 3 + 2 dk gksxk 

 ;k lqfo/kk ds fy, ge n = 6, 6+2, 6+3, 6+5 ys ldrs gS 

 ;fn n = 6rc bu la[;kvks dks 6 leqg esa fy[k ldrsa gS  

 izR;sd cM+y esa pquh xbZ la[;k,sa fy[k ldrs gS 1, 2, 3, 4, 5, 6 (16, 25, 34) 

 ;fn n = 6 + 2 rc bu 8 la[;kvksa ds vU; Hkkxksa esa foHkkftr fd;k tk ldrk gSA rFkk os 8 la[;k,s fuEu rjg 

fd gks ldrh gS 1, 2, 3, 4, 5, 6, 7, 8 (1236, 48) 

 ;fn n = 6 + 3, ge vfUre 9 la[;kvksa dks ,d lkFk j[k ldrs gS rFkk 'ks"k la[;kvksa dks foHkkftr dj ldrs 

gS1, 2, 3, 4, 5, 6, 7, 8, 9 

 (12345, 69, 78) 

 ;fn n = 6 + 5 ge vfUre 5 la[;k,s ys ldrs gS vkSj 'ks"k la[;kvks dks foHkkftr dj ldrs gS 1, 2, 3, 4, 5 

(14, 23, 5) 

 vr% ge 6(16), 6+ 2(16), 6+ 3(16), 6+ 5(16) ds :I dh fdlh Hkh la[;k dks ys ldrs gS blfy, dqy 

64 la[;k,s gSA  
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INSTRUCTION 

Number of Questions: 30               Max. Marks: 102 

1. Use of mobile phones, smartphones, iPads, calculators, programmable wrist watches is 

STRICTLY PROHIBITED. Only ordinary pens and pencils are allowed inside the 

examination hall.  

2. The correction is done by machine through scanning. On OMR sheet, darken bubbles 

completely with a black pencil or a black blue pen. Darken the bubbles completely only 

after you are sure of your answer: else, erasing lead to the OMR sheet getting damaged 

and the machine may not be able to read the answer.  

3. The name, email address and date of birth entered on the OMR sheet will be your login 

credentials for accessing your PROM score.  

4. Incompletely, incorrectly and carelessly filled information may disqualify your candidature. 

5. Each question has a one or two digit number as answer. The first diagram below shows 

improper and proper way of darkening the bubbles with detailed instructions. The second 

diagram shows how to mark a 2-digit number and a 1-digit number.  

    

6. The answer you write on OMR sheet is irrelevant. The darken bubble will be considered as 

your final answer. 

7. Questions 1 to 6 carry 2 marks each: Questions 7 to 21 carry 3 marks each: Questions 22 

to 30 carry 5 marks each. 

8.  All questions are compulsory.  

9.  There are no negative marks.  

10. Do all rough work in the space provided below for it. You also have pages at the end of the 

question paper to continue with rough work.  

11. After the exam, you may take away the Candidate’s copy of the OMR sheet.  

12. Preserve your copy of OMR sheet till the end of current Olympiad season. You will need it 

later for verification purposes.  

13. You may take away the question paper after the examination. 
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1. Consider the sequence of number 
1

n 2n
2

 
  

 
 for n  1, where [x] denotes the greatest integer 

not exceeding x. If the missing integers in the sequence are 
1 2 3n n n ...    then find the 

12n .    

Sol. (78) 

nS n 2n 0.5   
 

, n 1  

 [  ] = G.I.F. 

n 2n  2n 0.5 
 

 n 2n 0.5  
 

 

1 1.4 1 2 

2 2 2 4 

3 2.4 2 5 

4 2.8 3 7 

5 3.1 3 8 

6 3.4 3 9 

7 3.7 4 11 

8 4 4 12 

9 4.2 4 13 

10 4.4 4 14 

11 4.6 5 16 

12 4.8 5 17 

13 5.0 5 18 

14 5.2 5 19 

15 5.4 5 20 

16 5.6 6 22 

17 5.8 6 23 

18 6 6 24 

19 6.1 6 25 

20 6.3 6 26 

21 6.4 6 27 

22 6.6 7 29 
 

 By observing pattern, 

 Missing numbers = 

 
  12th number in series = 78 

 

2. If x 2 3 6    is a root of 4 3 2x ax bx cx d 0      where a, b, c, d are integers, what is the 

value of | a b c d |   ? 

Sol. (93) 

 x 2 3 6    root of equation :  

4 3 2x ax bx cx d 0     ; a, b, c, d  Z 

Now, 

    
2 2

x 2 3 6      2x 2 2x 2 9 6 2     

   2x 7 2 2 3 x    

 (On squaring both sides) 

1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78,....

2 3 4 5 6
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   4 2 2x 14x 49 8 x 6x 9      

  4 2x 22x 48x 23 0     

 a = 0, b = – 22, c = – 48 and d = – 23  

 |a + b + c + d| = 93 

 

3. Find the number of positive integers less than 101 that can not be written as the difference of two 

squares of integers. 

Sol. (25) 

Let, cbe positive integer  100 such that 2 2 2c a b  ; a, b  Z. 

 C – I :  Difference of a and b is 1. 

  2 21 0 1   

  2 22 1 3   

  2 23 2 5   

  2 24 3 7   

  

2 2

2 2

5 4 9

50 49 99

 

 

 

 All odd number upto 100 can be expressed as difference of two squares. 

 C – II : Difference of a, b is 2 

  2 22 0 4   

  2 23 1 8   

  

2 2

2 2

4 2 12

26 24 100

 

 

 

 All multiples of ‘4’ upto 100 can be expressed as difference of two squares. 

 C – III :  Difference of a, b is 3  

This case will give odd numbers which are already counted 

C – IV : Difference of a, b is 4 

 This case will give multiples of 4 which are already counted 

 Similarly, the remaining cases will all give number already counted in  

 C – I and C – II 

 No. of numbers which can be expressed as difference of squares  

= (odd numbers) + (multiples of 4) = 50 + 25 = 75 

 Required numbers which cannot be expressed as a difference of squares of two integers 

are = 100 – 75 = 25   

   

4. Let 
1a 24  and form the sequence 

na , n 2  by 
n n 1a 100a 134


  . The first few terms are  

24, 2534, 253534, 25353534, …….. 

 What is the least value of n for which 
na  is divisible by 99? 

Sol. (88) 

a1 = 24 & an = 100 . an-1 + 134 

 First few terms : 

 a1 = 24 

 a2 = 2534 
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 a3 = 253534 

 a4 = 25353534  

 
n

(n 1)Times'53'

a 2 535353........53 4



   

 Now, an divisible by 99   by 9 & 11 both  

 Sum of digits = 6 + 8 (n – 1 ) 

 To be divisible by 9,  

 n = 7, 16, 25, 34, 43, 52, 61, 70, 79, 88, …. 

 
7

6Times'53'

a 2 535353535353 4  

 But 7a   Not divisible by 11. 

 
16

15Times'53'

a 2 5353535353......53 4  

 Similarly, 16a   Not divisible by 11. 

 Now, n = 88 

 
88

87Times'53'

a 2 5353......53 4  

 Divisibility by    11 2 3 3..... 5 5 ....4       

   263 439   

   176  

  Least n = 88 

 

5. Let N be the smallest positive integer such that N 2N 3N .... 9N     is a number all whose digits 

are equal. What is the sum of the digits of N? 

Sol. (37) 

 N Z  

 P   N + 2N + 3N + ……… + 9N = 45N 

 

a times

45 555...........5  

 Only 55 ………. 5 can be repeated as 45N will have units place = 0 or 5 

 Also as 45N   multiple of ‘9’ also. 

  If a = 9    
555555555

N
45

  

  N  12345679 

 Sum of digits of N = 37. 
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6. Let ABC be a triangle such that AB = AC. Suppose the tangent to the circumcircle of ABC at B is 

perpendicular of AC. Find ABC measured in degrees. 

Sol. (30) 

Consider the Isosceles triangle with vertex A, B, C such that AB = AC 

  
 By symmetry   circumcentre will lie on y – axis  

  D   (0 , k)  circumcenter  

Radius of circumcircle = DA = DB = DC 

 2 2(a k) k 1     

 2 2 2a k 2ak k 1      

 2a 2ak 1     …(1) 

 Now 

 Circumcircle : 2 2 2x (y k) k 1     

 Slope of tangent at B,  

 2x 2(y k)y' 0    

 
B

B

x 1
y'

y k k


  

 
 

 Also, 
ACm a   

 By given condition, 
1

( a) 1
k

 
     

 
 

 a k     …(2) 

 From (1) & (2), 2 2a 2a 1   

 
1

a
3

    

 If 
1

a
3

   
1

k
3

    

 AB

1
tan m

3
     30     

 ABC 30    

 

 A 0, a

y

D

 O 0, 0  C 1, 0
x

 B 1, 0


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7. Let s(n) denote the sum of the digits of a positive integer n in base 10. If s(m) = 20 and s(33m) = 

120, what is the value of s(3m)? 

Sol. (60) 

S(m) = 20 and S (33m) = 120 is possible only for/m/ having digits ‘0’ or ‘1’ 

 S(3m) = 60  

 

8. Let     
k k k

kF a,b a b a b     and let S = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. For how many ordered 

pairs (a, b) with a, b  S and a b  is 
 

 
5

3

F a,b

F a,b
 an integer?  

Sol. (22) 

 
 

 

 

 

5 5 5

5

3 3 3
3

F a,b a b a b

F a,b a b a b

  


  
 

   2 25
a b ab

3
    I 

  a = 3k1  or 3k1+1  or 3k1 + 2  

 and b = 3k2  or 3k2+1  or 3k2 + 2  

 only when a and b give same remainder 2 2a b ab   is divisible by 3. 

  

  a = 1,   b = 1, 4, 7, 10   4 

   a = 2,   b = 2, 5, 8   3 

   a = 3,   b = 3, 6, 9   3  

   a = 4,   b = 4, 7, 10   3 

   a = 5,   b = 5, 8    2 

   a = 6,   b = 6, 9    2  

  a = 7,   b = 7, 10   2  

  a = 8,   b = 8    1  

  a = 9,   b = 9    1 

  a = 10,  b = 10    1 

    Total    22 ordered pair  
 

9. The centre of the circle passing through the midpoints of the sides of an isosceles triangle ABC 

lies on the circumcircle of triangle ABC. If the larger angle of triangle ABC is o and the smaller 

one o then what is the value of   ? 

Sol. (90) 

 

 
 

A

O

P
P

A

2

A

2

R

A A
x

xB B Q

x x

B B

P

BB
B C
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A + 2B = 180  

 
A

90 B
2
   

 2x + 2B = 180   

 x = 90 – B 

 x = 
A

2
 

 OP BC   

  O and A coincide  

 ORP OPR RAP 60        

 120 30       

 90    

 By drawing properly we get 

   
 

10. One day I went for a walk in the morning at x minutes past 5’O clock, where x is a two digit 

number. When I returned, it was y minutes past 6’O clock, and I noticed that (i) I walked exactly for 

x minutes and (ii) y was a 2 digit number obtained by reversing the digits of x. How many minutes 

did I walk?  

Sol. (42) 

At x = ab minutes past 5 hr = 5 x 60 + 10 a + b minutes  

 At y = bc minutes past 6 hr = 6 x 60 + 10 b + a minutes  

 Total minutes of walk = 60 + 9b – 9a = 10 a+b 

                                    = 60 + 8b = 19a  

    a = 4, b = 2 

 I walked for 42 minutes    

 

11. Find the largest value of ba  such that the positive integers a, b > 1 satisfy b a b aa b a b 5329   . 

Sol. (81) 

b a(a 1)(b 1) 5330 2 5 13 41        

 
b 4a 81 3    and 

a 3b 64 4    

 Or 
b 3a 64 4    and 

a 4b 81 3   

 ba 81   

A

A

2

A

2

R

A A

B B Q

B B

P

BB

B C

A

2

A

2

O
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12. Let N be the number of ways of choosing a subset of 5 distinct numbers from the set  

   10a b:1 a 5, 1 b 5      

 where a, b are integers, such that no two of the selected numbers have the same units digit and no 

two have the same tens digit. What is the remainder when N is divided by 73? 

Sol. (47) 

 10a + b; 1   a   5, 1   b   5 

 Let us divide numbers into different sets, such as 

 Set 1 = {11, 12, 13, 14, 15} 

 Set 2 = {21, 22, 23, 24, 25} 

 Set 3 = {31, 32, 33, 34, 35} 

 Set 4 = {41, 42, 43, 44, 45} 

 Set 5 = {51, 52, 53, 54, 55} 

Now to make a number having no two digits and no two ten’s digit same, we can select any 1 

number from each of set 1, set 2, set 3, set 4, set 5. 

  No. of ways = 5 4 3 2 1
1 1 1 1 1C C C C C 120      

  120 73   

  Remainder = 47 

 

13. Consider the sequence 

  1, 7, 8, 49, 50, 56, 57, 343, … 

 which consists of sums of distinct powers of 7, that is, 07 , 17 , 0 17 7 , 27 , …, in increasing order. 

At what position will 16856 occur in this sequence? 

Sol. (36) 

 

0 0 3 2 4 5

1 1 3 3 4 0 5

0 1 2 3 0 1 4 1 5

2 0 1 3 0 2 4 2 5

0 2 0 2 3 0 3 4

1 2 1 2 3 1 2 4

0 1 2 0 1 2 3 1 3 4

3 4 0 1 2 4

0 4 0 1 3 4

1 4 0 2 3 4

7 7 7 7 7 7

7 7 7 7 7 7 7

7 7 7 7 7 7 7 7 7

7 7 7 7 7 7 7 7 7

7 7 7 7 7 7 7 7 16856

7 7 7 7 7 7 7 7

7 7 7 7 7 7 7 7 7 7

7 7 7 7 7 7

7 7 7 7 7 7

7 7 7 7 7 7

7

 

  

    

    

     

    

      

  

   

   

1 2 3 4

2 3 4

7 7 7

7 7 7

  

 

 

 i.e. we get 16856 at 36th position 

 

14. Let R denote the circular region in the xy-plane bounded by the circle 2 2x y 36  . The lines x = 4 

and y = 3 divide R into four regions iR , i = 1, 2, 3, 4. If iR  denotes the area of the region iR  and if 

1 2 3 4R R R R   , determine 1 2 3 4R R R R   .  

[Here   denotes the area of the region   in the plane.] 

Sol. (48) 

195

mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx


PRE-REGIONAL MATHEMATICAL OLYMPIAD – 2019 | 25-08-2019  

Resonance Eduventures Limited 
REGISTERED & CORPORATE OFFICE: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005 

Ph.No. : 0744-2777777, 0744-2777700 | Toll Free : 1800 258 5555 | FAX No. : +91-022-39167222 | TToo  KKnnooww  mmoorree  ::    ssmmss  RREESSOO  aatt  5566667777  

Website : www.resonance.ac.in | E-mail : ccoonnttaacctt@@rreessoonnaannccee..aacc..iinn | CCIINN  ::  UU8800330022RRJJ22000077PPLLCC002244002299 

 

TThhiiss  ssoolluuttiioonn  wwaass  ddoowwnnllooaadd  ffrroomm      RReessoonnaannccee  SSoolluuttiioonn  ppoorrttaall 
 
 

 

PAGE # 11 

  
3

2

1

2 5

R 36 y


  dy =  2 11 1 y
y 36 y 36 sin

2 2 6

   

 Similarly for using integration. we can find 

      
2

1 4

1
R R 6 2 3 4

2
     

  Remaining circle area =     
2

2 3

1
R R 6 2 3 4

2
     

 Hence, 

   1 4 2 3R R R R 24 24 48       

 

15. In base – 2 notation, digits are 0 and 1 only and the places go up in powers of – 2. For example, 

11011 stands for        
4 3 1 0

2 2 2 2        and equals number 7 in base 10. If the decimal 

number 2019 is expressed in base – 2 how many non zero digits does it contain? 

Sol. (06) 

 Since 2019 is closest to 112 2048  

 But since base is 2  

 Hence we will require  
12

2  as maximum no. as well as  
11

2  to compensate 

 The series can then be worked out as the following permutation. 

 1100000100111 

 Hence no. of non zero digits = 6 

 

16. Let N denote the number of all natural numbers n such that n is divisible by a prime p n  and 

p 20 . What is the value of N? 

Sol. (69) 

  

 4, 2 5

 3 3, 3  3 3, 3

 4, 2 5

x 4

y 3

2 2x y 36 

 4, 3

4R
3R

1R 2R
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 Since P n  and P 20  

 Hence for the times from 2 to 20 we calculate possibilities that that 
2n P  

      Prime No.       Natural Number n 

  2  2 

  3  3, 6 

  5  5, 10, 15, 20  

  7  7, 14, 21, 28, 35, 42 

  11  11, 22, 33, 44, 55, 66, 77, 88, 99, 110 

  13  13, 26, 39, 52, 65, 78, 91, 104, 117, 130, 143, 156 

  17  17, 34, 51, 68, 85, 102, 119, 136, 153, 170, 187, 204, 221, 238, 255, 272 

19 19, 38, 57, 76, 95, 114, 133, 152, 171, 190, 209, 228, 247, 266, 285, 304, 

323, 342 

 Total numbers = 69 

 

17. Let a, b, c be distinct positive integers such that b + c – a, c + a – b and a + b – c are all perfect 

squares. What is the largest possible value of a + b + c smaller than 100? 

Sol. (91) 

 b + c – a, c + a – b, a + b – c …... integer  

 Add these three  

 b + c – a + c+ a – b + a + b – c = a + b+ c 

 a + b + c < 100 

  Possible value of b + c – a , c + a – b, a + b – c are 1, 4, 9, 16, 25, 36, 49, 64, 81.  

 Either b + c – a, a + b – c, c + a – b all three will odd or all will even.  

  Largest possible value of a + b + c is possible.  

 If  b + c – a = 81 

  c + a – b = 9  

  a + b – c = 1  

   a + b + c = 91 

 

18. What is the smallest prime number p such that 3 2p 4p 4p   has exactly 30 positive divisors? 

Sol. (43) 

p3+ 4p2 + 4p 

 = p (p2 + 4p + 4) 

 = 2p'(p 2)  

 Number of divisors for am.bn.cp…. is (m + 1) (n + 1) (p+1) … 

 For 30 divisors we will need 15 divisors from (p+2)2 

 If p = 43 [for less than 43 we will have maximum 5 divisors] number of divisors  
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 2 2 2(p 2) (43 2) 45     

  2 2 23 5   

  Number of divisors = (4 + 1) (2 +1) = 15 

  Ans. is 43 

 

19. If 15 and 9 are lengths of two medians of a triangle, what is the maximum possible area of the 

triangle to the nearest integer? 

Sol. (90) 

Area of BDG  

  

 S = 
11 x

2


 

 Area = 
11 x 11 x 11 x 11 x

x 5 6
2 2 2 2

      
     

   
 

  
11 x 11 x x 1 x 1

2 2 2 2

      
    

   
 

  = 
2 2(121 x )(x 1)

16

 
 

 Let y = 
2 2(121 x )(x 1)

16

 
 

 For max area 
dy

0
dx

  

 2 22x(x 1) (121 x )2x 0      

 
2 2x 1 121 x 0      

 2x2 = 122 

 x2 = 61 

 Area of BDG = 
(121 61)(61 1)

16

 
 

 
60 60 60

15
16 4


    

 Area of ABC  = 6 x 15 = 90 

A

B CDx

6
G

5

3

10
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20. How many 4-digit numbers abcd  are there such that a < b < c < d and b – a < c – b < d – c? 

Sol. (07) 

a < b < c < d 

 b – a < c – b < d – c 

 possibilities are   

 a = 1, b = 2, c = 4, d = 7 

 a = 1, b = 2, c = 4, d = 8 

 a = 1, b = 2, c = 4, d = 9 
 

 a = 1, b = 2, c = 5, d = 9 
 

 a = 1, b = 3, c = 6, d = no possible  
 

 a = 2, b = 3, c = 5 d = 8 

 a = 2, b = 3, c = 5 d = 9 
 

 a = 2, b = 3, c = 6, d = not possible  
 

 a = 3, b = 4, c = 6, d = 9 

 a = 4, b = 5, c = 7, d = not possible   

 Ans. 7 

 

21. Consider the set E of all positive integers n such that when divided by 9, 10, 11 respectively, the 

remainders (in that order) are all > 1 and form a non-constant geometric progression. If N is the 

largest element of E, find the sum of digits of E. 

Sol. (Bonus) 

Remainder will be less than 11, only possible set of remainders is 1,2,4 or 2,4,8 or 1,3,9. But r 

greater than 1 so 2, 4, 8. But Since E is set of numbers, how can we find the sum of digits of E.  

 They meant “sum of digits of N.  

But question should have been  

“Smallest element of E is N” and sum of N. 

Then there is answer. 74 : for ratio 2,4,8 as ratio greater than 1 

So Bonus 

 

22. In parallelogram ABCD, AC = 10 and BD = 28. The points K and L in the plane of ABCD move in 

such a way that AK = BD and BL = AC. Let M and N be the midpoints of CK and DL, respectively. 

What is the maximum value of cot2(BMD/2) + tan2(ANC/2) ? 

Sol. (02)  

 
  

CK1 = 18 

1K

2K

B

D
2M

1M

O

A

5
14

5

14

C

radius 28
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 OM1 = 5 + 9 = 14 

  1BMD = 90° (  in semicircle) 

 Similarly, CK2 = 10 + 28 = 38 

  CM2 = 19 

  AM2 = 9 

  OM2 = 5 + 9 = 14 

  2BM D = 90° (  in semicircle) 

 If K1 or K2 moves BMD will increase  

By observation : 
BMD

2


  

BMD
cot

2

 
 

 
 

 For maximum BMD = 90° 

 2 BMD
cot 1

2

 
 

 
  

 
BL1 = 10, OL1 = 4, DL1 = 18, DN1 = 9, ON1 = 5 

 AN1C = 
2


 (  in semicircle) 

 For L2 point, 

 DL2 = 14 + 14 + 10 

 DL2 = 38 

 DN2 = 19 

 ON2 = 5 

 2AN C
2


   (  in semicircle) 

 Now if L1 or L2 moves, 

 ANC   
ANC

2


  

ANC
tan

2


  (Observation) 

 Hence for maximum, 

 ANC
2


   

  2tan 1
4

 
 

 
 

  Maximum = 1 + 1 = 2 

A

D

C
B

2L

1L

1N

2N

O

14

5

5

14
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23. Let t be the area of a regular pentagon with each side equal to 1. Let P(x) = 0 be the polynomial 

equation with least degree, having integer coefficients, satisfied by x= t and the gcd of all the 

coefficients equal to 1. If M is the sum of the absolute values of the coefficients of P(x). What is the 

integer closest to M  ? (  sin18 5 1 /2   ).    

Sol. (16) 

 Area of regular pentagon 
2a n

180
4 tan

n


 
 
 

 

 n   No. of sides 

 a   Length of side 

  For regular pentagon by side length 1, 

 Area (t) 
5

4tan36



 

  
 

5

4 0.73
  

  1.71  

 Now, P(1.71) = 0 to be found with least degree and integer coefficient soon that gcd of all 

coefficient is 1. 

 Let  x = 1.71 

  100x = 171 

  P(x) = 100x – 171 = 0 is the polynomial which satisfied all the conditions. 

  m = 100 + 171 = 271 

  m = 16.46 

  Nearest integer = 16 

 But this question can have multiple solutions as student can take tan 36 as 0.72, 0.726 or even 

0.7. Every time we will get different answers. So this question should be Bonus. 

 

24. For n > 1, let an be the number beginning with n 9’s followed by 744 ; e.g., a4 = 9999744.  

 Define f(n) = max {m  N | 2m divides an}, for n > 1. Find f(1) + f(2) + f(3) +…. + f(10).  

Sol. (75) 

 n 1  

 1a 9744  

 2a 99744  

 

3

10
10 times

a 999744

a 999...9744




 

  nm

N
f(n) max m divides a

2

 
  

 
 

  f (1)  2m divides 9744 

  9744 2 2 2 2 609      

  42 609   

 9744 is divided by 24 

  m = 4 

 f (2)  2m should divide 99744 
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  99744 2 2 2 2 2 3117       

  599744 2 3117   

 2a   99744 divided by 25 

  m = 5 

 f (3)  2m should divide 999744 

  999744 2 2 2 2 2 2 15621        

  6999744 2 15621   

 3a  999744 divided by 26 

  m = 6 

 Similarly 4a  divided by 27 

  m = 7 

 5a  divides by 213 

 
6a  divides by 28 

 
7a  divides by 28 

 
8a  divides by 28 

 
9a  divides by 28 

 
10a  divides by 28 

  f(1) + f(2) + f(3) ………+ f(10) 

  = 4 + 5 + 6 + 7 + 13 + 8 + 8 + 8 + 8 + 8  

  = 75 

 

25. Let ABC be an isosceles triangle with AB = BC. A trisector of B meets AC at D. If AB, AC and 

BD are integers and AB – BD = 3, find AC.   

Sol. (26) 

  

31
II

sin sin 3
2 2


    
      

   

 

   put I3 = I1 – 3 

   2

1

3
I cosec

4
   

 If  
2cosec   = 36 

 i.e. 2cosec   = 6   

1I
1I

B

A CD

3
2


 2


 

2


 

3
2


 

2
4

3I

2I
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 i.e. sin   = 
1

6
 

 
1

3
I 36 27

4
    

 I3 = 24 

 1I DC

sin4
sin

2


  
  

 

  & 1I AD

sin2
sin

2


  
  

 

 

   1 1
2

I sin4 I sin2
I

cos cos

 
 

 
 

   
2 1I I 2 sin3     

   23
cosec 2 sin3

4
    

 
3 3

4sin
2 sin

 
  

 
 

 I2  =  
3 4

3 6
2 6

 
  

 
 

     
3 2

18
2 3

 
  

 
 

     
3 54 2

2 3

 
  

 
 

    
3 52

2 3
     

 I2 = 26 

   

26. A friction-less board has the shape of an equilateral triangle of side length 1 meter with bouncing 

walls along the sides. A tiny super bouncy ball is fired from vertex A towards the side BC. The ball 

bounces off the walls of the board nine times before it hits a vertex for the first time. The bounces 

are such that the angle of incidence equal the angle of reflection. The distance traveled by the ball 

in meters is of the form N , where N is an integer. What is the value of N ? 

Sol. (31) 

  

AX = N  

 2 121 3
AX

4 4
  31  

 N = 31 

  

 

 A 0, 0

B

 1, 0  2, 0  3, 0  4, 0  5, 0

C

60

9
8765

43
21

5 cos60

0 sin60

 
 

 

11 3
,

2 2

 
  

 
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27. A conical glass is in the form of a right circular cone. The slant height is 21 and the radius of the 

top rim of the glass is 14. An ant at the mid point of a slant line on the outside wall of the glass 

sees a honey drop diametrically opposite to it on the inside wall of the glass. (see the figure ). If d 

the shortest distance it should crawl to reach the honey drop, what is the integer part of d ? (Ignore 

the thickness of the glass) 

 
Sol. (36) 

   
Assume we open the cone, it will become a section of a bigger circle with radius 21. 

 Section of the circle used to make cone = 
2 14 2

2 21 3

 


 
 ( o120  ) 

  minimum distance  ‘d’ = AX + XH = 2AX 

  In DAX , 

   
  

 

   
2

2 2

o

21
21 AX

32
Cos60 AX 21

21 2
2 21

2

 
     

     
  

 

  d = 36.37, [d] = 36 

 

O A

X

21

60

21
2

HA

O

14

14

X

21

Honey drop

Ant
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28. In a triangle ABC, it is known that A = 100° and AB = AC. The internal angle bisector BD has 

length 20 units. Find the length of BC to the nearest integer, given that sin 10° 0.174.   

Sol. (27) 

BCD , by sine rule  

  

 
BC BD 20

120 sin40 sin40
 

  
 

  BC =
10 3

sin40
 

 Given, cos80 (sin10 ) 0.174     

 
1 cos80

sin40 0.643
2

 
    

 Nearest integer to BC= 27 

  

29. Let ABC be an acute angled triangle with AB =15 and BC = 8. Let D be a point on AB such that BD 

= BC. Consider points E on AC such that DEB = BEC. If  denotes the product of all possible 

value of AE, find [ ] the integer part of  . 

Sol. (Bonus) 

The problem, as stated, has infinite solutions. If you take ANY triangle 𝐴𝐵𝐶 with 𝐴𝐵 = 15 and 𝐵𝐶= 8 

construct point  

D on 𝐴𝐵 such that 𝐵𝐷 = 8 and draw the bisector 𝐵𝐸, then you have a perfectly valid triangle. 

As the triangle is acute-angled, then 𝐴𝐸 can take any value between 
15

161 8.275
23

  

(case when ∠𝐵𝐶𝐴=90° and 
15

17
23

 
 
 

 ≈ 11.087 

(case when ∠𝐴𝐵𝐶=90°) 

Question will have sense if only integer values for 𝐴𝐸 were allowed. If that is the case, then the 

possible integer values for 𝐴𝐸 are : 9, 10, 11 

 

A

B C
20

100

40

D
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30. For any real number x, let [x] denotes the integer part of x; {x} be the fractional part of x  

({x} = x   |x|). Let A denote the set of all real numbers x satisfying 

 
   x x x 1/ 2

x
20

    
  

If S is the sum of all numbers in A, find [S] 

Sol. (21) 

Let, x = I + f 

 given equation reduces to, 

  

1
I + f + I + I + f+ 

2
f

20

 
 
 

  

 

 (I)  
1

f 0,
2

 
 
 

 

  
1

f 0
2

 
  

 
 

  
3I

19f 3I f
19

    

  
3I 1

0,
19 2

   

   
19

I 0,
6

 
 
 

 I = 0, 1, 2, 3 

 
3 6 9

f 0, , ,
19 19 19

  

 
22 44 66

x 0, , ,
19 19 19

  

 

(II)  f
1

,1
2

 
 
 

 

  
1

f 1
2

 
  

 
 

  20f 3I 1 f    

3I 1
f

19


  

1 3I 1 17
1 I 6

2 19 6


       I = 3, 4, 5 

 
10 13 16

f , ,
19 19 19

  

 
67 89 111

x , ,
19 19 19

   

  
399

S
19

  

   [S] = 21 
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