Chapter 1

(RELATIONS AND FUNCTIONYS)

1.1 Overview

1.1.1 Relation

A relation R from anon-empty set A to anon empty set B is asubset of the Cartesian
product A x B. The set of all first elements of the ordered pairsin arelation R from a
set A to aset B iscalled the domain of therelation R. The set of all second elementsin
arelation R fromaset A to aset B iscalled the range of therelation R. The whol e set
B is called the codomain of the relation R. Note that range is always a subset of
codomain.

1.1.2 Types of Relations

ArelationRinaset Aissubset of A x A. Thus empty set gand A x A aretwo extreme
relations.
(i) AredaionRinasetAiscaled empty relation, if noelement of A isrelated to any
elementof A,i.e, R=¢@ LJAXA.

(i) ArelationRinasetAiscalled universal relation, if each element of A isrelated
to every element of A, i.e, R=A xA.

(i) Arelation RinA issaid to be reflexive if aRa for al alJA, R is symmetric if
aRb O bRa, 0 a,b0dAanditissaid to betransitiveif aRband bRc 0 aRc

Oa, b, cOA.Any relation whichisreflexive, symmetric and transitiveiscalled
an equivalencerelation.

== Note: Animportant property of an equivalencerelation isthat it divides the set
into pai rwise dig oint subsets called equiva ent classeswhose collectioniscalled
a partition of the set. Note that the union of all equivalence classes gives
the whole set.

1.1.3 Types of Functions
(i) Afunctionf: X - Y isdefined to be one-one (or injective), if the images of
distinct elements of X under f aredistinct, i.e.,
X, % OXf()=F00) 0 % =x,
(i) Afunctionf: X - Yissaidtobeonto (or surjective), if every element of Y isthe
image of some element of X under f,i.e., for every y 00 Y there existsan element
x O X such that f (x) = .
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(iii) Afunctionf: X - Y issaidtobeone-oneand onto (or bijective), if fisboth one-
one and onto.

1.1.4 Composition of Functions

(i) Letf :A - Bandg:B - Cbetwo functions. Then, the composition of f and
g, denoted by g o f, is defined as the functiongof: A - C given by

gof(x)=g(f(x), 0 xOA.
(i) Iff:A - Bandg:B — Careoneone then gof:A - Cisasooneone
@) Iff:A - Bandg:B - Careonto,thengof:A - Cisalsoonto.

However, converse of above stated results(ii) and (iii) need not betrue. Moreover,
we havethefollowing resultsin thisdirection.

(iv) Letf:A - Bandg:B - Cbethegivenfunctionssuchthat gof isone-one.
Then f is one-one.

(v) Letf:A - Bandg:B - Cbethegivenfunctionssuchthatgof isonto. Then
gisonto.
1.1.5 Invertible Function

(i) A functionf: X - Y is defined to be invertible, if there exists a function
g:Y - Xsuchthatgof=1 andfog=1,. Thefunctiongiscalled theinverse
of f and is denoted by f 1.

(i) Afunction f: X - Yisinvertibleif and only if f isabijective function.

@ If f: X -Y,g:Y - Zand h:Z - S are functions, then
ho(gof)y=(hog)of.

(iv) Let f:X - Yandg:Y - Zbetwo invertible functions. Then go fisalso
invertiblewith (gof)*=f*og™

1.1.6 Binary Operations
(i) Abinary operation* onaset Aisafunction* : AxA - A. Wedenote* (a, b)
by a* b.

(i) A binary operation = onthe set X iscalled commutative, if ax b=b+ afor every
a, b0OX.

(i) A binary operation = : A x A - A is said to be associative if
(a*b)yxc=ax (b*c), foreverya, b,c OA.

(iv) Givenabinary operation* :AXxA - A,andemente A, if it exists, iscalled
identity for the operation «, if ax e=a=ex a, [ alA.
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(v) Given abinary operation = : A x A - A, with the identity element ein A, an
element a0 A, issaid to be invertible with respect to the operation «, if there
existsan element binA suchthat a« b=e=b+ aand biscalled theinverse of
a and is denoted by a.

1.2 Solved Examples

Short Answer (SA.)
LetA={0, 1, 2, 3} and definearelation R on A asfollows:
R={(0,0),(0,1),(0,3),(1,0),(1,1).(2 2),(3,0), (3 3)}.
Is R reflexive? symmetric? transitive?

R is reflexive and symmetric, but not transitive since for (1, 0) O R and
(0, 3) O Rwhereas (1, 3) LIR.

Fortheset A ={1, 2, 3}, define arelation R in the set A asfollows:
R={(1,1), (2, 2),(3, 3),(1,3)}.
Write the ordered pairs to be added to R to make it the smallest equivalence relation.

(3, 1) isthe single ordered pair which needs to be added to R to make it the
smallest equivalencerelation.

Let R be the equivalence relation in the set Z of integers given by
R={(a, b) : 2dividesa- b}. Write the equivalence class [0].

[0] ={0,+2,+4, £6,.}

Let thefunctionf: R — R bedefined by f (X) =4x—-1, 0 xOR. Then,
show that f is one-one.

For any two elements x,, X, U R such that f (x)) = f (x,), we have
4x -1=4x,-1
O 4x =4x, ie, X, =X,
Hence f is one-one.
If f={(5, 2), (6,3)},9={(2,5), (3,6)}, writef o0 g.
n fog={(2 2), (3 3)}

ample6 Let f: R — R bethe function defined by f (x) =4x—-3 O x O R. Then
write f .
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Giventhat f (X) = 4x — 3 =y (say), then

4 =y+3
_ y*3
U X= 2
y+3 X+3
Hence f1ly) = 4 O f1x-= 4

Is the binary operation = defined on Z (set of integer) by
m+n=m-n+mn m,n OZ commutative?
No. Sincefor1,20Z,1+2=1-2+12=1while2+1=2-1+21=3
sothat 1+ 2# 2« 1.

Iff ={(5, 2), (6,3)} andg={(2,5), (3, 6)}, write the range of f and g.

Therange of f ={2, 3} and therange of g = {5, 6}.

IfA={1, 2,3} andf, g arerelations corresponding to the subset of A x A
indicated against them, which of f, gisafunction? Why?
f={(1.3).(23). (3 2}
9={(1.2,(13), (3, 1}
f isafunction since each element of A inthefirst placein the ordered pairs

isrelated to only one element of A in the second place while gis not afunction because
lisrelated to more than one element of A, namely, 2 and 3.

IfA={a,b,c,d} andf={a, b), (b, d), (c, a), (d, c)}, show that fis one-
onefromA onto A. Find f .

fisone-one since each element of A isassigned to distinct element of the set
A.Also, fisonto sincef (A) = A. Moreover, f 1 ={(b, a), (d, b), (a, ¢), (c, d)}.

Inthe set N of natural numbers, define the binary operation = by m+ n=
g.c.d (m,n), m, n 0 N. Isthe operation » commutative and associative?

The operationis clearly commutative since
ms+n=gcd(mn)=gcd(n,m=n+m gm,nN.
It is also associative because for I, m, n [0 N, we have
|+ (m+n)=g.c.d(l,g.cd(m n))
=g.cd (g.c.d (I, m), n)
= (I« m)«n.
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LongAnswer (L.A.)

In the set of natural numbers N, define a relation R as follows:
Oon, mON, nRmif ondivision by 5 each of theintegers n and mleavesthe remainder
lessthan 5, i.e. one of thenumbersO0, 1, 2, 3and 4. Show that R isequival encerelation.
Also, obtain the pairwise digjoint subsets determined by R.

Risreflexivesince for each a [0 N, aRa. R is symmetric sinceif aRb, then
bRafor a, b ON.Also, Ristransitive sincefor a, b, c O N, if aRb and bRc, then aRc.
Hence Risan equivalencereation in N which will partition the set N into the pairwise
digoint subsets. The equivalent classes are as mentioned bel ow:

A,={5,10,15,20...}
A, ={1,6,11,16,21..}
A,={2,7,12,17,22, ...}
A,={3,8,13,18,23, ..}
A,={4,9,14,19,24, .}
It is evident that the above five sets are pairwise disoint and

4
A,0A 0A,0A,0A,= DA =N,

X
Show that the function f : R — R defined by f (x) = Xz—ﬂ,DxﬂR  is

neither one-one nor onto.

For x, X, U R, consider

f(x)=1(x)
X %
- X2 +1 x5+1

0 X%+ %= %%+ X,
0% 06= %) = %= %,
0 x=x, 0r Xxx,=1
We note that there are point, x, and x, with x # x, and f (x)) = f (x,), for instance, if

1 2 2 1
weteke x, =2 and x,= =, thenwe havef (x,) =7 andf () = - but 2¢§. Hence

fisnot one-one. Also, fisnot onto for if so then for 100R [Ox [0 R suchthat f (x) = 1
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which gives

5 1:1. But there is no such x in the domain R, since the equation
X+

X2 —x + 1 = 0 does not give any real value of x.

Letf, g: R - R be two functions defined as f (x) = | + x and

g(¥)=|¥-x gxOR.Then, findfogandgof.
Heref (X) = | + x which can be redefined as

@xif x=0
F0) = Hoif x<0

Similarly, the function g defined by g (X) = | — x may be redefined as

Ooif x=20

9(9) = ET—ZX if x<0
Therefore, g o f gets defined as :
Forx=0,(gof)(X)=g(f(X)=g(2x) =0
andforx<0,(gof)(X)=g(f(x)=g(0)=0.
Consequently, wehave (gof) (X) =0, 0 xOR.
Similarly, f o g gets defined as:
Forx=0,(fog) () =f(g(x)=f(0) =0,
andforx<0,(fog) (X) =f(g(X) =f (-2 X) = - 4x.

0 0,x>0

e (fo) =0, =

15 Let R bethe set of real numbersand f: R — R be the function defined
by f (X) = 4x + 5. Show that f isinvertible and find f 2.
ion Here the functionf: R - Risdefined asf (xX) =4x + 5=y (say). Then

y-5
4x=y-5 or sz.
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Thisleadstoafunctiong: R — R defined as

_¥y=s
Therefore, (gof) () =g(f (x) =g (4x +5)
_ 4x+5-5
= 1 = X
or gof =1,
Similarly (fog) (v) =f(g(y)
Oy -5C
= f
dat
Oy -50
=4 +5 =
Ha y
or fog =1;.

Hencefisinvertibleand f-! =g whichisgiven by

X -5
f1(x = 7

Let = be abinary operation defined on Q. Find which of the following
binary operations are associative

() a*b=a-bfora, bOQ.
ab
(i) a*szfora,bDQ.
(i) axb=a-b+abfora bUQ.
(iv) a*b=ab?for a,bOdQ.

(i) = isnot associativefor if wetakea=1,b=2and c= 3, then
(@axb)rc=(1+2)»3=(1-2)x3=-1-3=-4and
ax(bxc)=1+(2+3)=1x(2-3)=1-(-1) = 2
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Thus (a* b) x c#a= (b* c) and hence = is hot associative.

(i) = isassociative since Q isassociative with respect to multiplication.

(iii) = isnot associative for if wetakea=2,b=3and c =4, then
(@xb)xc=2+«3)»4=(2-3+6) 4=5+«4=5-4+20=21, and
ar(b+c)=2+(3+4)=2+(3-4+12)=2x11=2-11+22=13
Thus(a* b)x c# ax (b* c) and hence = is not associative.

(iv) * isnot associative for if wetakea=1,b=2andc=3,then(ax b) » c=
QL*x2)x3=4+x3=4x9=36anda~* (brc)=1+(2+3)=1+18=
1x182=324.

Thus(a* b)x ¢ Zax (b* c) and hence = is not associative.
ObjectiveTypeQuestions
Choose the correct answer from the given four optionsin each of the Examples 17 to 25.

Let R bearelation on the set N of natural numbers defined by nRmif n
dividesm. ThenRis

(A) Reflexiveand symmetric (B) Transitiveand symmetric
(C) Equivaence (D) Reflexive, transitive but not
symmetric

The correct choice is (D).
Since ndividesn, 0 n O N, Risreflexive. R is not symmetric since for 3, 6 O N,
3R 6#6R 3. Ristransitive since for n, m, r whenever nfmand myr O n/r,i.e, n
dividesmand mdividesr, then nwill devider.

Let L denote the set of al straight linesin aplane. Let arelation R be
defined by IRmif and only if | isperpendicular tom ol, mOL. ThenRis

(A) reflexive (B) symmetric
(C) trangtive (D) none of these

The correct choiceis (B).

Let N be the set of natural numbers and the function f : N - N be
defined by f(n) =2n+3 OonON. Thenfis
(A) surjective (B) injective
(C) hijective (D) none of these
|ution (B) isthe correct option.

1] Set A has 3 elements and the set B has 4 elements. Then the number of
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injective mappings that can be defined fromA to B is
(A) 144 (B) 12
(C) 24 (D) o4
The correct choiceis (C). The total number of injective mappings from the
set containing 3 elements into the set containing 4 elementsis*P, = 4! = 24.

Letf: R -~ Rbedefinedby f(x) =sinx andg: R - R bedefined by
g(X)=x% thenfogis

(A) xsinx (B) (sinx)?
(C) sinx (D) Si:zx

(C) isthe correct choice.
Letf: R - R bedefined by f (X) = 3x— 4. Then f -1(X) is given by

A ﬂ B 5_4
R = B) 3
(C) 3x+4 (D) None of these

(A) isthe correct choice.

Letf: R - R be defined by f (x) = x2 + 1. Then, pre-images of 17
and — 3, respectively, are
(A) @ {4 -4} (B) {3,-3%L ¢
© {4-4%eo (D) {4.-4,{2-2}
(C) isthe correct choicesincefor f1(17)=x0 f(x)=170orx*+1=17
O x=x4or f1(17) ={4,-4}andforf 1 (-3)=x0 f(x)=-3 O x*+1
=-30 x*=-4and hence f (- 3) = q.

For real numbers x and y, define xRy if and only if x —y +./2 is an
irrational number. ThentherelationRis
(A) reflexive (B) symmetric
(C) trangtive (D) none of these
(A) isthe correct choice.
Fill in the blanksin each of the Examples 25 to 30.

«ample 25 Consider theset A = {1, 2, 3} and R be the smallest equivalence relation
onA, thenR =
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R={(11),(2 2),(3 3)}.

The domain of thefunctionf: R — R defined by f (X) = \/x®-3x+2 is

Herex?-3x+22=0
O (x-1)(x-2)=0
O x<lor x=2
Hence the domain of f = (-, 1] 0 [2, )

Consider the set A containing n elements. Then, the total number of
injective functions from A onto itself is

n!

Let Z be the set of integers and R be the relation defined in Z such that
aRb if a— bisdivisible by 3. Then R partitions the set Z into pairwise
digoint subsets.

Three.

Let R bethe set of real numbersand = be the binary operation defined on
Rasa*b=a+b-ab [ a bOR. Then, theidentity element with respect to the
binary operation  is .

O istheidentity element with respect to the binary operation x.
State True or False for the statements in each of the Examples 30 to 34.

Consider theset A ={1, 2, 3} andtherelationR={(1, 2), (1, 3)}. Risa

transitiverelation.
True.
Let A beafiniteset. Then, each injectivefunctionfromA into itself isnot
surjective.
False.
For setsA,Band C, letf: A - B, g: B - C be functions such that
gofisinjective. Then both f and g are injective functions.
False.
le 33 For setsA,Band C, let f: A -~ B, g: B - C be functions such that
gof issurjective. Then g is surjective
ition True.
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Let N be the set of natural numbers. Then, the binary operation  in N

definedasax b=a+ b, O a, b O N hasidentity element.

Fase.

1.3 EXERCISE
Short Answer (S.A.)

1.

N o o b

10.

11.

12.

Let A= {a, b, c} and the relation R be defined on A as follows:

R={(a a), (b, c), (a b}
Then, write minimum number of ordered pairs to be added in R to make R
reflexive and transitive.

Let D be the domain of the real valued function f defined by f (x) = \/25-x? .
Then, write D.

Letf,g: R - R bedefinedby f (X) =2x+1andg (X) = x* -2, Ox OR,
respectively. Then, find g of.

Let f : R —» R bethe function defined by f (X) = 2x -3 Ox O R. write f 2.

If A={a, b, ¢, d} andthefunctionf={(a, b), (b, d), (c, @), (d, c)}, writef 1.
If f:R - R isdefinedby f (x) =x%-3x+ 2, writef (f (X)).

Isg = {(1, 1), (2, 3), (3, 5), (4, 7)} afunction? If g is described by
g (x) = ax + [3, then what value should be assigned to a and .

Are the following set of ordered pairs functions? If so, examine whether the
mapping isinjective or surjective.

(1) {(x, y): xisaperson, y isthe mother of x}.

(iiY{(a, b): aisaperson, b isan ancestor of a}.

If the mappings f and g are given by

f={(1,2),(35),(4, 1)} andg={(2, 3), (51), (1, 3)}, writefo g.

Let C bethe set of complex numbers. Provethat the mappingf: C — R givenby
f(2 =2, o zO C, is neither one-one nor onto.

Let thefunctionf: R — R bedefined by f (X) = cosx, 0 x O R. Show that f is
neither one-one nor onto.
LetX ={1,2,3tandY ={4, 5}. Find whether the following subsets of X xY are
functionsfrom X to'Y or not.
0] f={14),(15),(24),35} () 9={104),(24). 34}
(iii) h={(1,4), (2,5), (3,5)} (iv) k={(1,4), (2,5)}.

13. Iffunctionsf:A — Bandg:B - Asatisfygof=1,then show that f is one-

one and g is onto.
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14.

15.
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Letf: R - R be the function defined by f (x) = X O R.Then, find

2—cosx U
the range of f.

Let nbe a fixed positive integer. Define arelation R in Z as follows: ga,b 0Z,
aRbif and only if a— bis divisible by n. Show that R is an equivalance relation.

LongAnswer (L.A.)

16.

17.

19.

20.

21.

22.

IfA={1, 2, 3,4}, define relations on A which have properties of being:

(a) reflexive, transitive but not symmetric
(b) symmetric but neither reflexive nor transitive
(c) reflexive, symmetric and transitive.

Let R be relation defined on the set of natural number N as follows:

R = {(x, ¥): xON, yoON, 2x + y = 41}. Find the domain and range of the
relation R. Also verify whether R is reflexive, symmetric and transitive.

Given A = {2, 3, 4}, B = {2, 5, 6, 7}. Construct an example of each of the
following:

(a) aninjective mapping fromAto B
(b) amapping from A to B which is not injective
(c) amapping from B to A.

Give an example of a map

(i) which is one-one but not onto
(ii) which is not one-one but onto
(iii) which is neither one-one nor onto.

X—=2
Let A=R-{3}, B=R - {1}. Let f: A - B be defined by f (xX) = -3

0OX OA . Then show that f is bijective.

Let A=[-1, 1]. Then, discuss whether the following functions defined on A are
one-one, onto or bijective:

0] f(X)% (i) g(x) = |X

(i) h(x)=x|x (iv) k(X) = x2
Each of the following defines a relation on N:

() xis greater thany, x, yOo N

(i) x+y=10,x,yON



23.

24.

25.

26.

27.

RELATIONS AND FUNCTIONS 13

(iii) Xy is square of an integer X, yoO N

(iv) x+4y =10 x,yoO N.

Determine which of the above relations are reflexive, symmetric and transitive.
LetA={1,2, 3, ... 9} and R be the relation in A xA defined by (a, b) R (c, d) if
a+d=Db+cfor(ab), (c, d)in AxA.Provethat R is an equivalence relation
and also obtain the equivalent class [(2, 5)].

Using the definition, prove that the function f: A — B s invertible if and only if
f is both one-one and onto.

Functions f, g: R - R are defined, respectively, by f (X) = x> + 3x + 1,
g(x) =2x-3, find

(i) fog (i) gof @iii) fof (iv) gog

Let = be the binary operation defined on Q. Find which of the following binary
operations are commutative

(i) axb=a-bpgabldQ (i) axb=a*+m gabldQ
(i) axb=a+abpgabldQ (iv) a*b=(@a-b?gablQ
Let = be binary operation definedon Rbya~b=1+ab, g a,bOR. Then the
operation « is

(i) commutative but not associative

(i) associative but not commutative

(i) neither commutative nor associative
(iv) both commutative and associative

ObjectiveType Questions

Choose the correct answer out of the given four optionsin each of the Exercisesfrom
28t0 47 (M.C.Q.).

28.

29.

Let T bethe set of al trianglesin the Euclidean plane, and let arelationRon T
be defined asaRb if aiscongruenttob ga, b O T. ThenRis

(A) reflexivebut not transitive (B) transitive but not symmetric
(C) equivalence (D) none of these

Consider the non-empty set consisting of children in afamily and arelation R
defined asaRb if aisbrother of b. Then R is

(A) symmetricbut not transitive (B) transitive but not symmetric

(C) neither symmetric nor transitive (D) both symmetric and transitive
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30.

31.

32.

33.

34.

35.

36.
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The maximum number of equivalencerelationsontheset A={1, 2, 3} are

(A) 1 (B) 2

€ 3 (D) 5

If arelation Rontheset {1, 2, 3} bedefined by R={(1, 2)}, thenRis

(A) reflexive (B) trangtive

(C) symmetric (D) none of these

Let usdefinearelation Rin R asaRbif a=b. ThenRis

(A) anequivalencerelation (B) reflexive, transitive but not

symmetric

(C) symmetric, transitive but (D) neither transitive nor reflexive

not reflexive but symmetric.

LetA={1, 2, 3} and consider therelation
R={1,1), (2 2),(3,3),(1,2),(273),(1,3)}.

ThenRis
(A) reflexivebut not symmetric (B) reflexivebut not transitive
(C) symmetric and transitive (D) neither symmetric, nor

transitive
The identity element for the binary operation * defined on Q ~ {0} as

ab :
a*b=7 na bdQ~{0}is

(A) 1 (B) 0O
© 2 (D) none of these

If the set A contains 5 elements and the set B contains 6 elements, then the
number of one-one and onto mappingsfromAto B is

(A) 720 (B) 120

© o (D) none of these

LetA={1,2, 3,..n} andB ={a, b}. Thenthe number of surjectionsfromA into
Bis

(A) "P, (B) 2n-2

(C 2r-1 (D) None of these
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1
37. Letf:R - R bedefined by f (x) = X oXOR. Thenfis

(A) one-one (B) onto
(C) hijective (D) fisnotdefined
X
38. Letf:R - Rbedefinedbyf(xX)=3x*-5andg: R - Rby g(x) = N
Thengofis
3x* 5 3x* 5
(A) 9x —30x2+26 B) ox*—6xt+26
3x° 3x?
€ o a ®) oyt 302 -2
39. Which of thefollowing functionsfrom Z into Z are bijections?
(A) T(x)=x B) f(x)=x+2
C) f(x=2x+1 D) fTW=x+1
40. Letf:R - R bethefunctionsdefined by f (x) =x®+ 5. Thenf (X) is
1 1
(A) (x+5)2 (B) (x-5)3
1
© (5-x)3 (D) 5-x
41. Letf: A - Bandg: B — C bethebijective functions. Then (g of)?is
(A) frog* (B) fog
(© gtoft (D) g of
B0 _ 3x+2
42. Letf: R—%E ~ R bedefined by f () = £, _3. Then
(A) (=K B) f7(¥=-1f()

1
(C) (fof)x=-x (D) (9= 75F

. O X,if xisrationa
43. Letf:[0,1] - [O, 1] be defined by f (x) = %.—x, if xisirrational
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Then (fof) xis

(A)  constant (B) 1+x
© x (D) none of these
44. Letf:[2,0) —» R bethefunction defined by f (X) = x2 — 4x + 5, then the range
of fis
(A) R (B) [1 )
C) [4») (B) [5. %)

2x-1
45. Let f: N — R bethefunction defined by f (x) = SCE andg:Q - Rbe

3
another function defined by g (X) =x+ 2. Then (g of) > is

(A) 1 B) 1
7
© 3 (B) none of these
46. Letf: R — R bedefined by
0 2x:x>3
f(x)=Ep<2:1<xs3
E 3x:x<1
Thenf (1) +f(2) +f(4)is
(A) 9 (B) 14
© b5 (D) none of these
47.Letf: R - Rbegivenby f (X) =tanx. Thenf* (1) is
N B +Znoz
G (8) {nm+7 :n0Z
(C)  doesnot exist (D) none of these

Fill inthe blanksin each of the Exercises 48 to 52.

48. Let the relation R be defined in N by aRb if 2a+ 3b=30. ThenR =
49. Let therelation R be defined on the set
A={1,22345 byR={(ab):|a2- 1 <8. Then Risgiven by
50.Let f={(1,2),(35),4 Dandg={(2,3),(51),(1,3)}. Thengof =—
andfog=
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X
. ; f(X)=—e=. -
51.Letf: R — R be defined by ( ) e Then(fofof)(X) = ——
52.1ff(X) = (4 — (x=7)%}, then f }(X) = ———.

State True or False for the statements in each of the Exercises 53 to 63.

53. LetR={(3,1), (1, 3), (3, 3)} bearelation defined ontheset A={1, 2, 3}. ThenR
issymmetric, transitive but not reflexive.

54. Letf: R - R bethefunction defined by f (x) =sin (3x+2) OxOR. Thenfis
invertible.

55. Every relation whichis symmetric and transitive isalso reflexive.

56. Aninteger missaid to be related to another integer nif misaintegral multiple of
n. Thisrelationin Z isreflexive, symmetric and transitive.

57.Let A = {0, 1} and N be the set of natural numbers. Then the mapping
f:N - Adefinedby f(2n-1)=0,f(2n)=1, OonON, isonto.

58.TherelaionRontheset A={1, 2, 3} definedasR={{1, 1), (1, 2), (2, 1), (3, 3)}
isreflexive, symmetric and transitive.

59. The composition of functionsiscommutative.

60. The composition of functionsisassociative.

61. Every functionisinvertible.

62. A binary operation on a set has always the identity element.

——enulll> © P



INVERSE TRIGONOMETRIC

FUNCTIONS

2.1 Overview

2.1.1 Inverse function

Inverse of a function ‘f ” exists, if the function is one-one and onto, i.e, bijective.
Since trigonometric functions are many-one over their domains, we restrict their
domains and co-domains in order to make them one-one and onto and then find
their inverse. The domains and ranges (principal value branches) of inverse

trigonometric functionsare given bel ow:

Functions Domain
y = sinx [-1,1]

y = cosx [-1,1]

y = cosecx R- (-1,1)
y = secix R- (—1,1)
y = tanix R

y = cotx R

Notes:

Range (Principal value
branches)

O-nm nC
H2 "2t
[0.7]

O-n nQd

2 2H "

e
[O,Tl] - DZD

O nQ
H2 28

(O

(i) The symbol sin*x should not be confused with (sinx)*. Infact sin'x is an
angle, thevalue of whosesineisx, similarly for other trigonometric functions.

(i)  The smallest numerical value, either positive or negative, of 0 is called the

principal valueof thefunction.
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(i)  Whenever no branch of an inversetrigonometric function is mentioned, we mean
the principal value branch. The value of theinverse trigonometic function which
liesintherange of principal branchisitsprincipal val ue.

2.1.2 Graph of an inverse trigonometric function

The graph of an inverse trigonometric function can be obtained from the graph of

original function by interchanging x-axisand y-axis, i.e, if (a, b) isapoint onthe graph

of trigonometric function, then (b, a) becomesthe corresponding point on the graph of
itsinversetrigonometric function.

It can be shown that the graph of an inverse function can be obtained from the
corresponding graph of original function asamirror image (i.e., reflection) along the
liney=x.

2.1.3 Properties of inverse trigonometric functions

7 o[

1. st (sinx) = x ; XDE?,EE
cos’(cosx) = X : x O[O, 7]

O-m mC
tan(tan x) = x . XDB?,EE
cot*(cot X) = x ; x0(0,m)

o
1 = : x O[O0, ] - =
secl(sec X) = x [0,n] HH

O-n nQj
cOsec(Cosec X) = X X DEE’EE_{O}

2. sin(sin? x) = x : x O[-1,1]
cos(cos? x) = x : x O[-1,1]
tan (tan! x) = x 3 x OR
cot (cot? x) = x : x OR
sec(sec™ x) = x : x OR - (-1,1)
COSec (Cosec™ xX) = X : xOR - (-1,1)

3 sin 0= cosec'x -

: Fx : xOR - (-1,1)

SO
cos E;E—sec X xOR - (-1,1)
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4,010 _
tan™ = cot™'x :
E;E : x>0

= — 1T+ cotix : x<0
4. sin? (-x) = —sin~x : x O[-1,1]

cos* (—x) = Tecos*x : x O[-1,1]

tan™ (-x) = —tan-x : x OR

cot? (-x) = Tecotx : x OR

sect (—x) = Tesec’x : x OR —(-1,1)

cosec™ (-x) = —cosec*x  : x OR —(-1,1)
5. sinix + cosix = 5 x 0O-1,1]

T
tanx + cot’x = 5 x OR
L
sec!x + cosecx = 5 : x OR-[-1,1]

Ux+yOd
6. tanix + tanly = tant H _xyH: xy <1

tanx — tanly = tan?! +Xy%Xy>—1

7. 2tanix = sin-ll+x2 -l1<x<1
2
2tanx = cos* 15 x=20
2X
2tanix = tan™? 1 -l<x<1
2.2 Solved Examples
Short Answer (SA.)
V3

Example 1 Find the principal value of cosx, for x = -
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030

3
Solution If cos*H2 H=9, then cos 6 = %

Sincewe are considering principal branch, 8 0 [0, 1. Also, since % >0,0beingin

_ ) 0J/30 g
the first quadrant, hence cos- B;E =%

0. O-nd
Example 2 Evaluate tan ?‘na—%

. 0. O-nd 0O . OniC -
Solution tan-lgn E?%: tan™ Ey—snai%z tani(~1) = e

13n[0
Example 3 Find the value of cos™ E-“DS—E

_ 0 13n0 0 . L0 nC
Solution  cos™ FFOS——~H= cos™ HJOS(ZTHE)E — Ccos H:OSEE

n
5"

] onQ
Example 4 Find the value of tan™ % EE

O TiC
Solution tan™ %an—a = tan tan HTH g

= tan”

mu.Tz

an - T
B s

Example 5 Evauate tan (tan™(- 4)).

Solution Sincetan (tanx) = x, O x U R, tan (tan’(- 4) = - 4.

Example 6 Evauate: tan™./3-sec?(-2) .
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Solution  tan®/3-sec? (- 2) = tan,/3- 11— sec?'2]

E— _1D1|:| 2_T[ E:—E
=3 TS BHE T

WNas

Example 7 Evaluate: sin” ECOSgIn > %

0 0 30 L OO0

Solution SN~ @Osgn —% sin” H:OSE_%‘S”] @E__

Example 8 Prove that tan(cotx) = cot (tanx). State with reason whether the

equality isvalid for all valuesof x.
Solution Let cot™*x = 0. Then cot 8 = x

[ SN I 4 _ T
or, tanai GH—XD tan X-E—G

_ om0 o 40 a
So tan(cot™ x) = tan8 = cot F— — B F=cot (= —cot ™ X FEcot(tan ™ X)
LR

The equality isvalid for all values of x since tan-*x and cot-*x aretrue for x 00 R.

Example 9 Find the value of sec ﬁan E y[
Y mmnCc y
tan*==0 GD ==
Solution Let 5 , where H‘ E So, tanb = 5
o 4+y°
which gives  secB= N
,4 2
Therefore, %c@an‘l Yy secez%_

1

O 580
Example 10 Find value of tan (cos*x) and hence evaluate tan %COS EH'

Solution Let cos*x = 6, then cos 8 = x, where 6 I [0,1q
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J1-cos’0 _1-x

Therefore, tan(cos?x) = tan® =

cosH X
080
Hence tanﬁsos_lgﬁ _ EEH zg

17

. L0500
Example 11 Find the value of SH%CO“QI—Z%

_ -5C
Solution Let cot™ EEzy. Then coty= —

12°
Now Sin cot‘lD_BD:= in
0 = sn
_ a200-50 0O,
= 2siny cosy Zal—aal—a gncecoty<0 SO yDHE’T[%
_—120
169

11 L 40
Example 12 Evauate COSQIH "= +sec 3%

- Gin L st 20 _ cosBint Lo gos 30
Solution cos§n 7 Sec SE_cosgn 7 cos 4E

11|:| |:| 13|:| - |:| 11|:|

L - - 210, 0 430
cospin™ - Fe0s fpos™ - 5= sin fin ™ - gsin gpos™ o g

3 md 1| md
2\ EaH T3\ T EsH
3415 147 31547
=4 4 44 16
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Long Answer (L.A.)

Prove that Zsin-1§ tan! E I
5 31 4
Let sin? §-9 then sin@ = E where 6 [ SRLLS
5 "5 H2 ' 2E
3 . ) 3
Thus tan 6 = e which gives 6 = tan—lz.
Therefore Zsin-l§ tan E
’ 5 31
S0 tant o =2tanis - tant =
STl gy Tetary - Ay
322 8
an 4 o 24 17
- tan D—QD tan 31 — tan! __tan—l_
-0 7 31
0 160
024 17 0O
gl 8lo m
B m+24 1707 %
o 7 310
Prove that
cot'7 + cot'8 + cot?18 = cot3
We have
cot*7 + cot'8 + cot18
= tan—li + tan-ll + tan-1i (sincecot? x = tan-11 if x>0)
7 8 18 X'
O 1+1 O
tan_lgﬂg+ tan_l 11
= Dl—leD (sincex.y = '3 <1
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g3t
.3 1 11 18
= tan™ —+tan 1@ = EnD Exim (sincexy < 1)
O 11 180
65 1
= tant— = tant= = cot!
105 3 cot? 3

Example 15 Which is greater, tan 1 or tan™ 1?

Solution From Fig. 2.1, we note that tan X is an increasing function in the interval

EHTnEsmcel> Dtan1>tann Thisgives
— — isqgiv
ZE 4 4 g Y tan x
tanl>1

T
O tanl>1> —

4 0

-1

0 tan1>1>tan? (1). /2 /4 )

Example 16 Find the value of

sin ﬁZtan‘1 % Ercos(tan‘1 J3).

_ 2 2
Solution Let tan ~ =xandtan! /3 =y sothattanx= — andtany = /3.

3
. 0O 4220 A
sinj2tan™ —grcos(tan™ /3
Therefore, u 3Er' (tan™+/3)
= sin (2X) + cosy
2.2
2tnx 1 3, 1
=5 2 =
1+tan® x \/1+tan2y 1+g 1+\/(\@)2

12 1 87
13 2 26°
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Solve for x

a
x
oGjo
N

tan™ tantx, x>0

+
X

From given equation, we have 2tan™ Slr;x Eiztan‘1 X
X

U
0 2Han™1-tan™ xH= tan™" x
g -1 Tt
2 3t —=tan~
. G E T
1
. <

Find the values of x which satisfy the equation
sntx+sn? (1-x)=cos'x
From the given equation, we have

sin(sint x+sin* (1 - x)) = sin (cos™x)
O sin(sintx) cos (sin* (1 — x)) + cos (sin x) sin (sin* (1 - x) ) =sin (cos™ x)

O Xy1-(1=X)% + (1-X) {1-x* = {1-%

0 xy2x=x% +41-3 (1-x-1)=0

0 x(\/Zx—x2 —\/1—x2 )=O

0x=0 or 2X—-x2=1-x°
5 x=0 . 1
X = or x—2.

L . T
9 Solve the equation sin'6x + sin 6.,/3x = >

m .
lution From the given equation, we have sin™! 6x = _E_Sm 16v3x
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o o gmo g C
O sin (sin! 6x) = sin H_E_Sm 3XE
O = —¢os (sin! 6,/3X)

0 6x = —,/1-108x? . Squaring, we get

36x% =1 - 108x?

1
2 = =+ —
g 144x2 =1 U x 5

1 1
Notethat x =— I isthe only root of the equation as x = I does not satisfy it.

Show that

2 tan! %ang.tan _B - _sinacosp
o 2 2% cosa +sinp

2tan® tan 3P H
) > Ha 2H o L . 2xC
LHS =tan [since 2tan™ x=tan L
1-tan? S anz T-PH O 1=xC
2 oH
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2tan > ﬁ tan2BD
= tan™

%Htanzsmﬁ—tanzmD 2tanﬁ %HtanzqD
2H 2 2 2H

otan 2 l—taan

2 2

1+tan? % 1+tanZE

= tan_l 2 2

1-tan?— 2tanE

. 2

Usinacosp C

tan —
[cosa+sinB

=RH.S

Objective type questions
Choose the correct answer from the given four optionsin each of the Examples 21 to 41.

Example 21 Which of thefollowing correspondsto the principal value branch of tarrt?

Om mc
O m mC
© F5 50— () @
(A) is the correct answer.
Example 22 The principal value branch of sec? is
O 0 o
(A) gg gg‘{ o ® [0m-50

g m mLC

© ©m ©) T3k
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Solution (B) is the correct answer.

Example 23 One branch of cos? other than the principal value branch corresponds to

A Bah 8) [ 2~
© Omn (D) [2m 3
Solution (D) is the correct answer.
. 0 M3
Example 24 The value of SIN EPOS %IS
U
A 3 B -m C — D a’
A 2 B®) — © 1 ©® -5

. . o 401+ 31 3n
Solution (D) is the correct answer. sSin 1@:03 5 ﬁ— sin” COS%TH?E

_ sin? s =8 3nQ =sin” nE“T S
H* 5 H Eﬁ R 5 H

_1[| O Tt

- sin [gn B—lo%_ —

Example 25 The principal value of the expression cos™ [cos (— 680°)] is

211 =21 3ATn
(A) ) (B) 5 © 9 (D)

©l -

Solution (A) is the correct answer. cos? (cos (680°)) = cos? [cos (720° — 40°)]

21
= cos™ [cos (- 40°)] = cos™ [cos (40°)] = 40° = e

Example 26 The value of cot (sin’x) is

2
(A) Jl;x

X
B i
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1-x2

1
© = (©)

Solution (D) is the correct answer. Let sint x = 6, then sin@ = x

1 1
O cosec6=— [0 cosec® = —5
X X
1 _ 2
O l+cot26=— [ cotf= 1-x .
X X

T
Example 27 If tanx = 0 for some x [J R, then the value of cot™x is

21 3n 4m
B — © = (D) —

(A) 5 5

ol

. . LS
Solution (B) is the correct answer. We know tan-ix + cot!x = 5 Therefore

cot-lx—E I

T2 10
Dcot—lx-1 AL 2—“
T2 10 5°

Example 28 The domain of sin! 2x is

(A) [0,1] (B) [-1.1]
01 1C
© B22E (D) [2.2]

Solution (C) is the correct answer. Let sin2x =0 sothat 2x=sin 6.

1 1
Now-1<snB<1, i.e,—~1<2x<1whichgives — XSE'

=<
2

0-3C
Example 29 The principal value of sin? ETE is
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21 T 4T 5n
(A) —3 B 3 © = ) =

Solution (B) is the correct answer.

L0430 . .o . mOo . ,0.mO T
sin ﬁTgsm B—smgaz—sm %lng -3

Example 30 The greatest and least values of (sinx)? + (cos™x)? are respectively

5 ™ T, -T
() —rand (B) Zand—
™ -1 ™
(C) —yand—— (D) --ando.

Solution (A) is the correct answer. We have
(sinx)? + (cos'x)?2 = (sin'x + cos'x)? — 2 sin"'x cos? x

%—Zsin‘1 X%T—sin‘1 XE

™
4

. _l . _1 2
- TISin x+2(sm x)

I
N
=)

N
X
I
N
i,
+
513
imilmim

-ZDT[ZDei o, H_EﬁJriE
Thus, theleast valueis 81—6% 8 and the Greatest valueis > 45 16p

5P
l.e. —.
4

Example 31 Let 8 = sin? (sin (— 600°), then value of B is
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N B) - o = D) =&
A 3 B8 3 © 3 0 —
Solution (A) is the correct answer.
sin” anGWX—H:sn snﬁ_ﬂﬁ
0O 2 . 0. 2nQgd
= sin”' - sinfA-—— 7 = sin" [Ein—
T 3 3
= sm‘l%n - sinBin 0
£ stk e
Example 32 The domain of the functiony = sin’ (- X?) is
(A) [0.1] (B) (0.1)
(©) [-1,1] D) o
Solution (C) isthe correct answer.  y=sin! (-x?) O sny=-
i.e. —1<-x*<1 (since—1<sny<l)
0O 12x=2-1
O 0<sx<1
0 |Xslie-1<xs<1
Example 33 The domain of y = cos? (xX*—4) is
(A) [3,9] (B) [0,
©) B~/5,-V3HD {3, V5(

© [E+5, ~V3Hn B5,V3H

Solution (D) isthe correct answer. y = cos® (x*-4) O cosy =x*—4
i.e. —1<x*-4<1 (since—1l<cosys<l)

0 3 < x<5
0 V3<|{<+5
0 XDH-x@, —\/§HD B@\/EH

Example 34 The domain of the function defined by f (X) = sinix + cosx is
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(A) [-1,1] B) [-1, T+ 1]
(C) (—o0,00) D) ¢

Solution (A) is the correct answer. The domain of cos is R and the domain of sin™' is

[<1, 1]. Therefore, the domain of cosx + sin”'xis R N [—1,1] ,le., [-1, 1].
Example 35 The value of sin (2 sin™! (-6)) is

(A) 48 (B) 96 ©) 12 (D) sin1-2

Solution (B) is the correct answer. Let sin™' (-6) = 0, i.e., sin 0 = -6.

Now sin (20) = 2 sin6 cos0 = 2 (-6) (-8) = -96.

T
Example 36 If sin”! x + sin”! y = 5 then value of cos™ x + cos™ y is

(A) B) = © 0 (D)

2 3
. . . . L
Solution (A) is the correct answer. Given that sin™! x + sin”! y = 5
E—cos_l x|+ E—cos_l I
Therefore, > > y >
T
= cos'x + cosly = 5
a3 a1
Example 37 The value of tan | €0S g+tan 1 is
A 3 B © 3 D) 7

43 41 4 4 1
Solution (A) is the correct answer. tan (COS lgﬂan lzj =tan (tan 1§+tan lzj
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04,10

5—3 4 E}ztantan‘lmgmg-
= tentent 5, 4 11 He [ s

0O 3 40

Example 38 The value of the expression sin [cot™ (cos (tan® 1))] is

1
(A) O (B) 1 © 5 (D)

Solution (D) is the correct answer.

! 1 sin%in‘1 ZE}: 2
. -1 _ - q -1 — 1= - ~
sin [cot (cos 4)] sin [eot™* —7] o \V3g \'3

01cC
i 1y _ 1y — 1
Example 39 The equation tan*x — cot*x = tan %E has
(A) nosolution (B) uniquesolution
(C) infinitenumber of solutions (D) twosolutions

Solution (B) is the correct answer. We have

T T
tanx — cot*x = E and tanx + cotx = E

21
Adding them, we get 2tan-x = 3

Tt
O tarix= 3 i.e, x=3.

Example 40 If a<2sin?x + cos™x <f3, then

A) a=—,p=2 (B) a=0,p=m
2 P77

© a="_"p=>" (D) «=0,B=2m
2P
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-Tt T
Solution (B) is the correct answer. We have 5 < sn'x < >
2 2% =272
O 0 < snlx+ (sinx+cosix) < T
O 0 < 2sin'x+ cosix < Tt

Example 41 The value of tan? (sec2) + cot? (cosec'3) is
(A) 5 (B) 1 (C) 13 (D) 15

Solution (B) isthe correct answer.

tan? (sec'2) + cot? (cosec'3) = sec? (sec?2) — 1 + cosec? (cosec™3) — 1
=22 x1+32-2=11.

2.3 EXERCISE

Short Answer (SA.)

1. Find thevalue of tan” ﬁan E* cos ™ %05— E

5 Evaluat EC 0430 ”E
. valuate COS OS .
92 H 6¢

Or 4.0
3. Prove that COt HZ—Zcot 135:7
' tan D LD_F cot™ 0l D+tan‘l 0 in O-~ [
4, Find the value of E—\/:—)E %E ﬁ EZ %

2nrC
5. Find the value of tan @an?E

2040
6. Show that 2tan (-3) = —- + tan™ 130
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10.

11.

MATHEMATICS

Findthereal solutions of the equation

] 1) +sin /32 1=E
tan™ (/x(x+1) +sin™ {/x* +x+ 5

410 -
Find the value of the expression sin %tan 1§H+cos(tan 12\/5).

T
If 2 tan? (cos 8) = tan™ (2 cosec 0), then show that 6 = 7
where n is any integer.
Show that cos%tan stmErltan‘1 1L
W =
Solvethefollowing equation cos(tan‘1 x) Oort3 E

Long Answer (L.A.)

12.

13.

14.

15.

16.

17.

LA+ +1-x0 4

Prove that tan” 3 —_+ COS X’
v W1+ X2 —4/1-%°
37 =0

4
Find thesimplified formof COS' %COSX"‘ SII’]XE WherexDE— 2B

Prove that Sin‘1§+sin‘13 sm‘lz.
17 5 85

Show that sn" = +cos? S=tan O .
13 5 16

Prove that tan_li "'ta”_lg_ sin” — L .
4 9 J5

1

1
' 4tan* =—tant —
Find the value of 5 239
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- 4+7
18. Show that tan s sin™t Eaz ﬂ and justify why the other value V7
27 a8 3
isignored?
19.  Ifa,a, a,,...,a, isan arithmetic progression with common difference d, then

evaluatethefollowing expression.

tan Etan’lD d Eﬁtan’1D d Eﬁtan’1 o d E}+ +tan’lD d %
0 1‘]—‘+a1a2|:| E+azasﬂ E+a3a4g ta, e, O
Objective Type Questions

Choose the correct answers from the given four optionsin each of the Exercisesfrom
20to 37 (M.C.Q.).

20. Which of thefollowingisthe principal value branch of cos?*x?

O-n nQg
(A H22H ® O
My
© [0 ©  ©m- [0
21. Which of the following isthe principal value branch of cosec?x?
(Fm L [
A Ho2F (B) 01— HH
O-n nQg O-n nQd
©  B22H ®  F22p

22. If 3tan? x + cot™ x = 11, then x equals

1
(A) 0 B) 1 © -1 © 3

0 B3z
23. The value of sin ECOSE?%B
3n Al T -7t
(A) — (B) — (© — (D) Py
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24.

25.

26.

27.

28.

29.

30.

31.

MATHEMATICS

The domain of the function cos? (2x - 1) is

(A) [0,1]] | [F1.1]

© (11 (@) o

The domain of the function defined by f (x) =sin? /x-1 is

A)  [1,2 (B) [-1,1]
© [0,1] (D)  noneof these

0. .2 .0 _
If cos Ef'n g"‘COS XHZO,thenmsequalto

1 2
w oz ® ¢ © o @O 1
Thevaueof sin (2 tan? (.75)) isequal to
(A) 75 (B) 15 (© 96 (D) sinl-5

L0 370
Thevalue of C0S™ %C()S?E isequal to

A 5 ® 5 © 5> O =

It oM m
G~ ® F © 5 O 1
4n
If tar?! x + tanly = ? then cot™ x + cot y equals
Lt 21 3T
G- ® & © - O m

L-a*0 _1D 2x U

a O
If sim™ FE"‘COS FE— H_ 2B wherea, x0]0, 1, then

thevalueof xis

a
(A) 0 ® 5 © a (D)



32.

33.

34.

35.

36.

37.
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O ,070C
The value of cot H:OS 52—5%5
R oo B A T
(A) 24 (B) 7 © o5 (D) Y
M ., 20

The value of the expression tan %COS— EE is

(A)  2++5 B) J5-2

J5+2
2

0 - C
m-lint:tangz 1-cos® C
0 2 \jl+cose C

U2x O

If |x|< 1, then2tan x + sin! EIH-—XZE isequal to

©) (D)  5+42

(A)  4tantx (B) 0 (©) % D) ™

If cosa+cos?B+costy=3mthena(B+y)+B(y+a)+y(a+p)
equals

(A) O | 1 © 6 (D) 1
The  number  of real solutions of the equation

J1+cos2x =+/2 cos ™ (cosx)in SE; T[E is

(A) 0 (B) 1 (© 2 (D) Infinite
If cosix > sin™x, then

(A) %<xs1 (B) 0<sx<

o -lsx<r D) x>0
(©) NA (D)
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Fill in the blanksin each of the Exercises 38 to 48.

38.

39.

40.

41.

42.

43.
44.

45.

46.

47.

48.

O 1C
The principal value of cos* H_EE is

The val f'—lD'ng—"['
e value of sin ?‘ 5Els

If cos (tan* x + cot™? /3) = 0, then value of x is

OLc .
The set of values of sec? BéEIS .

The principal value of tan™ /3 is

he va f 1D05£TE'
The value of cos H: 3 EIS

The value of cos (sin! x + cost x), [Xx| <1is

Osin™t x+cos™ x C
Thevalue of expressiontan E 5 E,when X= - is

02x O
— —1 H |
Ify=2tar! x +sin Elrxgaforallx,then <y<

Ux-yL
The result tanx — tan-ty = tan™ %E is true when value of xy is

The value of cot? (—x) for al x [0 R in terms of cot*x is

State True or False for the statement in each of the Exercises 49 to 55.

49.
50.
51.

52.

53.

All trigonometric functions have inverse over their respective domains.
The value of the expression (cos™ x)2 is equal to sec? X.

The domain of trigonometric functions can be restricted to any one of their
branch (not necessarily principal value) in order to obtaintheir inversefunctions.

Theleast numericd va ue, either positive or negative of angleB iscaled principa
valueof theinversetrigonometric function.

Thegraph of inversetrigonometric function can be obtained from the graph of
their corresponding trigonometric function by interchanging x and y axes.



o4.

55.

INVERSE TRIGONOMETRIC FUNCTIONS

n_ T
The minimum value of n for which tan E>Z,nDN ,isvalidisb.

The principal value of sin [gostin™ Fig I
e principal valueof sin g Ef' 2$|33.

——emlll> @ ——

41



Chapter 3

(Matrices )

3.1 0verview

3.1.1 A matrix isanordered rectangular array of numbers(or functions). For example,

x 4 3C

A=F 3 X0
B x 4F

The numbers (or functions) are called the elements or the entries of the matrix.

The horizontal lines of elements are said to constitute rows of the matrix and the
vertical lines of elements are said to constitute columns of the matrix.

3.1.2 Order of a Matrix

A matrix having m rows and n columnsis called a matrix of order m x n or simply
m x n matrix (read as an m by n matrix).

In the above example, we have A as a matrix of order 3 x 3 i.e,
3 x 3matrix.

In general, an m x n matrix has the following rectangular array :

(By; ap ag... alng
01 8n 8. B
A:[a”.]mxnzgf B I<ismi<j<n i, jON.
@'ml amZ amS almann
The element, 3, isan element lying in the i"" row and j* column and is known as the
(i, )" element of A. The number of elementsin an m x n matrix will be equal to mn.
3.1.3 Types of Matrices

(i) A matrix issaid to be arow matrixif it has only one row.
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(i) A matrix is said to be a column matrix if it has only one column.

(iii) A matrix inwhichthe number of rowsare equal to the number of columns,
issaid to beasquare matrix. Thus, an mx nmatrix issaid to be asquare
matrix if m=nand is known as a square matrix of order ‘n’.

(iv) A sguare matrix B = [bij]nxn issaid to beadiagonal matrixif itsall non
diagonal elements are zero, that is amatrix B = [b ], issaidtobea
diagonal matrix if b”. =0, wheni #]j.

(v) Adiagonal matrix issaidto beascalar matrix if itsdiagonal elementsare
equal, that is, asquare matrix B =[b.] issaidto beascaar matrix if

ij4nxn
b, =0, wheni # j
b, = k, when i =, for some constant k.

(vi) A sguare matrix in which elementsinthe diagonal areall 1 andrest are
al zeroesiscalled anidentity matrix.

In other words, the square matrix A = [aﬂ]nxnis an identity matrix, if
a,=1 wheni=janda, =0, wheni #].

(vii) A matrix is said to be zero matrix or null matrix if all its elements are
zeroes. We denote zero matrix by O.

(iX) Two matricesA = [a“.] andB = [bij] are said to be equal if
(@) they are of the same order, and

(b) each element of A isequal to the corresponding element of B, that is,
a, = b”. foraliandj.
3.1.4 Additon of Matrices
Two matrices can be added if they are of the same order.
3.1.5 Multiplication of Matrix by a Scalar
If A=[a] ., isamatrix and kisascalar, then kA isanother matrix whichis obtained
by multiplying each element of A by ascalar k, i.e. KA = [ka”]mxn
3.1.6 Negative of a Matrix
The negative of a matrix A is denoted by —A. We define —A = (-1)A.
3.1.7 Multiplication of Matrices

Themultiplication of two matricesA and B isdefined if the number of columnsof Ais
egual to the number of rows of B.
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LetA= [au.] bean mx nmatrix and B = [bjk] be an n x p matrix. Then the product of
the matrices A and B is the matrix C of order m x p. To get the
(i, ™ element ¢, of the matrix C, we take the i" row of A and k™ column of B,
multiply them el ementwise and take the sum of all these productsi.e.,

Cik = ail blk + a12 bZk + a13 b3k Tt ain bnk
The matrix C = [c ], is the product of A and B.

Notes:

1. If ABisdefined, then BA need not be defined.

2. If A, B are, respectively mx n, k x | matrices, then both AB and BA are
definedif and only if n=kand| =m.
If AB and BA are both defined, it is not necessary that AB = BA.

4.  If the product of two matricesis a zero matrix, it is not necessary that
one of the matricesis a zero matrix.

5. For three matrices A, B and C of the same order, if A = B, then
AC = BC, but converse is not true.

6. A.A=A%2A.A.A=A3 soon

3.1.8 Transpose of a Matrix

1. IfA= [a“.] be an m x n matrix, then the matrix obtained by interchanging
the rows and columns of A is called the transpose of A.
Transpose of the matrix A is denoted by A' or (AT). In other words, if
A= [aij]mxn’ then AT = [a]i]nxm'

2. Properties of transpose of the matrices

For any matrices A and B of suitable orders, we have

(i) (A=A,

(i) (kA)T = KAT (where k is any constant)
(iii) A+B)T=AT+BT

(iv) (AB)"=BTAT

3.1.9 Symmetric Matrix and Skew Symmetric Matrix

()

A square matrix A = [a“.] is said to be symmetric if AT = A, that is,
a, = g, for all possible values of i and j.
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A square matrix A = [au.] issaidto be skew symmetric matrix if AT=-A,
that is a; = —a, for all possible values of i and .

Note : Diagona elements of a skew symmetric matrix are zero.

(i)

(iv)

Theorem 1: For any square matrix A with real number entries, A+ATis
a symmetric matrix and A— AT is a skew symmetric matrix.

Theorem 2: Any square matrix A can be expressed as the sum of a
symmetric matrix and a skew symmetric matrix, that is
_(A+AT) (A-AT)

2 2

A

3.1.10 Invertible Matrices

(i)

If A isasguare matrix of order mx m, and if there exists another square
matrix B of the same order mx m, suchthat AB=BA =1, then, Aissaid
to be invertible matrix and B is called the inverse matrix of A and it is
denoted by AL

Note :

1

2.
(i)

(i)

A rectangular matrix does not possessitsinverse, sincefor the products
BA and AB to be defined and to be equal, it is necessary that matricesA
and B should be square matrices of the same order.

If Bistheinverse of A, then A isaso theinverse of B.

Theorem 3 (Unigueness of inverse) Inverse of a square matrix, if it
exigts, isunique.

Theorem 4 : If A and B are invertible matrices of same order, then
(AB)* = B*AL

3.1.11 Inverse of a Matrix using Elementary Row or Column Operations

To find At using elementary row operations, write A = |A and apply a sequence of
row operations on (A = 1A) till we get, | = BA. The matrix B will be the inverse of A.
Similarly, if wewishtofind A-* using column operations, then, write A=Al and apply a
sequence of column operations on A = Al till we get, | = AB.

Note : In case, after applying one or more elementary row (or column) operations on
A=I1A(orA=Al),if weobtain all zerosin one or morerows of thematrix AonL.H.S.,
then A-* does not exist.
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3.2 Solved Examples
Short Answer (SA.)

Example 1 Construct a matrix A = [a”.] whose elements a, are given by

2x2
a, = €”sinjx.

Solution For i=1,j=1, a,, = e sinx
For i=1,j=2, a, = > sin 2x
For i=2,j=1, a, = e*sin x
For i=2,j=2, a = e gin 2x

[&*sinx e**sin2x0

Thus A= %“"sinx e“xsinZXE

2 30 a 3 2C aArC 4 6 801
Example2 IfA= BI- ZH'B_ H‘ 3 1E,C— &E,D— % 7 9H,then
which of the sumsA + B, B + C, C+ D and B + D is defined?
Solution Only B + D is defined since matrices of the same order can only be added.

Example 3 Show that amatrix whichisboth symmetric and skew symmetricisazero
matrix.

Solution LetA= [au.] be a matrix which is both symmetric and skew symmetric.
SinceA is askew symmetric matrix, SOA' = -A.
Thusfor dl i and j, we havea” =-a, (D]
Again, since A isasymmetric matrix, SOA' = A.
Thus, for all i and j, we have

& = & @
Therefore, from (1) and (2), we get

a, = -3, foraliandj
or 28, =0,

e, a,=0foraliandj. HenceA is azero matrix.
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[2x 3] 01 20 D(D:O )
Example 4 If %_3 OE %E , find the value of x.
Solution We have
[2x 3 TR GEETe 0 [2x-9 44 20 = [0]

33 of t8H 8

or X -9x +32xH=[0] O 2x*+23x=0
-23

or X(2x+23)=0 u X=0,x= >

Example5 If Ais3 x 3invertible matrix, then show that for any scalar k (non-zero),
i . 1 .
KA isinvertible and (kA)™ = EA

Solution  We have
M, .0 10
(kA) HZA H= % HA Ay =10)=1

-1

kA) isi f BATH A)T = A
Hence (kA) isinverse o 5> H or (kA)* = K

Long Answer (L.A))

Example 6 Express the matrix A as the sum of a symmetric and a skew symmetric
matrix, where

@2 4 -6C
a=df 3 5¢
H -2 4
Solution We have
@2 4 -6r 02 7 1C
a=t 3 5C  then A=t 3 2

A -2 4E 6 5 4E
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0. 11
02 3
04 11 -50 511
O_
. A+A 1 J1 6 3g=5, 3
ence 2 —25_5 3 8@ EI__S 3
2 2
EP =3
s 2
m -3 -70 E@
O_
A-A 13 0 7g=3 0O
and — =5 -7 08
2 2@ D7 -7
o !
B 2
Therefore,
0. 11 -50 -3
02 -5 S0 EP D
92 29 g 2
A+A" A-A _ 11 3 3o, 3 0
2 2 Ez 2% By
™ 3 4 0 %.ﬁ
g2 2 g B 2
1 3 2C

C

Example 7 If A = % 0 _1[, then show that A satisfies the equation

H 2 3E
A*4A-3A+111 = O.

a 2 20

3 20 O 3

0 .0

Solution A2=AXA:% 0 15"% 0 -17
R 2 38 A 2 3F

o NN N|\',
e e e e e

|
[6)
e

N
.

A Nlw
imimimininis

o NI~ I\)|\|‘
I Y
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[1+6+2 3+0+4 2-3+60
_2+0-1 6+0-2 4+0-37
H+4+3 3+0+6 2-2+9(H

® 7 50
C
=§r 4 1t
B 9 o
® 7 50 0 3 2C
0 O
po=pxa=d 4 19X 2 0 -1
9 95 A 2 3E

M+14+5 27+0+10 18-7+15C
_Ol¥8+1  3+0+2  2-4+3 ¢
B+18+9 24+0+18 16-9+27F

(28 37 26C

_do 5 1f
B35 42 34F

A3 — 4A% — 3A + 11(1)

(28 37 2600 [® 7 50 3 20 1 0 0O

o 5 19-44 4 15‘3% 0 -13+11 1 1 of
M5 42 34 B 9 98 B 2 38 @ 0 1§

28-36-3+11 37-28-9+0 26-20-6+0C

810—4—6+0 5-16+0+11 1-4+3+0 E

B5-32-3+0 42-36-6+0 34-36-9+11F
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m 0 or

%)oo[
- C=0

B 0 OE

02 3C
Example 8 Let A=H_1 ZE Then show that A2 - 4A + 71 = O.

Using thisresult calculate ASalso.

02 3002 30 01 120

. A2: -
Solution We have %_1 2% %_1 2% %_4 1%’

38 -12C Y 0O
—4A=n Cand 71= 0.
04 -8rC %3 Un

01-8+7 12-12+00 [0 00O
Therefore, A2—4A +7I =Er4+4+0 1-8+7 H :BJ OB:O
O A2 =4A -7
Thus A3=AA2=A(4A-T7I) =4 (AA-TI)-TA
= 16A - 281 - 7A =9A - 28|
and so A5 = ASA?
= (9A - 281) (4A -TI)
36A2 - 63A - 112A + 1961
36 (4A - 71) — 175A + 196l
= - 31A - 56l

02 30 _ . OC

=-31 —56 C
1 20 %) 1r
18 -93[
-0 O

N3l -118(



MATRICES 51

Objective Type Questions
Choose the correct answer from the given four optionsin Examples9to 12.
Example 9 If A and B are square matrices of the same order, then
(A +B) (A-B)isequal to
(A) A? - B2 (B) A?-BA-AB-B?
(C) A?-B2+BA-AB (D) A2-BA+B?+AB

Solution (C) is correct answer. (A+ B) (A-B)=A(A-B)+B (A-B)
=A?-AB + BA-B?

2 3C
Example 10 If A = H_4 5 1Eand B= C, then
H SE
(A) onlyAB isdefined (B) only BA isdefined

(C) AB and BA both are defined (D) AB and BA both are not defined.

Solution  (C) is correct answer. Let A = [a],,, B = [b ], Both AB and BA are
defined.
M 0 5C
C
Example 11 The matrix A = %) 5 Orisa
B 0 OE
(A) scalar matrix (B) diagonal matrix
(C©)  unitmatrix (D) sguare matrix

Solution (D) is correct answer.

Example 12 If A and B are symmetric matrices of the same order, then (AB' —-BA")
isa

(A) Skew symmetric matrix  (B) Null matrix
(C) Symmetric matrix (D) None of these
Solution (A) is correct answer since
(AB' -BA')' = (AB')' — (BA')'
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(BA" — AB")
- (AB' -BA")
Fill in the blanksin each of the Examples 13 to 15:

Example 13 If A and B are two skew symmetric matrices of same order, then AB is
symmetric matrix if

Solution AB = BA.
Example 14 If A and B are matrices of same order, then (3A -2B)’ is egqual to

Solution 3A" -2B.

Example 15 Addition of matrices is defined if order of the matricesis
Solution Same.

State whether the statementsin each of the Examples 16 to 19 istrue or false:
Example 16 If two matrices A and B are of the same order, then 2A + B = B + 2A.
Solution True

Example 17 Matrix subtraction is associative

Solution False

Example 18 For the non singular matrix A, (A")* = (A7Y).

Solution True

Example 19 AB =AC O B = C for any three matrices of same order.
Solution False

3.3 EXERCISE

Short Answer (SA.)

1. If amatrix has 28 elements, what are the possible ordersit can have? What if it
has 13 elements?

2.  Inthematrix A =
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(i) The order of the matrix A
@ii)) The number of elements
(i) Write elements a

a a

23° 7317 12

Construct a,. ., matrix where

. 52

(1)
Construct a 3 x 2 matrix whose elements are given by a,= e*sinjx

Find values of a and b if A = B, where

a+4 3b 2a+2 b*+2
A= . B:

|-2i + 3l

i

8 -6 8 b*=5b

If possible, find the sum of the matrices A and B, where A = {

2 3
(x vy z
and B = a b 6
3 1 -1 2 1 -]
It X=_5 o 3 and Y = 7 9 4 , find
) X+Y (i) 2X -3Y
(i) A matrix Z such that X + Y + Z is a zero matrix.

Find non-zero values of x satisfying the matrix equation:
2x 2 8 5 : 24
) X +9 x| _ 5 (x*+8)
3 x 4 4x 10  6x|

01 0 -1
IfA:[1 J andB:[1 0]showthat(A+B)(A—B)¢A2—B2'
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10.

11.

12.

13.

14.

15.

16.

17.

18.

MATHEMATICS

Find thevalue of x if

o1 3 2C [0C

1 x 1 2 51 Zr-o
HS 3 2B HE

05 3C
Show that A = H’l —ZE satisfies the equation A2 — 3A — 71 = O and hence

find AL,
Find the matrix A satisfying the matrix equation:

@2 10, 3 20 1 0O

B %0 T o

@C 4 8 4C
C 0o C
Find A, if %EAle 21

C
EBE B3 6 3E
B -4C
% 1[ 2 1 2C )
If A= C andB= , then verify (BA)?# B2A?2
H 2 4
B OE
If possible, find BA and AB, where
4 1C
2 1 2C C
3

AR 2R g

Show by an example that for A# O, B # O, AB = O.

1 4rC
2 4 0C % ol

Given A= [} CandB= C.1s(AB) = B'A"?
9 6 A 3

Solvefor xand y:



19.

20.

21.

22.

23.

24,

25.
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XE2D+yEBD+ 0-80_

H 0" 0.8~

HH"'BH" B

If X andY are2 x 2 matrices, then solvethefollowing matrix equationsfor X and Y

2 30 02 2C
2X +3Y = H‘ OH’3X+2Y: Hl _SE.
IfA=[3 5], B=[7 3|, thenfind anon-zero matrix C such that AC = BC.

Give an example of matrices A, B and C such that AB = AC, where A is non-
zero matrix, but B # C.

01 2C 2 3C 01 OC

IfA=H_2 1E, Bz% _4Eand C= H‘l OE,verify:

() (AB)C=A(BC) (i) A(B+C)=AB+AC.

x 0 OC a 0 0O
C 0
If P= %) y O[andQ: %) b OD, prove that
M 0 zE M 0 cH
xa 0 OC
O C
HO 0 zcE

01 0 -1C O1C
Dl 1 O[DO[

If: [2 1 3 O C O°C=A, findA.
O 1 1EBIE
5 3 40 31 2 1C

IfA=1[21, B= 3 7 6Band C = b oo 2F verify that
A (B +C)=(AB +AC).
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26.

27.

28.

29.
30.

31.

32.

MATHEMATICS

@1 0 -10
% 1 3O . . .
IfA= [, then verify that A2+ A =A (A + 1), where | is 3 x 3 unit
B 1 1F
matriX.
4 OC
M -1 20 % 3L )
IfAzg1 3 _4Hand B= [, then verify that :
2 6E
0] (A) =A
(i) (AB) = B'A’
(iii) (KA) = (kA").
a 2C a 2C
C C
IfA= %‘ 1[, B= % 4[, then verify that :
B 6k F 3E

@) (A +B) =2A"+B'
(in) (A-B) =A'"-B.
Show that A'A and AA’ are both symmetric matrices for any matrix A.

Let A and B be square matrices of the order 3 x 3. Is (AB)? = A2 B2 ? Give
reasons.

Show that if A and B are square matrices such that AB = BA, then
(A+B)?=A2+2AB + B2

01 2C 4 0O 2 0L
LetA= H‘l 3E, B= H 5H’ C = Bl _zEanda=4,b=—2.
Show that:

@ A+B+C)=(A+B)+C
(b) A(BC)=(AB)C



33.

34.

35.

36.

37.

38.

39.
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(c) (a+h)B=aB +bB
(d a(C-A)=aC-aA
(e) (A=A

() (AT =bAT

(9 (AB)"=BTAT

(h) (A-B)C=AC-BC
i) (A-B)Y'=AT-BT

(cos8 sinBLC , Dcosze sin29[
IfA_%—sme cosGE then show that A® = [-;—smze cosze['

0 -xC
IfAzB( XE B= B Eandx2 -1, then show that (A + B)? = A? + B2,

M 1 -1C
4 C
Verify that A2=1 when A = %‘ 3 4E.

B -8 4F

Prove by Mathematical Induction that (A')"= (A")', wheren O N for any square
matrix A.

Findinverse, by elementary row operations (if possible), of the following matrices

_ 01 30 ) 01 -30
®  Hs 7H @  Ho ef
4 C B wd

If Bz+6 X+YE E) Bthenfindvaluesofx,y,zandw.

1C
IfA= E] 12EandB EJV Ef|ndamatr|szuchthaISA+58+2C|sanull

matrix.
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40.

41.

42.

43.

44.

45.

46.

47.
48.

MATHEMATICS

03 -50C
— H 2 _ _ 1 3
If A= H_4 2 E then find A%2 - 5A — 14l. Hence, obtain A3,

Find thevaluesof a, b, cand d, if

Ea bC [Oa 04 a+bO
H: dF= H1 ZdE H+d 3 H
Find the matrix A such that

02 -1C 31 -8 -10C

O C O _ cC

ol Oca=pl 2 -5¢

B3 4F H9 22 155

IfA= H‘ HflndA2+2A+7I

[(cosa  sina [
If A= H—sina COSO(E,andA-le’,findvalueofO(.

M a 3C
. % b —1t. . o
If the matrix Cisaskew symmetric matrix, find thevaluesof a, band c.
£ 1 OF
[rosx sinx[
If P(x) = %—sinx cost’ then show that

PX.Py)=PX+y)=P(y).P(X.
If A issquare matrix such that A2 =A, show that (I + A)*=7A + 1.

If A, B are square matrices of same order and B is a skew-symmetric matrix,
show that A'BA is skew symmetric.

Long Answer (L.A.)

49.

If AB = BA for any two sgaure matrices, prove by mathematical induction that
(AB)" = A" B".



50.

51.

52.
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M 2y z[
Findx,y, zif A= % y —ZE satisfiesA' = AL,
B -y zZE

If possible, using elementary row transformations, find theinverse of thefollowing
meatrices

02 -1 3C 02 3 -3C @2 0 -10
R C 0, _ C O
@ o2 3 It giyol 2 2¢ (iii)% 1 0q
H3 2 3E H 1 -1F M 1 3B
@2 3 1C
. % -1 ok . .
Expressthe matrix [ asthe sum of asymmetric and a skew symmetric
B o1 2F

matrix.

Objective Type Questions

Choose the correct answer from the given four options in each of the Exercises

5310 67.
M 0 40
O
53. Thematrix P= g) 4 ODisa
B 0 0f
(A) square matrix (B) diagonal matrix
© unit matrix (D) none
54. Total number of possible matrices of order 3 x 3witheachentry 2 orOis

55.

(A) 9 B 27 (C) 8 (D) 512

@2x+y 4xC [¥ 7y-13C )
If %x—? 4XE:B/ X+6 E,thenthevalueofx+y|s

(A) x=3,y=1 (B) x=2,y=3
(© x=2,y=4 (D) x=3,y=3
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56.

o7.

58.

59.

60.
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D'n'l(xzr) tan™ XL o cos™(xz) tan™ OxOL
1B BrtE 10 HeHE
If A= 7Z'|:|_n_1 OX COt_l( X)[’ B = ”DSin_l Ox[O tan‘l( X)[’ then
T - T
S =ms 5 5 B8 c
A-B isequal to
1
A) ® O <G 2 (D) 5'
If A and B are two matrices of the order 3 x mand 3 x n, respectively, and

m = n, then the order of matrix (5A — 2B) is

(A) mx 3 (B)3x3 (C)mxn (D)3 xn
0 1C .
IfA= B_ OE' then A% isequal to

[0 1 0O

1C
AR o ® B of

0 10 1 OoC
© B © B F
If matrix A =1[a,,, wherea, = 1if i # |
=0if i =j
then A%isequa to
(A) I (B) A © 0 (D) None of these
1 0 OoC
C
Thematrix%) 2 0Eisa
B 0 4
(A) identity matrix (B) symmetric matrix

© skew symmetric matrix (D) none of these
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0o -5 80
0 0
The matrix D5 0 12D isa
/8 -12 0f
(A) diagonal matrix (B) symmetric matrix

© skew symmetric matrix (D) scalar matrix

If A ismatrix of order m x n and B is a matrix such that AB' and B'A are both
defined, then order of matrix B is

(A) mx m (B) nxn
© nxm (D) mx n
If A and B are matrices of same order, then (AB'-BA") isa

(A) skew symmetric matrix ~ (B) null matrix

© symmetric matrix (D) unit matrix

If A isasguare matrix such that A2 = I, then (A-1)% + (A + 1)®-7Ais equal to
(A) A (B) 1-A (©) I1+A (D) 3A

For any two matrices A and B, we have

(A) AB=BA (B) AB=zBA

© AB=0 (D) None of the above

On using elementary column operations C, - C, - 2C, inthe following matrix

equation
1 80 @ -1C B 1C

b aBB 1F B dpveree

0 -5C 01 -1C B -5C

® R ar=He 2f & of

1 -50 @ -1C 03 -5C
® b 45 B 1F Bo 2F



62

67.

MATHEMATICS

1 -50 @ -3C O3 1C

© B oB™H 1F B2 4F

@A -50 @ -1C B -5C

® B of ™k 1E B oF

Onusing elementary row operationR, - R, —3R, inthefollowing matrix equation:

4 20 @ 20 2 0O

% Sﬁzﬁ) 3H B_ 1H,Wehave:

-7C 1 -7C 2 0O

5
W H sF°B sFH af

-7C O 2031 -3C

+5
® B sF7R HH 1f

-7C @O 2C 2 00O

+5
© Hs 3FTH EH 4f

04 2C 01 2C 2 0O~
®  Hs 7F=Hs -sFH 1f

Fill in the blanks in each of the Exercises 68-81.

68.
69.
70.
71.
72.
73.
74.
75.

matrix is both symmetric and skew symmetric matrix.
Sum of two skew symmetric matrices is aways matrix.

The negative of amatrix is obtained by multiplying it by

The product of any matrix by the scalar isthe null matrix.
A matrix which is not a square matrix iscaled a matrix.
Matrix multiplicationis over addition.

If A isasymmetric matrix, then A3 isa matrix.

If Aisaskew symmetric matrix, then A2 isa
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76. If A and B are square matrices of the same order, then

@) (ABy=__ .
(ii) (kA)' = . (kisany scalar)
(iii) [k (A-B)] =
77. If Ais skew symmetric, then kA isa . (kis any scalar)

78. If A and B are symmetric matrices, then
(@) AB - BA is a
(i) BA - 2AB is a

79. If A'is symmetric matrix, then B'AB is

80. If A and B are symmetric matrices of same order, then AB is symmetric if and
only if

81. In applying one or more row operations while finding A~ by elementary row
operations, we obtain all zerosin one or more, then A~

State Exercises 82 to 101 which of the following statements are True or False
82. A matrix denotes a number.
83. Matrices of any order can be added.

84. Two matrices are equal if they have same number of rows and same number of
columns.

85. Matrices of different order can not be subtracted.

86. Matrix addition isassociative aswell ascommutative.

87. Matrix multiplication iscommutative.

88. A sgquare matrix where every element isunity iscalled an identity matrix.
89. If A and B are two square matrices of the same order, then A+ B =B +A.
90. If Aand B are two matrices of the same order, then A—-B =B - A.

91. If matrix AB =0, thenA =0 or B = O or both A and B are null matrices.
92. Transpose of acolumn matrix isacolumn matrix.

93. If A and B are two square matrices of the same order, then AB = BA.

94. If each of the three matrices of the same order are symmetric, then their sumis
asymmetric matrix.
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95. If A and B are any two matrices of the same order, then (AB)' = A'B'.

96. If (AB)' =B’ A’, where A and B are not square matrices, then number of rows
inAisequal to number of columnsin B and number of columnsinAisegual to
number of rowsin B.

97. If A, B and C are sguare matrices of same order, then AB = AC alwaysimplies
that B = C.

98. AA’isawaysasymmetric matrix for any matrix A.

2 3C

99. IfA= B 4 2Eande [, then AB and BA are defined and equal .
2 1

100. If A'is skew symmetric matrix, then A% is a symmetric matrix.

101. (AB)*=A". B, whereA and B areinvertible matrices satisfying commutative
property with respect to multiplication.

——eall> § E——



Chapter 4

( DETERMINANTS)

4.1 Overview
Toevery square matrix A = [au.] of order n, we can associate anumber (real or complex)
called determinant of thematrix A, written asdet A, Wherea”. isthe(i, j)th element of A.

a bO
If A=H: dB, then determinant of A, denoted by |A| (or det A), is given by

b
|A] =‘ ‘ = ad - bc.

a
c d
Remarks

(i)  Only square matrices have determinants.
(i) Foramatrix A, |A|isread as determinant of A and not, as modulus of A.

4.1.1 Determinant of a matrix of order one
Let A =[a] bethe matrix of order 1, then determinant of A is defined to be equal toa.
4.1.2 Determinant of a matrix of order two

a bO
LetA= [a”.] = % d H be amatrix of order 2. Then the determinant of A is defined

as: det (A) = |JA| = ad - bc.

4.1.3 Determinant of a matrix of order three

The determinant of amatrix of order three can be determined by expressingitinterms
of second order determinants which is known as expansion of a determinant along a
row (or a column). There are six ways of expanding a determinant of order 3

corresponding to each of three rows (R,, R, and R,) and three columns (C,, C, and
C,) and each way gives the same value.
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Consider the determinant of a square matrix A =[a ],,,, i.e.,
B Gy 3
Al=lan 8, ax

& 8y g3

Expanding |A|along C,, we get

Al =a, 1)

Ay A3

&) ag

= au(azz G — Ay a32) - ay (a12 , — A a32) +tay (a12 &y — Ay a22)

3,

8y ay

A &
+ a21 (_1)2+1 3 + a31 (_1)3+1

2
&y Az

Remark In genera, if A = kB, where A and B are square matrices of order n, then
A|l=k" B, n=1, 2, 3.

4.1.4 Properties of Determinants

For any square matrix A, |A| satisfies the following properties.

()
(i)

(i)

(iv)

v)

(Vi)

|A’'| = |A], where A’ = transpose of matrix A.

If we interchange any two rows (or columns), then sign of the determinant
changes.

If any two rows or any two columns in a determinant are identical (or
proportional), then the value of the determinant is zero.

Multiplying adeterminant by k means multiplying the el ements of only onerow
(or one column) by k.

If we multiply each element of arow (or acolumn) of adeterminant by constant
k, then value of the determinant is multiplied by k.

If elements of a row (or a column) in a determinant can be expressed as the

sum of two or more elements, then the given determinant can be expressed as
the sum of two or more determinants.
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(vii)  If to each element of arow (or acolumn) of adeterminant the equimultiples of
corresponding elements of other rows (columns) are added, then value of
determinant remains same.

Notes:

(i) If dl thedlementsof arow (or column) arezeros, then theval ue of the determinant
iszero.

(i) If value of determinant ‘A’ becomes zero by substituting x=a, thenx-a isa
factor of ‘A’.

(iii)  If al the elements of adeterminant above or below the main diagonal consistsof
zeros, then the value of the determinant is equal to the product of diagonal
elements.

4.1.5 Area of atriangle
Areaof atriangle with vertices (x,, y,), (X,, ¥,) and (X, y,) is given by

1 X Y
A—E X Y
X3 Y3
4.1.6 Minorsand co-factors
(i) Minor of anelement Y of the determinant of matrix A isthe determinant obtained
by deleting i row and j*" column, and it is denoted by M.

(i) Co-factor of an element a; isgiven by A, = (-1)" M,.

(iii) Vaueof determinant of amatrix A isobtained by the sum of products of el ements
of arow (or acolumn) with corresponding co-factors. For example

|A| = a11 All + a12 A12 + a13 A13'

(iv) If elementsof arow (or column) are multiplied with co-factors of elements of

any other row (or column), then their sumis zero. For example,
a11 A21 + a12 A22 + a13 A23 = 0

4.1.7 Adjoint and inverse of a matrix

(i) Theadjoint of asquare matrix A = [a”.]nxn isdefined asthe transpose of the matrix
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[a,],. where A, is the co-factor of the element a,. It is denoted by adj A.

Q; dp a3 An Ay Ay
If A=lay ay, ay| thenad A=|A, A, Ay, WhereA,iscofactorof g,.
& B agx Az Ay Ag

(i) A (adj A) = (adj A) A =|A| I, where A is square matrix of order n.

(iii) A square matrix A is said to be singular or non-singular according as|A| =0 or
|A]| # O, respectively.

(iv) If Alisasguare matrix of order n, then |adj A| = |JAI".

(v) If Aand B are non-singular matrices of the same order, then AB and BA are
a so nonsingular matrices of the same order.

(vi) Thedeterminant of the product of matricesisequal to product of their respective
determinants, that is, |[AB| = [A| |B.

(vii) If AB=BA =1, whereA and B are square matrices, then B is called inverse of
AandiswrittenasB=A1 Also B1= (AY)1=A

(viii) Asguarematrix Aisinvertibleif and only if A isnon-singular matrix.

1
(ix) If Aisaninvertible matrix, then A= 7 (adj A)

|A]
4.1.8 System of linear equations

(i) Considertheequations:. ax+b y+c z=d,

ax+by+c,z=d,

ax+b,y+c,z=d,

In matrix form, these equations can be written asA X = B, where

qD (xO [tzl1

(ol b ofx-Bine-

Be by 6H  EBH @3@

(i) Unique solution of equation AX =B isgiven by X = A-1B, where |A| £ 0.



DETERMINANTS 69

(iii) A system of equations is consistent or inconsistent according as its solution
existsor not.

(iv) For asguare matrix A in matrix equationAX =B

(@) IfJA|# 0, then there exists unigque solution.

(b) If|JA]=0and (adj A) B # 0, then there exists no solution.

(c) If|A]=0and (adj A) B =0, then system may or may not be consistent.
4.2 Solved Examples
Short Answer (S.A.)

2x 5/ |6 5
Example 1 If 8 :8 , then find x.

Solution We have

2x 5 |6 5
8 :8 . This gives

2% -40=18-40 O x =9 0 x=%x3.

1 x x° 1 1 1
Example2 If A=l y Y A =|yz X xy , then prove that A + A, = 0.
1 z 7 X y z
1 1 1
Solution We have A, =|yz zX Xy
X y z

Interchanging rows and columns, we get

1 yz x 1xxyzx

A=l x y ==y »z ¥y’
Xyz

1 xy z z xyz 7%
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x 1 x°

Xyz 9
_——ly 1y ;
= xyz 1 Interchanging C, and C,

1 x x°

_ED y yi=-A
1z 7

0 A+A =0

Example 3 Without expanding, show that

cosec’®  cot’0 1
A=| cot’® cosec’® -

=0.
42 40 2
Solution ApplyingC, - C, - C, - C,, we have
cosec’0-cot’0-1 cot’® 1 0 cot’0 1
A=|cot?0—cosec’0+1 cosec’® -1 _ [0 cosec’®0 -1=0
0 40 2 0 40 2

Example 4 Show that A= =(X-p) 0+ px-20)

o T X
O X ©
X O O

Solution ApplyingC, —» C - C,, we have

q 1 poq
q =(x-pJ|-1 x g
X 0 g x

X=p
A=|p—-Xx
0

QO X ©
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0 p+x 2q
=(x-p)-1 x g| ApplyingR, - R +R,
0 q X

Expanding along C,, we have

A=(x=p)(px+Xx*=20°) = (x=p)(X* + px—2q°)

0 b-a c-
Example5If A=la-b 0 c-—b|, then show that Aisequal to zero.
a-¢c b-c O

0 a-b a-c
Solution Interchanging rows and columns, weget A=b-a 0 b-¢
c-a c-b O

Taking ‘-1’ common from R, R, and R,, we get

0O b-a c-a
A=(-1)*la-b 0 c-bl=-A
a-¢c b-c O

O 2A =0 or A =0
Example 6 Provethat (A™) = (A)™, where A is an invertible matrix.
Solution  SinceA isaninvertible matrix, so it isnon-singular.
We know that |A| = |A']. But |A|#Z0.So|A'|#0 i.e A’ isinvertible matrix.
Now we know that AA* = A7 A =1.
Taking transpose on both sides, we get (A™)" A'=A" (A7)’ =()' =1
Hence (A?) isinverseof A’ i.e, (A")*= (A"

Long Answer (L.A.)

X 2 3

Example 7 If x=-4isaroot of A=|1 X 1/=0, then find the other two roots.
3 2 X
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Solution ApplyingR, - (R, +R, +R)), we get

X+4 Xx+4 x+4
1 X 1
3 2 X

Taking (x + 4) common from R, we get

111
A=(x+4) |1 x 1
3 2 X

ApplyingC, - C,-C,C, - C,-C,, we get

1 0 0
A=(x+4))1 x-1 O
3 -1 x-3

Expandingalong R,

A= (x+4)[(x-1) (x-3)-0]. Thus, A=0implies
x=-4,1,3

Example 8 In atriangle ABC, if

1 1 1
1+snA 1+snB 1+snC |=0,
sinA+sin?A  sinB+sin’B  sinC+sin’C|

then prove that AABC isan isocelestriangle.

1 1 1

Solution Leta= | 1TSNA 1+sinB 1+sinC

sinA+sin?A  sinB+sin’B  sinC+sin’C
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1 1 1

_ [I+snA 1+sinB 1+sinC R, - R,- R,

-cos’A  -cos’B  -cos?C

1 0 0
_ |1+snA  snB-sinA sinC-sinB (G, - C,-C, andC, - C,-C)
2 2 2 2
-cos’A cos’A —cos’B  cos?B - cos’C

Expanding along R, we get
A = (sinB = sinA) (sin?C - sin?B) — (sinC — sin B) (sin?B — sin%A)
= (sinB —sinA) (sinC - sinB) (sinC —sin A) =0
O either sinB —sinA =0 or sinC —sinB or sinC —sinA=0
A=BorB=CorC=A

i.e triangle ABCisisoceles.

3 -2 sn30 1
Example 9 Show that if thedeterminant A=| =7 8 ©0s26|=0,thensnB=0or >
-11 14 2

Solution Applying R, - R, +4R and R, - R, + 7R, we get

3 -2 sin30
5 0 co0s20+4sin30|=0
10 O 2+7sin36

or 2[5(2+ 7 sin30) — 10 (cos20 + 4sin30)] =0
or 2+ 7sin30 — 2c0s206 — 8sin30=0
or 2-2c0s20 —sin30 =0

sinB (4sint@ +4sin@ -3)=0
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or sin@=0or (2sin@-1)=0o0r (2sin@+3)=0

1
or sin9=00rsin9=5 (Why ?).

Objective Type Questions

Choosethe correct answer from the given four optionsin each of the Example 10and 11.

Ax X2

A B C
Example 10 Let A=|By y* landA,=|x y z|, then
Cz 7 zy X Xy
A) A =- B AzA
© A-A=0 (D)  None of these
A B C A X yz
Solution (C) isthe correct answer since &,=|X 'y z| =B y X
zy x x| |C z Xy
2
Ax X2 AX X
R
=—By ¥ w7 =%z Y 7 =a
Xyz 2 Cz 7
Cz z¢ xyz
COSX -sinx 1
Example 11 If x, y O R, then the determinant A=| sinXx CoSX 1 lies
cos(x+y) -sin(x+y) O
intheinterval
(A) F2.2f (8 [-1, 1]
(©) Fv21F (D) FL-V2.F

Solution The correct choiceisA. Indeed applying R, —» R, - cosyR, + sinyR,, we get
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COSX —SinX 1
A=|sinx cosx 1
0 0 siny —cosy,
Expanding along R,, we have

A = (siny — cosy) (cos’X + sin’x)
01 . 1 O
— (qiny =2 siny———cos
(siny — cosy) %JTZ y > YH

o m. LT U . T
:x/éa:oszsmy—smzcosyg :\/Egn(y_z)

Hence - /2 <A< /2.
Fill inthe blanksin each of the Examples 12 to 14.

Example 12 If A, B, C are the angles of atriangle, then

sin?A  cotA
A=|sin’B cotB U=..........
sin?C  cotC

Solution Answer is0. Apply R, - R,-R,,R, - R,—R..

J23+43 5 5
Example 13 The determinant A=\15++/46 5 /10| isequd to ..............

3+/115 15 5

Solution Answer is 0.Taking /5 common from C, and C, and applying
C, - C,- /3 C,, we get the desired result.

Example 14  Thevalue of the determinant
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sin?23°  sin®67°  cos180°
A=|-sin®67° -sin®23° cos?180°|=..........
cosl80° sin?23°  s€in?67°

SolutionA=0.Apply C, - C, +C, +C..
State whether the statements in the Examples 15 to 18 is True or False.
Example 15  The determinant

cos(x+y) -—sin(x+y) cos2y
A=| sinx COSX siny
—COoSX sinx cosy
isindependent of x only.
Solution True. Apply R, — R, +sinyR, + cosy R,, and expand
Example 16  Thevalue of

1 1 1
n Cl n+2 Cl n+4 C
n C2 n+2 C2 n+4 C2

Solution True

x 5 20
Example 17 If A=(2 y 33, xyz =80, 3x+ 2y + 10z= 20, then
a1
BL 0 Or
AadiA=0 8l OF.
B 0 8IF

Solution : False.
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o1l 50
0, 4 50O
2 2
M 1 30 Dl SD
_ UOaa_ O _2°0
Example 18 If A—%- 2 xpgAT= g > 3 >0
P 3 1H 0 0
ks 1g
—_ y —_
g2 28

thenx=1,y=-1.
Solution True

4.3 EXERCISE
Short Answer (S.A.)

Using the properties of determinantsin Exercises 1 to 6, evaluate:

, atx y z
1 X“—x+1 X_i‘ > X aty z
X+1 X+ " y a+tz
0 x x2 3X  —X+Yy -X+z
3, Xy 0 yZ A -y 3y z-y
X*z zy* 0 X-z y-z 3z
x+4 X X a-b-c 2a 2a
5 X x+4 X 6 2b b-c-a 2b
X X X+4 2c 2c c—a-b

Using the proprties of determinantsin Exercises 7 to 9, prove that:

y’zt yz y+z y+z z y
x> o z+x=0 Z z+X X |=4xyz
XCy? Xy x+y y X x+y
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a’+2a 2a+l
2a+l a+2 1=(a-1>°
3 3

1 cosC cosB
cosC 1 cosA|=0
cosB cosA 1

10. If A+ B + C =0, then prove that

11. If the co-ordinates of the vertices of an equilateral trianglewith sidesof length
2
S
‘@ are (X, y,), (%, ¥,), (%, ), then |2 Y2 & =7~
X Ys

01 1 sn360
12. Find the value of 8 satisfying 8—4 3 005265:0-

B -7 -2 B

M-x 4+Xx 4+x0O
13, If %Hx 4-x 4+x%z0,thenfindva|u%ofx.
H+x 4+x 4-xH

14. If a, a,, a,, ..., a are in G.P, then prove that the determinant

Gy A5 Sy
&+7 G Fras g ndependent of r.
i1 &7 &
15. Show that the points (a+ 5, a-4), (a—-2, a+ 3) and (a, a) do not lieon a
straight line for any value of a.

16. Show that the AABC isan isoscelestriangleif the determinant
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O 1 1 1 O
Azg 1+cosA 1+cosB 1+cosC EFO-

Ros? A +cosA cos?B+cosB  cos? C+cosCH

M 1 1C AZ_3]
17 FindA*if A=HL 0 1 andshowthat A™= o
H 1 O
Long Answer (L.A))
01 2 00
18, If A=E2 -1 25 findA
' ] [ :
HO -1 1F
Using A, solve the system of linear equations
X—2y=10,2x- y—-z=8,-2y+z=T1.
19. Using matrix method, solve the system of equations

3X+2y-2z=3, X+2y+32=6,2Xx-y+z=2.

02 2 -40 1 -1 OoC
20. Given A= 5—4 2 —4% B= % 3 4E, find BA and use thisto solve the
H2 -1 5 M 1 2F

system of equationsy +2z=7,x-y=3, 2x+ 3y +4z=17.

a b c
21. Ifa+b+c#0and b ¢ a =0,thenprovethata=b=c.
c ab

bc-a® ca-b®> ab-c?
22.  Provethat [ca—b® ab-c® bc-a’|isdivisibleby a+ b+ cand find the
ab-c® bc-a’ ca-b?

quotient.
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xa yb zc a b c
23.  Ifx+y+z=0, provetha |[Yc za Xbj=xyz|c a b
b xc vya b ¢ 4

Objective Type Questions (M.C.Q.)

Choosethe correct answer from given four optionsin each of the Exercisesfrom 24 to 37.

a1t =P Y thenvaueof xi
: s 7l 3l en vaueof xis
(A) 3 (B) +3
(© +6 (D) 6
a-b b+c a
25.  Thevalue of determinant b-a c+a
c—-a a+b
(A) a+bd+c® (B) 3bc
© a®+ b®+ c®- 3abc (D) none of these

26. The area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is9 sg. units. The
value of kwill be

A) 9 (B)
© -9 (D)
b’-ab b-c bc-ac
27.  Thedeterminant [ab-a° a-b b*-ab| equals

bc-—ac c-a ab-a’

(A)  abc(bc)(c-a) (a-b) (B) (b—c) (c-a) (a-b)
© (@a+b+c)(b-c)(c-a)(a-b) (D) None of these



28.

29.

30.

31.
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SiNX COSX COSX

The number of distinct real roots of |{cCOSX sinx cosx| = 0 in the interval

COSX COSX SinX

——<X<—js
A) O B 2
© 1 (D) 3

If A, B and C are angles of atriangle, then the determinant

-1 cosC cosB
cosC -1 cosA|isequal to
cosB cosA -1

A) 0 | -1
© 1 (D) None of these
cost t 1 f)
Letf(t)=|2sint t 2t then {ljg 1z isequal to
snt t t
(A) O B) -1
<G 2 (D) 3
1 1
Themaximumvalueof A=| 1 1+sin® 1 is(8 isrea number)

1+ cosO 1

(A) (B)

N~

b‘% '\’|%\

© 2 (D)
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32.

33.

34.

35.

36.
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0 x-a x-b
If f x)=|xta 0 x-c|,then
x+tb x+c O

(A) f@=0 B) f=0
(© (=0 (D) f@=0
@2 AN -30
f A= 2 50, thenA exisisif
H 1 3B
(A) A=2 (B) A#2
(© A#E-2 (D) None of these
If A and B areinvertible matrices, then which of thefollowing isnot correct?
(A) adi A=JA| AT (B)  det(A)* =[det (A)]*
(C) (AB)'=B*A" (D) (A+B)'=B'+A"
1+x 1 1
If x,y,zareall different fromzeroand | 1  1+y 1 |=0, thenvalue of
1 1 1+
xt+yl+zlis
(A)  xyz B xty'z!
© -x-y-z (b -1

X Xty X+2y
Thevalue of the determinant |x+2y  x X+y|is
X+y X+2y X

(A)  9¢(x+Yy) (B) 9 (x+Y)
€ 3y (x+y) (D) 7 (x+y)
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1 -2 5
37. Therearetwo valuesof awhich makesdeterminant, A=[2 a -1/=86, then
0 4 2a
sum of these number is
(A) 4 (=)
c -4 Do) 9
Fill intheblanks
38. If A isamatrix of order 3 x 3, then [3A| =
39. If A isinvertible matrix of order 3 x 3, then |A|
(2+27) (22-27) 1

2
40. If X, y, zO R, then the value of determinant (3"+3‘X) (3"—3‘*) 1is

equal to

0O cos6 sine2

41, 1f cos20 =0, then [00S@ sn® 0 | =
sinB 0 cos6O

42. If Aisamatrix of order 3 x 3, then (A»)* =
43. If Aisamatrix of order 3 x 3, then number of minorsin determl nant of A are

44, The sum of the products of elements of any row with the co-factors of
corresponding elements is equal to

X 3 7
45, Ifx=-=9isarootof |2 x 2 =0, then other two roots are
7 6 X
0 XyZ X—-Z
46. y-x 0 y-z =

z-x z-y O
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47.

MATHEMATICS

@A+x" @1+x® (1+x*
If f(x) = [@+x® 1+x® @+x*| = A + Bx + C& + ..., then
@+x)* 1+x* @+x¥

A =

State True or False for the statements of the following Exercises:

48.

49.

50.
51.

52.

53.

54.

95.

56.

(A3)_l = (A‘1)3, where A is a square matrix and |A| # O.

1 _
(aA)1= EA 1, where a isany real number and A is a square matrix.

|A-Y £ |Af?, where A is non-singular matrix.

If A and B are matrices of order 3 and |A| = 5, |[B] = 3, then
|3AB| =27 x 5 x 3 =405.

If thevalueof athird order determinant is 12, then the value of the determinant
formed by replacing each element by its co-factor will be 144.

X+l Xx+2 Xx+a
Xx+2 x+3 x+b|=0,wherea, b, careinA.P.
X+3 X+4 x+c

ladj. A| = |JA]?, where A is a square matrix of order two.

sinA cosA SnA+cosB
Thedeterminant [SSNB cosA  sinB+cosB| isequal to zero.
snC cosA sinC+cosB

x+a p+u I+f
If thedeterminant |[y+b qg+v m+g| splitsinto exactly K determinants of
z+Cc r+w n+h

order 3, each element of which contains only one term, then the value of K is 8.
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a p X ptx atXx atp
57. Let A=|b q y|=16, then A;=|q+y b+y b+q|=32.
cr z r+z c+z C+r
1 1 1 L
58. Themaximumvaueof (1 (1+sinB) 1 |is=.

1 1 1+cos6

——allp> § P———



Chapter 5

CONTINUITY AND
DIFFERENTIABILITY

51 Overview
5.1.1 Continuity of a function at a point

Let f beareal function on a subset of the real numbers and let ¢ be a point in the
domain of f. Thenfiscontinuousat c if

limf (x)=f (c)
X-C
Moreelaborately, if theleft hand limit, right hand limit and the value of the function

at x = c exist and are equa to each other, i.e.,

lim f (x)=f(c)=lim f (x)

then f is said to be continuous at x = c.

5.1.2 Continuity in an interval

(i) fissaidtobecontinuousinan openinterval (a, b) if itiscontinuous at every
point in thisinterval.

(i) fissaidto becontinuousintheclosed interval [a, b] if

® f iscontinuousin (a, b)

o lim tx=f(a

x-a*

o iM £ =1f(b)

X-b”
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5.1.3 Geometrical meaning of continuity

(i) Functionf will be continuous at x = cif thereisno break in the graph of the
function at the point  (c, f (c)).

(i) Inaninterval, function is said to be continuous if there is no break in the
graph of the function in the entire interval.

5.1.4 Discontinuity

The function f will be discontinuous at x = a in any of the following cases:
@i) )!LT f (x) and X“j? f (X) exist but are not equal.

@) M () and iM f(x) existand are equal but not equal to f ().
(iii) f(a) isnot defined.

5.1.5 Continuity of some of the common functions

Function f (x) Interval in which
— f is continuous

=

The constant function, i.e. f(x) =c¢

N

Theidentity function, i.e. f(X) =X R

3. Thepolynomial function,i.e.

fX=g,x+a x™+..+a Xx+a

4. |x-a| (-0 )

5. X", nisapositive integer (=% ,00 ) - {0}

6. p(X)/ q(x), wherep (x) and g (xX) are R-{x:q(x)=0}
polynomialsinx

7. sSinx, coS X R

8. tan X, sec x R—{(2n+1)g:nDZ}

9. cot X, CoseC X R-{ (nm: n0O Z}
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10. & R

1. logx (0, © )

12, Theinversetrigonometricfunctions, In their respective
i.e, anmtx, cosx ec. domains

5.1.6 Continuity of composite functions

Let f and g be real valued functions such that (fog) is defined at a. If g is continuous
at aand f is continuous at g (a), then (fog) is continuous at a.

5.1.7 Differentiability

f(x+h)—f(X)
h

The function defined by ' (x) = ng , Wherever the limit exists, is

defined to be the derivative of f at x. In other words, we say that a function f is

: : o _ . f(c+h)-f(c)
differentiable at apoint cinitsdomain if both rllrpf , called left hand
o . f(c+h)-f(c) : o
derivative, denoted by Lf' (c), and !'Tf , called right hand derivative,

denoted by Rf' (c), arefinite and equal .

(i) Thefunctiony=f (x) issaid to be differentiablein an open interval (a, b) if
itis differentiable at every point of (a, b)

(it) Thefunction y=f(x)issaidtobedifferentiableintheclosedinterval [a, b]
if Rf'(a)andL f'(b) exist and f'(x) existsfor every point of (a, b).

(iii) Every differentiablefunctionis continuous, but the converseisnot true

5.1.8 Algebra of derivatives

If u, v are functions of x, then

i d(UiV) :%+% H i(UV)ZUy‘FV%
0 “ax dx ~ dx (1) dx dx dx

du dv

Vo —U-—
i) SO “dx dx

&BVH: V2
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5.1.9 Chainruleisaruleto differentiate composition of functions. Let f = vou. If
df _dv dt

t= dboth L and & existthen = A
= u () andboth o and 5 existthen " =0 o

5.1.10 Following are some of the standard derivatives (in appropriate domains)

. 1 d -1
—(sin?x) = —(cos™x) =
! d( ) 1- %2 2 dX( ) 1-x°
d -1 1 d -1 _1
—(tan*x) = —(cot™x)=——
3. dx( ) 1+ x° 4 dx( ) 1+x°
d 1
—(sec™X) =———,[>1
S dx XV —1| |

5.1.11 Exponential and logarithmic functions

(i) The exponential function with positive base b > 1 is the function
y=f(xX) =b* Itsdomainis R, the set of all real numbers and rangeis the set
of al positive real numbers. Exponential function with base 10 iscalled the
common exponential function and with baseeiscalled the natural exponential
function.

(ii) Letb>1bearea number. Then we say logarithm of ato basebisxif b*=a,
Logarithm of ato the base b isdenoted by log, a. If the baseb =10, we say
itiscommon logarithmand if b= e, thenwe say it isnatural logarithms. logx
denotes the logarithm function to base e. The domain of logarithm function
isR*, the set of al positive real numbers and the range is the set of al real
numbers.

(iii) The propertiesof logarithmic function to any baseb > 1 arelisted below:

1.1og, (xy) =log, x + log, y

Ox C
2. log, Ei;% =log, x—log, y
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3. log, X" = nlog, x

0g, X

[
log, x = —¢
4. 109, Iogcb,wherec>1
__ 1
5. log, x log, b

6. log,b=1andlog, 1=0

d X X . .
(iv) The derivative of e w.r.t., xise, i.e.&(e )=€". The derivative of logx

1. d 1
w.rt., xis —:i.e. —(logx)=—.
X dx X

5.1.12 Logarithmic differentiationisapowerful techniqueto differentiate functions
of theformf (x) = (u (x))*®, where both f and u need to be positive functions
for this technique to make sense.

5.1.13 Differentiation of afunction with respect to another function
Let u=f(x) and v =g (x) betwo functions of X, then to find derivative of f(x) w.r.t.

du
tog(x),i.e., tofind v we use the formula

du
du _dx
v av.

dx

5.1.14 Second order derivative

d Odyo_d®y . :

O H&H_F iscalled the second order derivative of yw.r.t. x. It isdenoted by y* or
Y, ify="1f(x).

5.1.15 Rolle’s Theorem

Letf:[a, b] - R becontinuouson [a, b] and differentiable on (a, b), such that f (a)
=f (b), where a and b are some real numbers. Then there exists at |east one point cin
(a, b) suchthat f' (c) = 0.
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Geometrically Rolle’s theorem ensures that there is at least one point on the curve
y =T (X) at which tangent is parallel to x-axis (abscissa of the point lying in (a, b)).

5.1.16 Mean Value Theorem (Lagrange)
Letf:[a,b] -~ R beacontinuousfunctionon [a, b] and differentiable on (a, b). Then
f(b)-f(a)

b-a

Geometrically, Mean Value Theorem states that there exists at least one point ¢ in
(a, b) such that the tangent at the point (c, f (c)) is parallel to the secant joining the
points (a, f (a) and (b, f (b)).

5.2 Solved Examples

there exists at least one point cin (a, b) such that f' (¢) =

Short Answer (SA.)
Example 1 Find the value of the constant k so that the function f defined below is

0
. _ H—cos4x
continuous at x = 0, where f(X) = e x#0
[l
£k, x=0
Solution Itisgiven that thefunction fiscontinuousat x = 0. Therefore, lIM £ (x) = £ (0)
. 1-cos4x _
: M &
. 2sin’2x _
u lem 8)(2 - k
_msin2xf
I|mB— =k
0 x-0 2X H
0 k=1

Thus, fiscontinuousat x=0if k= 1.
Example 2 Discuss the continuity of the function f(x) = sin X . cos x.

Solution Sincesin x and cos x are continuous functionsand product of two continuous
function isacontinuous function, therefore f(x) = sin x.. cosx isacontinuousfunction.
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Ex3+x2—16x+20 D
Example 3 If f(x)=0 (x-2) ’ is continuous at x = 2, find
k , X=2
the value of k.
Solution Given f (2) = k.

X2+ x? —=16x+ 20

Now, x“jp fx= XILT re9= lefg (x=2)?
2
imEEIED sy =7
X-2 (X—2) X-2
Asfiscontinuous at x = 2, we have
Iin;f(x)z f(2)
O k=7
Example 4 Show that the function f defined by
.1
sn=,x#0
f(x)= E{X X
H 0 x=0

iscontinuous at x = 0.
Solution Left hand limit at x=0isgiven by

: : 1 . 1
lim f(x)=1lim XSIn; =0 [since, _1<s|n; <1]

X-0" X-0"
. . . 1
Similarly lim f (x) = lim XSns= 0. Moreover f (0) = 0.
Thus lim T(X) = lim f(x) = (0)  Hence f is continuous at x = 0
Example 5 Given f(x) = 1 Find the points of discontinuity of the composite
functiony = f [f(X)].

1
Solution We know that f (x) = -1 isdiscontinuous at x = 1

Now, for x#1,
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O
fr0)  =f5 A= 1, 2-x,

whichisdiscontinuousat x = 2.
Hence, the points of discontinuity arex=1and x = 2.

Example 6 Let f(X) = x|x|, for all x O R. Discuss the derivability of f(x) at x =0

Ex if x=0
Solution We may rewrite f as f (X) =
g—x if x<0
2
Now Lf’ (0) = lim rO+h- f(0)—I| -h _O:Iim—h:O
hoo h h-o h h-0

Now Rf’ (0) = lim

h-o0*

FO+M =) _ i =0 jih=0
h hoo

Since the left hand derivative and right hand derivative both are equal, hence f is
differentiableat x = 0.

Example 7 Differentiate /tgn/x W.r.t. X

Solution Lety= \/tan+/x - Using chain rule, we have

dy _ 1
dx 2 / Jx dx (tan V)

\ ZJ—secf—(f)
Dl O
<sec2&)

" a/xtanx

Example 8 If y =tan(x + V), find ;—di

Solution Giveny = tan (x +y). differentiating both sides w.r.t. X, we have
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d d
—dy =sec’(x+y)—(x+Y)
X dx

0
= sec?(x +) %*;—dia

or [1-sec?(x +V] (;—dizsecz(x+y)

dy __sec’(x+y)
Therefore, &—m = — c0sec? (X + ).
Example 9 If e+ & = e, prove that
Solution Given that e« + & = . Differentiating both sidesw.r.t. x, we have

e*+eV&—e” dXH

or (ey_em)ﬂ: ety — e
dx
S dy _e"V-e _e+ed-e'_
whichimpliesthat 3 = o6y = o & _ey-—e :
Example 10 Fin dX,I y =tan D1‘3X2D \/,\—3 \/§
) -t T
Solution Putx=tane,where?<9<g.
. EGtane—tangeE
=tar! O — 5,
Therefore, y = tan 5 1-3tan?0
=tan! (tan39)
-t T
= — <30<—
36 (because 5 2)

= 3tanx
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dy 3
Hence, &— 1+ %2

Example 11 If y = sin—l{le-X-\/;\ll-Xz] and 0 < x < 1, then find (;—di
Solution We havey = sin-l{le— X—&\ll—xz} ,where0 < x < 1.

Put x=sinA and \/x =sinB

Therefore, y:sin—l{sinA 1-sn’B-sinB 1—sin2A]

=sin*{sinA cosB -sinBcosA}

=sin*{sin(A-B)} =A-B

Thus y=sintx— sin? /x
Differentiating w.r.t. x, we get
@_ 1 3 i( )
dx \/1—x2 \/1_ \/@2 dx
. 1
1—x2 2\/;\/1—X'

.y _T
Example 12 If x=a sec®g and y = atan®g, find ! 9—§.

Solution We have x = asec’g andy = atan®g.
Differentiating w.r.t. 9, we get

X _ 3agec? ei(sece) =3asec®Otano
doe do

dy 2 d 2 2
——=3atan“ 68— (tanB)=3atan“ 6sec 6
and s de( ) :

dy _dp _3atan’6sec’d _tand
Thus  dx dx 3asec®Btan® sech
doe

=sinob
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my[' :g'nE__S
Hence, %Hmezg 3 2 -

dy log x
Example 13 If ¥ = €7, prove that Y m.
Solution We have x¥ = e¥ . Taking logarithm on both sides, we get
ylogx=x-y
O y(1+logx)=x
X
i.e y= —1+Iogx
Differentiating both sidesw.r.t. X, we get
1
dy_(1+|ogx).1-x5rxg_ 0ax
dx (1+logx)?  (1+logx)?
d? COSX

Example 14 If y= tanx + secx, prove that ol m.

Solution We have y = tanx + secx. Differentiating w.r.t. x, we get

— = 8eCc?X + Secx tanx

dx
1 +sinx _ 1+sinx_ 1+sinx
" cos’x cos’x  costx  (+sinx)(l-sinx) -
dy _ 1
thus ax ~ l-sinx-

Now, differentiating again w.r.t. X, we get

d2y —(—COSX) CcoSX

B2~ (L-sinx)2  (L-sinx)?

. (B
Example 15 If f (xX) = |cos x|, find f' QZH
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T
Solution When E< X < T, cosX < 0 so that |cos x| = — cos X, i.e., f (x) = — cos x
O f'(x)=snx

Hence, f' E_E_Sm EBLE \/—

. . LN
Example 16 If f (x) = |cos x — sinx], find ' HEE

. Tt . . .
Solution When 0 < x < 7 COS X > Sin X, so that cosx—sin x>0, i.e.,

f (X) = cos x —sin x
O f'(x) =-sin x—cos X

n

Hence f' E—H— - cos— = ——(1+\/_)
: . . . i
Example 17 Verify Rolle’s theorem for the function, f (x) = sin 2xin g) EE'

L
Solution Consider f (x) = sin 2xin g) EE' Note that:

T[]
@) The function f iscontinuousin @ EE’ as f isasinefunction, whichis

always continuous.
y ¥ i o : T
(i) f' (X) = 2cos 2x, exists in %3 EE’ hence f isderivablein @EE
oo omld _ g
(i) f(0)=sn0=0and f Eza—smn—OD f(O)=f EEE

g
Conditions of Rolle’s theorem are satisfied. Hence there exists at least one ¢ a) EH

such that f'(c) = 0. Thus

2cos2c=0 0O 2—E O =T
cos2c= c=5 =7
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Example 18 Verify mean value theorem for the function f (x) = (x —3) (x - 6) (x - 9)
in[3, 5].

Solution (i) Functionf iscontinuousin[3, 5] as product of polynomial functionsisa
polynomial, whichiscontinuous.

(i) f'(x) = 3x2—36x + 99 exists in (3, 5) and hence derivable in (3, 5).

Thus conditions of mean value theorem are satisfied. Hence, there exists at least one
¢ [0 (3, 5) such that

BN ICRLIE)
5-3
8-0
O 302—360+99=T=4
13
= 6%+, |—
Oc 3

13
Hence C=6—\/; (since other valueis not permissible).

Long Answer (L.A.)

J2cosx-1 T
— & W X¢_

Example 19 If f (x) = cotx—1 2

g T
find the value of f EZE so that f (xX) becomes continuous at x = E

. . \/Ecosx—l T
Solution Given, f (x) = m,ﬁfz

J2cosx-1

lim f(x)=lim
LI n cotx-1

- X —

Therefore,

_ (\/Ecosx—l)sinx
lim -
x.T'  CosSX—sinx
4

(\/5 cosx—l) (\/5 COSX+ 1) (cosx+sinx)

B (\/Ecosx+ 1) (cosx—sinx) (cosx+sinx)’

sinx
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2cos’x—1 CcosSX+sinx , .
I|m (sinx)
=l 00s? Xx—sin®x /2cosx+1

cos2x Losx+sinx, .
im . (sinx)
T . CoS2X V2 cosx+1

: (cosx+smx) :
lim+————"sinx
=« J2cosx+1

s 10
28

+1

]
=

5
S|

1
N~

Ny
S

Iirpr(x)=—

Xo—

Thus,

: o 1 : : s
If we define f BZ H=§ , then f (x) will become continuous at X :Z . Hence for f to be

i X_E fDT[D:E
continuous at X=, T 5,557
ot
X
_H T |f xz0
Example 20 Show that the function f given by f(X)—B .41
Ho, ifx=0

is discontinuous at x = 0.
Solution Theleft hand limit of f at x = 0isgiven by

1

ex-1 0-1
lim f = I m =—
X—0" (X) I 1 0+1

ex+1
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eX -1
Similarly, lim f(x)=1
eX +1
1
1_7} ;l
lim X . 1-ex _1-0_
ST
1 1+ex
eX

Thus I|m f (X)Zlim f (x), therefore, lim f (X) doesnot exist. Hencef isdiscontinuous

x-0" X-0
ax=0.
00 1-cos4dx .
—if x<0
O 2
a ,if x=0

Example 21 Let f (X) =0
D—& ,if x>0
Hy16+/x -4

For what value of a, f is continuous at x = 0?

Solution Heref (0) = a Left hand limit of fat Ois
— -2

lim (9= lim 2% i, 29”22)‘

X-0" X-0" X X-0" X

— lim 8[Bin2xD2_ ,_
=M CH o H =8(1)?=8.
and right hand limitof fat Ois

X
NI

JX (\16++/x +4)
= (J16+/x +4) (/16 ++/x - 4)

I|m f(x)—llm
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lim ((V16+&+4)_| (1/16+&+4 =8

x-0'  16+/x-16  x-0

Thus, )!m(;n f(x)=)!ir(r)1_ f(X)=8. Hence fiscontinuousat x =0 only if a=8.
Example 22 Examine the differentiability of the function f defined by
02x+3,if —3<x<-2
f(x) =0x+1 ,if —2<x<0
H x+2 ,if 0sx<1

Solution The only doubtful pointsfor differentiability of f (x) arex=-2and x =0.
Differentiability at x=-2.

f(-2+h)—f (=2)
h

NowL f ' (-2)= lim

_ fim 262824 2o
h-0 h h-00 h h-0

f(-2+h)—f (=2)
h

im —-2+h+1-(-2+1)

and Rf ' (-2) = lim

= IIm
ThusRf '(-2)#Lf ' (-2). Therefore fisnot differentiable at x = — 2.
Similarly, for differentiability at x=0, we have

h
_ lim 0+h+1-(0+2)
h-0 h
. - . 10
= lim—=limAa-=
h-0 h ho0 ha

which does not exist. Hence fisnot differentiable at x = 0.
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Ly1-x20 5
Example 23 Differentiate tan* DD—X Ewith respect to cos* (2XV1— X ) , Where

o1 .0

XD%,].E_

1-x2 0
Solution Let u = tan? ETgand v = cos? (2XV1— X2) )

du

du _ ax

Wewant tofind gy dv
dx

HJ1-x2 0 ot T
Now u = tan® O—— 0. putx=snd. G, <6<-[.
O X O e 2b

. 1—sin295 .
Then u =tan DB—sinG 5 = tan* (cot 6)

=tan?! %m%—9%=g—e :g—sin_lx

du_ -1
1-x° -

Hence gy~
Now v =cos? (2x \/1—7 )
R g—sin-1 (2x \/1—7)
’ g—sin-l (2sin® m>=g-9n‘l(§n29)

m . : . m
:E—sm-l{sm(n—Ze)} [smceE <20<T]
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- I _(n-20)= 420
2 2
O 1T+2' -t
V= o+ 2simix
av_ 2
O dX l_X2 .
du -1
du_ dx_V1-x*_ -1
Hence dv dv 2
X J1-x2

Objective Type Questions
Choosethe correct answer from the given four optionsin each of the Examples 24 to 35.

in X .
&+cosx,|f Xxz0

Example 24 The function f (x) = J X

E k ,ifx=0
is continuous at X = 0, then the value of kis
A 3 (B) 2
(© 1 (D) 15

Solution (B) isthe Correct answer.

Example 25 The function f (x) = [x], where [x] denotes the greatest integer function,
Iscontinuous at

(A) 4 |) -2

(© 1 (D) 15
Solution (D) isthe correct answer. The greatest integer function[x] is discontinuous
at all integral values of x. Thus D is the correct answer.

1
Example 26 The number of points at which the function f (x) = x—[x] is not

continuousis
A 1 B 2
© 3 (D) none of these
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Solution (D) isthe correct answer. Asx —[X] =0, when xisan integer so f (X) is
discontinuousfor all x J Z.

Example 27 The function given by f (x) = tanx is discontinuous on the set

(A)  {nmnOz} B) {2nmn0Oz}
T, 4 anT O
(©) E(ZMDE' n DZ% (D) %7 n DZ%

Solution C is the correct answer.
Example 28 Let f (X)= |cosx]. Then,
(A)  f iseverywheredifferentiable.

(B) f iseverywhere continuous but not differentiableat n=nr, n0Z .

s
© f iseverywhere continuous but not differentiable at x = (2n + 1) o

ntJZ.
(D) none of these.
Solution C isthe correct answer.
Example 29 The function f (X) = |x] + [x — 1] is
(A) continuous at X =0 aswell asat x = 1.
(B) continuous at x =1 but not at x = 0.
© discontinuous at x = 0 aswell asat x = 1.
(D) continuous at x=0but not at x = 1.
Solution Correct answer isA.
Example 30 The value of k which makes the function defined by

Hinl it xz0

F=0 x ,continuousat x=0is
Bk, ifx=0
(A) 8 B 1
© -1 (D)  noneof these

o1 :
Solution (D) isthe correct answer. Indeed |Xlﬁg sm; does not exist.

Example 31 The set of points where the functionsf given by f (x) = [x— 3| cosx is
differentiableis
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(A) R (B) R-{3}

© (0, ) (D) none of these
Solution B isthe correct answer.
Example 32 Differential coefficient of sec (tan™ix) w.r.t. x is

X X
(A) L2 B 1+

(© X4/1+ X2 (D) 1+ X2

Solution (A) isthe correct answer.

Sin_llj 2X E tan‘lD 2X E du
Example33  Ifu= DID—+ 2 [andv— [ﬂ-D__XZ = then 'S
1 1-x2
@ 5 ® x  © e ® 1

Solution (D) is the correct answer.
Example 34 The value of c in Rolle’s Theorem for the function f (x) = e sinx,
xO[o,qis
T s Tt
w 5 ® 7 © 3 ® o
Solution (D) is the correct answer.
Example 35 The value of ¢ in Mean value theorem for the function f (x) = x (x - 2),
xO[L, 2] is
3 2 1 3
A 5 ® 3 © 3 O 3
Solution (A) isthe correct answer.

Example 36 Match the following

COLUMN-I COLUMN-II
5 N3 it x# 0
(A) Ifafunction f(x)= )Ii @ I
5 E ) ifx=0

iscontinuous at x = 0, then kis equal to
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(B) Every continuousfunctionisdifferentiable (b) True

(C) Anexampleof afunctionwhichiscontinuous (c) 6
everywhere but not differentiable at exactly one point

(D) Theidentity functioni.e.f(x) =x OxORisa (d) False
continuousfunction

Solution A - ¢,B - d, C-aDb-b

Fill inthe blanksin each of the Examples 37 to 41.

Example 37 The number of points at which the function f (x) = Wllxl is

discontinuousis .
Solution The given function is discontinuous at x = 0, = 1 and hence the number of
points of discontinuity is 3.

Cax+1if x=1

f(x)= i i
Example381f f(X) Ex+2if <1 IScontinuous, then a should be equal to

Solution a=2
Example 39 The derivative of log, x w.r.t. X is

) 1
Solution (logy, e );

_1D\/;+1|: : —1D\/;—1D dy

= sec sin =
Example 40 If ¥ ﬁ\/T—l E + 1 E , then 'S equal to .
Solution 0.
Example 41 The deriative of sin x w.r.t. cos x is
Solution - cot x
State whether the statements are True or False in each of the Exercises 42 to 46.
Example 42 For continuity, at x=a, eachof iMm f () and M T (X) jsequal tof (a).
Solution True.
Example 43y = [x— 1] is a continuous function.
Solution True.
Example 44 A continuous function can have some points where limit does not exist.
Solution False.
Example 45 |sinx| is a differentiable function for every value of x.



Solution False.
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Example 46 cos |x| is differentiable everywhere.

Solution True.

5.3 EXERCISE
Short Answer (SA.)

1. Examine the continuity of the function

fx)=x*+2x2-latx=1
Find which of the functions in Exercises 2 to 10 is continuous or discontinuous

at the indicated points:

f %) EBx+5, if x=2
X =
2 8¢, if x< 2
a x=2
2x? —3x -2

a x=2

1.
x|cos—, if x£0
f(X)=g| X

6.
ED, if x=0
atx=0
o1
HE if x20
g f(¥=0 -
. |]1+ex
Ep, if x=0
atx=0
10. f(¥)=[x+|x-1 atx=1

[1-cos2x

,1f X
3 f(x)=0 x?

Hs, if x=0

E{M, if x£4
5. f(X=02(x-4)

H, if x=4

atx=4

x—ajsini, if x20

If(X)=§ x-a
M, if x=a

atx=a

2
,if0sx<1

o f(0 =02 ;
%xz —3x+§,if 1<x<?2

atx=1
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Find thevalue of kin each of the Exercises 11 to 14 so that the function f is continuous
a theindicated point:

[Bx-8, if x<5 DBLZ_% if x£2
11.f(><)=512k ’ f o5 AXZD 12. f(x)=04*-16 ' a x=2

He ,if x=2

VIHRCZ VTR e x<0

15. Prove that the function f defined by

g X xz0
f(x):Hx|+2x2’
o)

, x=0

remains discontinuous at x = 0, regardless the choice of k.
16. Find the values of a and b such that the function f defined by

Ox-4

+a ,if x<4
x4
f(X)=@A+b Jif x=4
Ux-4

57 +b,if x>4
x4

is a continuous function at x = 4.

1
17. Given the function f (x) = X+2 Find the points of discontinuity of the composite

functiony = f (f (x)).
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1
,where t=——

18. Findall points of discontinuity of the function f (t)= 1"

t2+t-2

19. Show that the function f (x) = |sin x+cosx| is continuous at x = Tt
Examine the differentiability of f, where f is defined by

x], ,if 0sx<2

20. 1= E(x—l)x, if 2<x<3

atx = 2.

Hesnt it x#20
21. f(x):E) X o

atx =0.

A+x ,if x<2
22. f(x)= %_X x> 2

atx = 2.
23. Show that f (x) = |x—5] is continuous but not differentiable at x = 5.

24. Afunctionf: R - R satisfies the equation f(x +y) =f(x) f (y) forall x,y LR,
f (x) # 0. Suppose that the function is differentiable at x =0 and f' (0) = 2.
Prove that f '(x) = 2 f (x).

Differentiate each of the following w.r.t. x (Exercises 25 to 43) :

8X
25. oS 26. — 27. Iog(x+\/xz+a)

X

28. Iog%og(logx‘r’)g 29. sn'x+cos?\x  30. sin"(ax?+bx+c)

. ,0 1 C
31 cos(tan X+1) 32. sinx? +sin® +sin?(x?) 33. SN ﬁﬁ%

34, (sinx)™* 35.  sin™ . cos"X 36.  (x+ 1) (x +2)3(x + 3)*
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_ 0 O
37 COS‘-1D3|nx+cosxD ”<X<E a8 tan 1-cosx _1_'[<X<L[
' H V2 Ha "4 : lrcosxH 4 " a

39, tan™(secx+tan x),—g< x<g

_1Hacosx—bsinx Tt

40 tan 0-—=< x<Zand 2tan x > -1
' %cosx+asmxm 2 2 b

%c‘lmmil E0<x<i tan‘lEBazx XgD_—l XL
41. D4X3_3X|:| \/E 42. B 251\/5 a \/é

/ [1—y2 O
43 tan 4EM§ —1<x<1x£0

AL -1

Find ;—di of each of the functions expressed in parametric form in Exercises from 44 to 48.

1 1 10 _9% 10
= - =t—- — = edP+— =e -
44 x=t+ T ysto g 45, X e% GBy o

46. x =3c0s0 - 2c0s0, y = 3sinB — 2sin®0.

sinx—i tany= 2
a7 1+t2 1-t2 -
1+logt 3+2logt
48. X= tzg ) y:fg_

dy _-ylogx
49. If x = e®s2t and y= es|n2t prove that —_ dx Xlogy

Ody O
50. If x=asin2t (1 + cos2t) and y = b cos2t (1-cos2t), show that X 51

sulcr

="
4

T
51. If x = 3sint—sin 3t, y = 3cost — cos 3t, find (;—.Z att= 5
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X
52. Differentiate —— w.r.t. sinx.
sinXx

Ly1+x® -1

53. Differentiate tan HD X Ew.r.t. tan— x when x # 0.

Find (;—‘Z when x and y are connected by the relation given in each of the Exercises 54 to 57.

X

54. sin (xy) + y =x2-y

55. sec (x +y) =xy
56. tant(x*+y?) =a

57. (X2 +y?)?2=xy

dy dx

o dy_ x-y
—AY —
59. If x=e’, prove that dx  xlogx:

Xy dy (1+logy)’
60. If y'=¢€ , prove that _y:—( gy)
dx logy

_____ ) dy  y’tanx

— (cosx) s —
=(cos —_—
61. If y=(cosx) ,show that ylogoosx—1°

. . dy _sin’(a+y)
62. |If +y) + +y) =0, that —=——7——.
xsin(a+y)+sinacos (a+y) prove thal ™ Sna

2

dy_ [1-y
Y2 2 = _ ) =
63. If J1-x* + {J1-y? =a (x - y), prove that ax \1s

d2
64. Ify=tan, find dTZ in terms of y alone.
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Verify the Rolle’s theorem for each of the functions in Exercises 65 to 69.
65. f(x)=x(x-1)in [0, 1].

— cind Ay @ED
66. f(x) =sin* + cos*x in 725.

67. f(x)=log (x®+2)-1log3in[-1,1].
68. f(x)=x(x+3)e*in[-3,0].

69. f(X)= a2 in[-2 2]

70. Discuss the applicability of Rolle’s theorem on the function given by

2 .
f(x):Dx +J,.|f 0O<x<1
-x if Isx<2°

71. Find the points on the curve y = (cosx — 1) in [0, 211, where the tangent is
parallel to x-axis.

72. Using Rolle’s theorem, find the point on the curve y = x (x—4), x O [0, 4], where
the tangent is parallel to x-axis.

Verify mean value theorem for each of the functions given Exercises 73 to 76.
1

73. f(¥) = 45— in[L 4]

74, f(X)=x-2x2-x+3in [0, 1].

75.  f(x) =sinx —sin2x in [0, 1.

76. f(x)= 25-x% in[1, 5].

77. Find a point on the curve y = (x — 3)2, where the tangent is parallel to the chord
joining the points (3, 0) and (4, 1).
78.  Using mean value theorem, prove that there is a point on the curve y = 2x> - 5x + 3

between the points A(1, 0) and B (2, 1), where tangent is parallel to the chord AB.
Also, find that point.

LongAnswer (L.A.)
79. Find the values of p and g so that



80.

81.

82.
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B + 3x + p, if x<1
f(x) =0 P!
fox+2 Jif x>1

is differentiable at x = 1.
If xmy" = (x + y)™", prove that

Ldy_y o d’y
=2 — =0
() X Xand (i) o2
d?y dy o
If x = sint and y = sin pt, prove that (1-x?) oz~ &’fp y=0.
Find & iy = g+ 12
a1 2

Objective Type Questions
Choosethe correct answers from the given four optionsin each of the Exercises 83 to 96.

83.

84.

85.

2
Iff(x)=2xandg (x) = X?+1 , then which of the following can be a discontinuous

function
(A) f()+g9(x) B) f¥-9K)
9(x)
©) f(®¥.9K @) o
Y2
The function f (x) = VNG is

(A) discontinuous at only one point

(B) discontinuous at exactly two points

(C) discontinuous at exactly three points

(D) none of these

The set of points where the function f given by f (x) = |2x—]j sinx is differentiable is

A) R BREE%
(&) ® R- 50
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(C) (0, «) (D) none of these
86. The function f (x) = cot x is discontinuous on the set
(A) {x=nm:n0OZ} (B) {x=2nm:n0OZ}
O T 0 O _nm 0
=(2n+1l)—;n0OZ i Xx=—:n0Z
© pe=(an+); 0 ) = 0

87. The function f (x) = & is
(A) continuous everywhere but not differentiable at x = 0
(B) continuous and differentiable everywhere
(C) not continuous at x =0
(D) none of these.

1
88. Iff(x)= X2 sm; , Where x #Z 0, then the value of the function fat x = 0, so that

the function is continuous at x =0, is

(A) O B) -1
© 1 (D) none of these
+1 ,if x< 2 N
89. If f(X)=10 n,iscontinuousatx:E,then
%nwn, if x>=
2
Nt
(A) m=1,n=0 (B) m=7+1
C) n= D _.-
(C) n= > (D) m=n= >

90. Letf(x)=]sinx|. Then
(A) f is everywhere differentiable
(B) f is everywhere continuous but not differentiable at x =nm, n O Z.

T
(C) T is everywhere continuous but not differentiable at x = (2n + 1) o

ndZ.
(D) none of these
O1-x2 C

dy .
= O——>LC —
91. Ify=log 1+ P then i isequal to



92.

93.

94.

95.
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453 -4x
A) Ta (B) -
1 -4x°
© 45 ®) 15

If y=,/sinx+y,then % isequal to

(A) 2y—1 B) 712y
sinx sinx
© 7 -2y (D) 2y-1

The derivative of cos? (2x2 — 1) w.r.t. cosxis

-1
A) 2 ® e
2
© (D) 1-%

d2
If x=t, y=t, then KZ is

3 3
(A) & B

3 3
© > D) 4

Thevaueof cin Rolle’s theorem for the function f (X) = x® - 3xin theinterval
[0, y31is
(A)1 B) -1
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N w

©) (D)

Wl

1
96. Forthefunction f(xX) =x+ ;,XD [1, 3], the value of ¢ for mean value theoremis

(A)1 (B) V3
(©) 2 (D) none of these
Fill inthe blanksin each of the Exercises 97 to 101

97.  An example of a function which is continuous everywhere but fails to be
differentiable exactly at two pointsis

98. Derivative of x2 w.r.t. X is

OnQ
99. If f () = |cosx, then f ' 5,5 =

_ anQg
100. Iff(x)=|cosx—smx|,thenf'B§B= ’

dy Ol 1C
= _at i
101. For the curve x+4/y=1, Barab s
State True or False for the statements in each of the Exercises 102 to 106.
102. Rolle’s theorem is applicable for the function f (x) = [x— 1] in [0, 2].
103. If f iscontinuous on itsdomain D, then | f | isalso continuouson D.
104. Thecomposition of two continuousfunction isacontinuous function.

105. Trigonometric and inverse - trigonometric functions are differentiable in their
respective domain.

106. If f .g iscontinuousat x = a, thenf and g are separately continuous at x = a.

——enulll> @



Chapter

( APPLICATION OF DERIVATIVES )

6.1 Overview

6.1.1 Rate of change of quantities

d
For the function y = f (X), ™ (f (X)) represents the rate of change of y with respect to x.

ds
Thus if ‘S’ represents the distance and ‘t’ the time, then o represents the rate of

change of distance with respect to time.

6.1.2 Tangents and normals

A linetouching acurvey =f (x) at apoint (x,, y,) is called the tangent to the curve at

: . L _ddyQd
that point and itsequation isgiven y_yl_H& Hxl,yl) (X=%).

Thenormal to the curveisthe line perpendicular to the tangent at the point of contact,
anditsequationisgivenas.

-1
Y=Y1= payp

B& Bxl,yl)

The angle of intersection between two curvesisthe angle between the tangentsto the

(X=%)

curves at the point of intersection.

6.1.3 Approximation

_ . f(x+Ax) - f (%) , )
Sincef'(x) = A|)I(rj10 Ax , we can say that f'(X) is approximately equal

f(x+Ax)—f (X)
© X
O approximate value of f (x + A X) =f (X) + Ax .f' (X).



118 MATHEMATICS

6.1.4 Increasing/decreasing functions

A continuousfunctioninaninterval (a, b) is:

@) strictly increasing if for al x, x, O (a, b), x,< x,0 f(x) <f(x,) or for al
xO(@ b), f" (x>0

(i) strictly decreasing if for al x,, x, O (a, b), x, <x, 0 f(x)>f(x,) or for al
xO(@a b), f'xX) <0

6.1.5 Theorem: Let f beacontinuousfunction on[a, b] and differentiablein (a, b) then

(i) fisincreasingin[a, b] if f' (x) >0for each x U (a, b)

(i) f isdecreasingin[a, b]if f' (x) <O0for eachx [ (a, b)

(@) f isaconstant functionin [a, b] if f' (x) = 0for each x U (a, b).

6.1.6 Maxima and minima
Local Maximum/Local Minimum for areal valued function f
A point cintheinterior of thedomain of f, iscalled

(i) local maxima, if there exists an h > 0, such that f (c) > f (X), for al x in
(c=h,c+h).

Thevauef (c) iscalled the local maximum value of f.

(i) local minima if there exists an h > 0 such that f (¢) < f (x), for al x in
(c=h,c+h).

Thevaluef (c) iscalled thelocal minimum value of f.

A function f defined over [a, b] is said to have maximum (or absol ute maximum) at
x=c¢,cU[a b],if f (x) <f(c)foral xO[a, b].

Similarly, afunction f (x) defined over [a, b] issaid to have aminimum [or absolute
minimum] at x =d, if f(x) =2f (d) for all xd [a, b].

6.1.7 Critical point of f : A point ¢ in the domain of a function f at which either
f' (c) =0orfisnot differentiableis called a critical point of f.

Working rule for finding points of local maxima or local minima:
(a) First derivative test:

(@) If f' (x) changessign from positive to negative asx increasesthrough
¢, then cisapoint of local maxima, and f (c) islocal maximum value.
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6.1.8

(i)

(i)
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If f' (X) changessign from negativeto positive asx increasesthrough
¢, then cisapoint of local minima, and f (c) islocal minimum val ue.

If f' (x) does not change sign as x increases through c, then c is
neither a point of local minimanor a point of local maxima. Such a
pointiscalled apoint of inflection.

Second Derivative test: Let f be a function defined on an interval | and
cOl. Letf betwicedifferentiable at c. Then

()

(i)

(i)

x=cisapoint of local maximaif f'(c) =0andf"(c) <O0. Inthiscase
f (c) isthen the local maximum value.

x = cisapoint of local minimaif f' (c) =0andf"(c) > 0. Inthiscase
f (c) isthelocal minimum value.

Thetest failsif f'(c)=0andf"” (c) = 0. In this case, we go back to
first derivativetest.

Working rule for finding absolute maxima and or absolute minima :

Sep 1:
Sep 2:

Sep 3:

Find al the critical points of finthegiveninterval.

At al these points and at the end points of the interval, calculate the
values of f.

Identify the maximum and minimum values of f out of the values
calculated in step 2. Themaximum valuewill bethe absol ute maximum
value of f and the minimum value will be the absolute minimum
value of f.

6.2 Solved Examples

Short Answer Type (S.A.)

For

the curve y = 5x — 23, if x increases at the rate of 2 units/sec, then

how fast is the slope of curve changing when x = 3?

n Slopeof curve = &y =5-6x

dx

dooyc_ o dx
dtdeE__lzx' aqt
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=-12.(3). (2)

= —72 units/sec.

Thus, slope of curveisdecreasing at therate of 72 units/sec when xisincreasing at the
rate of 2 units/sec.

s
Example 2 Water isdripping out from aconical funnel of semi-vertical angle 2 atthe

uniform rate of 2 cm?/sec in the surface area, through atiny hole at the vertex of the
bottom. When the dant height of cone is4 cm, find the rate of decrease of the dant
height of water.

Solution If s represents the surface area, then //—\
-

95
dt—ZCm /sec

LS O &
s—nr.l—nl.sm4-l—\/§ /

/4

ds 2m, d dl
| —= —=l.—=42n.—
herefore, N J2 o

d_ 1 2\ 1 —ﬁcm/s Fig. 6.1
when| = 4 cm, dt 2na 22m 4m :

Example 3 Find the angle of intersection of the curves y?=x and xX*=y.
Solution Solving the given equations, we havey?=xand =y [ x*=x or x*-x=0
O x(x¢-1)=00 x=0,x=1

Therefore, y=0,y=1
i.e. points of intersection are (0, 0) and (1, 1)

dy dy 1
Further y?=x [ 2y— =1 0 —=+"
urther y? = x de o 2y
and x=y0O ﬂsz.

dx
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At (0, 0), the slope of the tangent to the curve y? = x is parallel to y-axis and the
tangent to the curve X2 =y is parallel to x-axis.

T
0 angleof intersection = 5

1
At (1, 1), slope of the tangent to the curve'y, = xisequal to > and that of X*=yis2.

2 3 [BLC
an® =| 1+1| = . 0 e=tar

O-TT TIC
Example 4 Provethat the function f (x) = tanx— 4x isstrictly decreasing on ng E

Solution f(X) =tanx—-4x 0O f'(X) = sec’x — 4
-7 T
When ?<x<§,1<secx<2

Therefore, 1 <sec’x <4 [0 -3 < (sec®x—-4) <0

-T T
Thusfor —<x<—

3 50100 <0

L . O-Tt Tt
Hencef is strictly decreasing on B? 3 E

. . _ axd .
Example 5 Determine for which values of x, the functiony = x*— 3 isincreasing

and for which values, it isdecreasing.

: 453
Solution y=x4—% O %:4x3—4x2:4x2 (x-1)
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Now, ﬂzOD Xx=0,x=1.
dx

Sincef' (X) <0 OxO(- o, 0) UJ (0, 1) and f is continuous in (- o, O] and [0, 1].
Thereforef is decreasing in (— o, 1] and f isincreasingin [1, o).

Note: Here f is strictly decreasing in (- o, 0) 1 (0, 1) and is strictly increasing in
(1, o).

Example 6 Show that the function f (x) = 4x® — 18x? + 27x — 7 has neither maxima
nor minima.

Solution f(X) =4E - 18x2 + 27x -7
fr(X)=12x - 36x + 27 = 3 (42— 12x + 9) = 3 (2x — 3)?

3
f"(x)=00 x= 2 (critical point)

3 3
Since f’(x)>0fora||x<§ andforallx>§

3
Hencex= Py isapoint of inflexioni.e., neither apoint of maximanor apoint of minima.

3
X=3 istheonly critical point, and f hasneither maximanor minima.

Example 7 Using differentials, find the approximate value of /0.082

Solution Letf(X) = {/x
Using f (x + AX) =f (X) + Ax . f'(X), taking x = .09 and Ax = — 0.008,
we get f (0.09 — 0.008) = f(0.09) + (- 0.008) f' (0.09)

0.008

0O 1 C
0 J0.082 = /0.09 —0.008 . ToooF- 03—~

=0.3-0.0133 =0.2867.
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2 2

Example 8 Find the condition for the curves g—gz 1; xy = ¢ to intersect

orthogonaly.

Solution Let the curves intersect at (x,, y,). Therefore,

XYLyl dy b
Z p? a’ b®dx dx a?y
b2

0 slope of tangent at the point of intersection (m,) = 22y

1

: dy dy -y %
= X—+Vy= — = =

Againxy =c¢2 0 deOD i XDrr12 %

b2
For orthoganality, m x m,=-1 [ 2 1lora?-*=0.

Example 9 Find al the points of local maxima and local minima of the function
34 o3 P2
= ——X" = 8x’——x* +105
f () 2 5 .
Solution f' (X) = =3x3— 24x2 — 45x
= —-3x(X®+8x+15) =-3x (x+5) (x+ 3)
f'" =00 x=-5, x=-3,x=0
f"(X) = -9x2 — 48x — 45
= -3 (3% + 16x + 15)
f "(0) =-45<0. Therefore, x=0is point of local maxima

f"(-3) = 18 > 0. Therefore, x = -3 is point of local minima

f"(-5) =-30 < 0. Therefore x = =5 is point of local maxima.
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. 1. .
Example 10 Show that the local maximum value of x +—=islessthanlocal minimum
X

value.

. 1 dy 1
=x+= —=1-—
Solution Let y ~ O I 1 2

dy
dX=OD x*=10 x=%1.
o2 2 ? d’

dx X

y_ dy ay
—5 =+ 3 , therefore N (aax=1)>0and i (atx=-1)<0.

Hence local maximum value of yisat x = -1 and the local maximum value = - 2.

Local minimumvalueof yisat x =1 and local minimum value= 2.

Therefore, local maximum value (-2) is less than local minimum value 2.

Long Answer Type (L.A.)

Example 11 Water is dripping out at a steady rate of 1 cu cm/sec through atiny hole
at the vertex of the conical vessel, whose axis is vertical. When the slant height of
water inthevessel is4 cm, find the rate of decrease of dlant height, where the vertical

s
angle of the conical vessel is s

dv
Solution Given that — = 1 cm?®/s, where v is the volume of water in the

dt
conical vessel.

T T
FromtheFig.6.2,| =4cm, h=1cos < = ﬁl andr=lsin—==—.

6 2 6

1
Theref = Smth= - — =
Q% V" 3 34 2 24

ni? 3 \@n|3

I
2



APPLICATION OF DERIVATIVES 125

dV_\/éT[lzﬂ //_E‘

d 8  dt
J3m,  dl
Therefore, 1= g lG'E h ;
/6,
ﬂ=icm/s.
dt 2J3m
Fig. 6.2

_ 1
Therefore, the rate of decrease of dant height = >3 CITvs.

Example 12 Find the equation of all the tangents to the curve y = cos (x + ),
—2T< X < 211, that are parallel totheline x + 2y = 0.

. . : dy . é+ﬂﬂ .
Solution Giventhaty = cos (x +Y) O dX——sm (x+y) dx% (i)

dy sin(x+y)
or — = — 7
dx 1+sin(x+y)

1
Since tangent is parallel to x + 2y = 0, therefore slope of tangent = 5

sn(x+y) 1 .
=-—-U0Osnkx+y=1 ... (i)

Therefore, ~ m >

Since cos(x+y)=yandsin(x+y)=10 cos?(X+y)+sim(x+y)=y2+1
O l=y?*+1lory=0.

Therefore, cosx = 0.

T
Therefore, x=(2n+ 1)5 ,h=0,+1+2..
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3n

s -3 L
o but x = E’X: —— satisfy eguation (ii)

e
Thus, x= £—, %
' 2 2

C [F3m

. it C
Hence, the points are 5 OE, BTOE

. o L. 10 7L
Therefore, equation of tangent at BE’OEISy: 5 Er< E or2x+4y—n=0, and
) -3t [ 10 3 C
equation of tangent at BT’OEISy: -5 Y or 2x + 4y + 3= 0.

Example 13 Find the angle of intersection of the curves y? = 4ax and x2 = 4by.
Solution Giventhat y? = 4ax...(i) and x* = 4by... (ii). Solving (i) and (ii), we get

szﬁ ,
4 —
1—bD dax O x*=64ab’x

1 2
or X(-64ab’)=0 0 x=0, x=4asbh3

1 2 2 1 O
Therefore, the points of intersection are (0, 0) and ﬁla3 b3,4a3 b3 E

Again, y?=4ax [ —=—y:—andx2:4by 0 _X:_:_

Therefore, at (0, 0) the tangent to the curve y? = 4ax is parallel to y-axis and tangent
to the curve X2 = 4by is parallel to x-axis.

O Angle between curves = P

12 2

ir 3
At ﬁla3 b3,4a3 3% m, (slope of the tangent to the curve (i)) = 2 %ﬁ

2
3

1
4a3 b

et
B

1
1A N
=— 1_§EBH’mz(S|0peOf the tangent to the curve (ii)) =
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od 1md| L
m,—m B 20 3a%.b?
Therefore, tan 6 = mm,| ~ T T = 0z 2(
1+2Da|j1|]a|j 2 3+b§
BHabH| TR

Hence, 6 = tan™

Example 14 Show that the equation of normal at any point on the curve
X=3c0s0-c0s%0,y = 3sinB —sin®0 is4 (y cos®® — x sin®0) = 3 sin 46.

Solution We have x = 3cos 6 — cos®0

Therefore, % = —3sin 6 + 3cos’0 sinB = — 3sinB (1 — cos?0) = —3sin%6 .

% = 3cos 6 — 3sin?0 cosB = 3cosB (1 - sin%0) = 3cos’0
ﬂ=— 05" Therefore, slope of normal = + sin"0
dx  sn’0’ S0P = 050

Hence the equation of normal is

i a3

(35in6 — sinzg) = 210
y ~ cos’0

[x = (3cosB — cos%0)]

O ycos®0 — 3sinB cos®0 + sin®0 cos®0 = xsin®0 — 3sin®0 cosb + sin®0 cos®0
0 ycos®0 — xsin®0 = 3sinB cost (cos?0 — sin?0)



128 MATHEMATICS
3 .
= Esnze . C0Ss20

—§Sin46
!

or 4 (ycos® 6 — xsin® ) = 3 sin40.

Example 15 Find the maximum and minimum val ues of
f (X) = secx + log cos?x, 0 < x < 211

Solution f (X) = secx + 2 log cosx

Therefore, f’(x) = secx tanx — 2 tanx = tanx (secx —2)

1
fr(x)=00 tanx=00rsecx=20rcosx=§

Therefore, possible values of x are x =0, or x =TT and
X = I or X = F
3 3
Again, f" (X) = sec™ (secx —2) + tanx (secx tanx)

= sec3X + secx tan®x — 2secx

= secx (sec?x + tan®x — 2secx). We note that
f* (0)=1(1+0-2)=-1<0. Therefore, x=0isapoint of maxima.

f* (mH=-1(1+0+2)=-3<0. Therefore, x =T1tisapoint of maxima.

anC LA : -
el B§E=2(4+3—4)=6>0. Therefore, x = 3 isapoint of minima.

f ERE=2(4+3-4)=6>0. Therefore, x= - isapoint of mini
BgE— ( - )— . ererore, X = 3 ISapoint or mmnima.
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Maximum Valueof yat x=0is 1+0=1
Maximum Value of y at X = Ttis -1+0=-1
- T, 1
MinimumValueof y at x = §IS 2+2IogE =2(1-1og2)
. U 1
MlnlmumVaIueofyatngls 2+2IogE =2(1-1o0g2)

Example 16 Find the area of greatest rectangle that can be inscribed in an ellipse

+2 =1,

X2 y2
2 b2 -

Solution Let ABCD be the rectangle of maximum area with sides AB = 2x and

2 2
BC = 2y, where C (x, y) isapoint ontheellipse ¥+§ =1 asshownintheFig.6.3.

The area A of the rectangle is 4xy i.e. A = 4xy which gives A2 = 16x%y? = s (say)

O 2
DbZ - 162 (a2X2 A X4)
0 a (0. b)

ds_160° / \
0 Pl [2a% — 4x7]. Ca, 0)\ (0,0) x / (a, 0)

O x2
Therefore, s= 16x¢ O—-—
0 a

. ds a b (0, —h)
Again, &=0D x=—zandy—ﬁ Fig. 6.3
d?s _16b?
Now, e 2 [2a2 — 12¥7
a d? 16b*> _ , _ .. 16b’ 2
X=—, —=——+[2a"-6a“] = -4a°)<0
At NS [ ] 2 ( )
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a b . _ .
Thusatx—\/i,y— \/E,s|smaX|mumandhencetheareaAlsmaX|mum.

a b
Maximum area=4.xy = 4 ﬁﬁ = 2ab sq units.

Example 17 Find the difference between the greatest and least values of the

. _ O m mC
function f (x) = Sin2x — x, on HE EE

Solution f(x) = sin2x — X
O f'(x)=2cos2x -1

1 o~ T m_ T
Therefore, f'(xX) =00 cost=§D 2xis T3 50 x= 5%
fDE[-sm( m+ =2
H 2k~ 2 2
fDE[—sinDZ—nDE— 3+]T
Het™ " HeHe6 "2 6

—

1Tl
1
wn
5
o
EQIII
old
Il
|
I
ol4

—

NI

mmle
I
@,
=
—_
=)
i
|
|
|

T I
Clearly, P isthe greatest value and 5 isthe least.

Therefore, difference =

NS

LI
Ly
2
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Example 18 Anisoscelestriangle of vertical angle 20 isinscribedinacircle of radius

T
a. Show that the area of triangle is maximum when 6 = 5

Solution Let ABC be an isosceles triangle inscribed in the circle with radius a such
that AB =AC.

AD =AO + OD =a+ acos26 and BC = 2BD = 2a sin20 (seefig. 16.4)

1
Therefore, areaof thetriangle ABCi.e. A= E BC.AD

1
= —2asin20 . (a+ acos20)

2
= a%sin20 (1 + cos20)
A
1
O A=a’sin20+ Eazsin4e >
dA
Therefore, %: 2a°c0s20 + 2a2c0s49
= 2a +
282(c0s20 + cos49) 2

dA _ _
40 0 0 co0s26 = —c0s40 = cos (11— 40) B\E/ c

Tt

Therefore, 26 = 1— 46 [ ezg Fig. 6.4
9B o (asingd — 4sina6) <O (at 6= 2
462 - a? (—2sin20 — 4sin406) ( = 6).

1
Therefore, Areaof triangle is maximum when 6 = 5"
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Objective Type Questions

Choosethe correct answer from the given four optionsin each of thefollowing Examples
19to 23.

Example 19 The abscissa of the point on the curve 3y = 6x— 5x3, the normal at which
passesthrough originis:

1 1
(A)1 B) 3 €2 D) 5
Solution Let (x,, y,) bethe point on the given curve 3y = 6x — 5x® at which the normal

(dy O
passes through the origin. Then we have Bd—ia =2-5x% Again the equation of
%.%)
2 Nl
i 6-5%

the normal at (x,, y,) passing through the origin gives 2—5)(12 =

Since x, = 1 satisfies the equation, therefore, Correct answer is (A).

Example 20 The two curves X3 — 3xy? + 2=0and 3x}y —y* = 2

(A) touch each other (B) cut at right angle
I I
(C) cut at an angle 3 (D) cut at an angle 2

d
Solution From first equation of the curve, we have 3x2 — 3y? — 6xy d—z =0

dy N yz ' '
O dx =" Xy = (m,) say and second equation of the curve gives
dy dy dy 2%
2 < 2 < — _— = =
6xy + 3% o 3y i 0 O X -y (m,) say

Since m, . m, =-1. Therefore, correct answer is (B).
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s
Example 21 Thetangent to the curve givenby x=€'. cost,y =€ .sintat t = 2 makes

with x-axisan angle:
A) O B I C I D I
A ®) © 3 O 5

. dx . dy .
Solution Ez—e‘ . sint + €'cost, E=e‘cost+ esint

cost +sint /2

cost—sint = @ and hence the correct answer is (D).

O
Therefore, % H-n=
4

Example 22 The equation of the normal to the curvey = sinx at (0, 0) is:

(A)x=0 (B)y=0 (©x+y=0 (D) x-y=0
oy 014 .
Solution Y cosx. Therefore, slope of normal = HEBSX ELO =-1. Hence the equation

of normal isy—-0=-1(x-0)orx+y=0
Therefore, correct answer is (C).

Example 23 The point on the curve y? = x, where the tangent makes an angle of

m .
ZWIthX-aXISIS

L 1C ol 1C

) B2k (B g5k ©) (42) ©) (1, 1)
oAy 1 T 11

Solution ax 2y‘ta“Z‘1D y_EDX_Z

Therefore, correct answer is B.
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Fill inthe blanksin each of thefollowing Examples 24 to 29.

Example 24 The values of a for which y = x2 + ax + 25 touches the axis of x
are

a
Solution Y-00 2x+a=0 e x=-2
dx 2
a®> 0O a0
£ +ag-SEr25=0 -
Therefore, 2 EFZEF- d a= +10

Hence, the values of a are + 10.

Example 25 If f(x) = then its maximum value is

4%% +2x+1"

Solution For f to be maximum, 4x2 + 2x + 1 should be minimumi.e.

1 1C 3
+2X+1 =4 (x+ Z)2+ ﬁ—zEgivingtheminimumvalueof e+ 2x+ 1= 7

Hence maximum value of f = 5 .

Example 26 Let f have second deriative at ¢ such that f '(c) = 0 and

f"(c) >0, then cisapoint of

Solution Local minima.

. . E 1 1]
Example 27 Minimum value of f if f (X) = sinxin E?,EHS .

Solution -1

Example 28 The maximum value of sinx + cosx is

Solution /2.
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Example 29 The rate of change of volume of a sphere with respect to its surface
area, when theradiusis 2 cm, is

Solution 1 cm3/cn?

4

dv _

V:§m3D— ar? g= 4?0 — =8wld —=—=1ar=2

dr dr ds 2

6.3 EXERCISE

Short Answer (S.A.)

1.

A spherical ball of saltisdissolvinginwater in such amanner that the rate of
decrease of the volume at any instant is propotional to the surface. Provethat
the radius is decreasing at a constant rate.

If the area of acircle increases at a uniform rate, then prove that perimeter
variesinversely astheradius.

A kiteismoving horizontally at aheight of 151.5 meters. If the speed of kiteis
10 m/s, how fast isthe string being let out; when the kiteis 250 m away from
the boy who isflying the kite? The height of boy is 1.5 m.

Two menA and B start with velocitiesv at the same time from thejunction of
two roadsinclined at 45° to each other. If they travel by different roads, find
the rate at which they are being seperated..

T
FindanangleB,0<0< E’ which increases twice asfast asits sine.

Find the approximate value of (1.999)°.

Find the approximate volume of metal in ahollow spherical shell whoseinternal
and external radii are 3 cm and 3.0005 cm, respectively.

2

A man, 2m tall, walks at the rate of 13 m/s towards a street light which is

1
55 m abovetheground. At what rateisthetip of hisshadow moving? At what
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10.

11.

12.
13.

14.

15.
16.

17.

18.

19.

20.

MATHEMATICS

1
rate is the length of the shadow changing when heis 35 m from the base of
thelight?

A swimming pool isto be drained for cleaning. If L represents the number of
litres of water inthe pool t seconds after the pool has been plugged off todrain
and L = 200 (10 — t)2 How fast is the water running out at the end of 5
seconds? What is the average rate at which the water flows out during the
first 5 seconds?

The volume of a cube increases at a constant rate. Prove that the increase in
its surface area varies inversely as the length of the side.

x and y are the sides of two sguares such that y = x — x2. Find the rate of
change of the area of second square with respect to the area of first square.

Find the condition that the curves 2x = y? and 2xy = k intersect orthogonally.
Prove that the curves xy = 4 and X? + y? = 8 touch each other.

Find the co-ordinates of the point on the curve +/x + \/§ =4 at which tangent
isequally inclined to the axes.

Find the angle of intersection of the curvesy =4 — x2 and y = x.

Prove that the curves y? = 4x and x? + y2 — 6x + 1 = 0 touch each other at the
point (1, 2).

Find the equation of the normal lines to the curve 3x? — y? = 8 which are
parallel tothelinex + 3y = 4.

At what pointson the curve x2 + y2 - 2x— 4y + 1 = 0, the tangents are parall el
to the y-axis?

-X

X =X
Show that theline a + %: 1, touchesthecurvey=b.e? at the point where

the curve intersects the axis of y.

Show that f (X) = 2x + cotx + log (\/1+ X —X) isincreasing in R.



21.

22.

23.

24,
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Show that for a > 1, f (X) = /3 sinx — cosx — 2ax + b isdecreasing in R.

[
Show that f (X) = tan}(sinx + cosx) isan increasing functionin %’Za

At what point, the slope of the curvey = — x® + 3x2 + 9x — 27 is maximum?
Also find the maximum slope.

Provethat f (x) = sinx + /3 cosx has maximum value at x =

ol

Long Answer (L.A.)

25.

26.

27.

28.

29.

30.

If the sum of thelengths of the hypotenuse and aside of aright angled triangle
Isgiven, show that the area of the triangleis maximum when the angle between

themis =

emis .
Find the pointsof local maxima, local minimaand the points of inflection of the
functionf (x) = x®—5x* + 5x*— 1. Also find the corresponding local maximum
and local minimum values.

A telephone company in a town has 500 subscribers on its list and collects
fixed charges of Rs 300/- per subscriber per year. The company proposes to
increase the annual subscription and it is believed that for every increase of
Re 1/- one subscriber will discontinue the service. Find what increase will
bring maximum profit?

2 2

X
If the straight line x cosa + y sina = p touches the curve 2z + % =1, then

prove that a* cos’a + b? sinfa = pA
An open box with square base isto be made of agiven quantity of card board

3
of area c? Show that the maximum volume of the box is 6 \/§ cubic units.

Find the dimensions of the rectangle of perimeter 36 cmwhich will sweep out
avolume as large as possible, when revolved about one of its sides. Also find
the maximum volume.



138

31.

32.

33.

34.
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If the sum of the surface areas of cube and a sphere is constant, what is the
ratio of an edge of the cube to the diameter of the sphere, when the sum of
their volumesis minimum?

AB isadiameter of acircle and C is any point on the circle. Show that the
areaof A ABC is maximum, when it isisosceles.

A metal box with asguare base and vertical sidesisto contain 1024 cm?3. The
material for the top and bottom costs Rs 5/cm? and the material for the sides
costs Rs 2.50/cm? . Find the least cost of the box.

The sum of the surface areas of arectangular parallelopiped with sides x, 2x
X
3

isminimum, if xisequal to threetimesthe radius of the sphere. Also find the
minimum val ue of the sum of their volumes.

and — and asphereisgivento be constant. Provethat the sum of their volumes

Objective Type Questions

Choosethe correct answer fromthe given four optionsin each of thefollowing questions
35t039:

35.

36.

37.

The sides of an equilateral triangle are increasing at the rate of 2 cm/sec. The
rate at which the areaincreases, when sideis 10 cmiis:

10
(A) 10cm?s  (B) /3cms (C) 10,/3cnm?'s (D) Ecmzls

A ladder, 5 meter long, standing on a horizontal floor, |eans against avertical
wall. If the top of the ladder slides downwards at the rate of 10 cm/sec, then
the rate at which the angle between the floor and the ladder is decreasing
when lower end of ladder is 2 metresfrom thewall is:

1 1
(A) 0 radian/sec (B) 0 radian/sec (C) 20 radian/sec

(D) 10 radian/sec

1

Thecurvey = x5 hasat (0, 0)
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39.

40.

41.

42.

43.

44.
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(A) avertical tangent (parallel to y-axis)
(B) ahorizontal tangent (parallel to x-axis)
(C) an oblique tangent

(D) no tangent

The equation of normal to the curve 3x2 — y2 = 8 which is parallel to the line
X+ 3y=8is

(A)3x-y=8 (B)3x+y+8=0
(C)x+3y +8=0 (D)x+3y=0

If thecurveay + x2=7 and x® =y, cut orthogonaly at (1, 1), then the value of
ais:

(A)1 (B)O (C)-6 (D) .6
If y=x*-10 and if x changes from 2 to 1.99, what is the changeiny
(A) .32 (B) .032 (C)5.68 (D) 5.968

The equation of tangent to the curvey (1 + x?) = 2 — x, where it crosses x-axis
IS

(A) x+5y=2 (B)yx-5y=2
(C)bx-y=2 (D) 5x+y=2

The points at which the tangentsto the curvey = X3 — 12x + 18 are parall€l to
x-axis are:

(A) (2,-2), (-2,-34) (B) (2,34), (=2,0)
(C) (0,34), (=2, 0) (D) (2,2), (-2,34)

The tangent to the curve y = e* at the point (0, 1) meets x-axis at:

o1 0
(A) (0, 1) ®) 535 (© (20 (D) (G,2)

The dlope of tangent to the curve x = t2 + 3t — 8, y = 2t? — 2t — 5 at the point
(2,-1)is:
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45.

46.

47.

48.

49.

50.

51.
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22 6 -6
W= @ © = (D) - 6

Thetwo curves x® — 3xy?+ 2 = 0 and 3x2y — y® — 2 = 0 intersect at an angle of

) ®) 5 © 5 (D) &
4 3 2 6
Theinterval on which thefunction f (X) = 2x@ + 9x? + 12x — 1 is decreasing is:
(A)[Fl, )  (B)[-2,-1] © (e, -2] (D) [-1, 1]

Letthef: R —» R bedefined by f (X) = 2x + cosx, then f :
(A) hasaminimumat X = Tt (B) hasamaximum, at x=0
(C) isadecreasing function (D) isanincreasing function

y = X (X — 3)?>decreases for the values of x given by :

(A)1<x<3 (B)x<0 (C)x>0 (D)0<X<g

Thefunctionf (X) =4 sin®x — 6 sin>x + 12 sinx + 100 is strictly

AV .0 3nC B) d N n[
(A) increasingin HT ZE (B) decreasing in BE E

. Or x0 o [
(C) decreasing in E?EE (D) decreasingin @ EE

Al
Which of thefollowing functionsisdecreasing on a) EE

(A) sin2x (B) tanx (C) cosx (D) cos 3x
The function f (X) = tanx — X
(A) always increases (B) always decreases

(C) never increases (D) sometimes increases and sometimes
decreases.
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53.

54.

55.

56.

57.

58.

59.
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If X isreal, the minimum value of x> — 8x + 17 is

(A) -1 (B)O ©1 (D) 2

The smallest value of the polynomial x®— 18x2 + 96xin [0, 9] is
(A) 126 (B)0 (C) 135 (D) 160

The function f (X) = 2 - 3x2 — 12X + 4, has

(A) two pointsof local maximum (B) two pointsof local minimum

(C) one maximaand one minima (D) no maximaor minima

The maximum value of sin x. cosxis
1 1
O ®) 5 © 2 (D) 212

5
Atx= %,f(x)=2§n3x+3cos3xis:

(A) maximum (B) minimum

(C) zero (D) neither maximum nor minimum.
Maximum slope of the curvey = —x® + 3x2 + 9x — 27 is:

(A)O (B) 12 (C) 16 (D) 32

f (X) = x*has a stationary point at

(A)x=e (B)xzé (C)x=1 (D) x= \Je

Themaxi aveof 22 s
e mMaximum value Ol H;a IS

(A) e (B) & © o © &
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Fill inthe blanksin each of thefollowing Exercises 60 to 64:

60. The curvesy = 4x2 + 2x — 8 and y = x® — x + 13 touch each other at the
point .

61. The equation of normal to the curvey = tanx at (0, 0) is

62. Thevaluesof afor which the function f (x) = sinx—ax + bincreaseson R are

2

2X
63. The function f (X) = N x> 0, decreases in the interval

b
64. Theleast value of the function f (x) = ax + - (@>0,b>0,x>0)is .

=l ©



Chapter 7

(INTEGRALYS)

7.1 Overview

d
7.1.1 Let PV F (x) =f (x). Then, wewritejf (x)dx=F (x) + C. Theseintegrals are

calledindefiniteintegralsor genera integrals, C iscalled aconstant of integration. All
these integrals differ by a constant.

7.1.2 If two functions differ by a constant, they have the same derivative.

7.1.3 Geometrically, the statement If (x)dx=F (x) + C = y (say) represents a

family of curves. The different values of C correspond to different members of this
family and these members can be obtai ned by shifting any one of the curvesparalel to
itself. Further, the tangentsto the curves at the pointsof intersection of alinex =awith
the curves are parallel.

7.1.4 Some properties of indefinite integrals

0] The process of differentiation and integration are inverse of each other,
d
. _ f = f 1 - .
i.e., de (x)dx=f(x) and J'f (x)dx=f(x) + C, where C is any
arbitrary constant.

(i) Two indefinite integralswith the same derivative lead to the same family of
curves and so they are equivalent. So if f and g are two functions such that

%jf (x)dx:%]’g(x)dx,then [T (x)x and [g(x) e are equivalent

(iii) The integra of the sum of two functions equals the sum of the integrals of
the functionsi.e., J’(f (x) +9(x)) dx= If (x)dx + Ig(x)dX.
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(iv) A constant factor may bewritten either before or after theintegral sign, i.e.,

J’af (x) dx= aJ’f (x) dx, where “a’ is a constant.

(V) Properties (iii) and (iv) can be generalised to afinite number of functions
f, f, .., f and the rea numbers, k , k,, ..., K giving

[ (0 + £, (0 + otk £, (00) 0= K [ £, (0 vk, [ £, (00 +..+, [ 1, (06X

7.1.5 Methods of integration

There are some methods or techniques for finding the integral where we can not
directly select the antiderivative of function f by reducing them into standard forms.
Some of these methods are based on

1 Integration by substitution
2. Integration using partial fractions
3. Integration by parts.

7.1.6 Definite integral
b
Thedefiniteintegral isdenoted by [ f (x)dX whereaisthelower limit of theintegral

and bistheupper limit of theintegral. Thedefiniteintegral isevaluated inthefollowing
two ways:
0] The definite integral asthelimit of the sum
b
(i) J’ f (x)dx = F(b) — F(a), if Fisan antiderivative of f (x).

7.1.7 The definite integral asthe limit of the sum

b
The definiteintegral J' f (x) dx isthe area bounded by the curvey = f (x), the ordi-

nates x = a, X = b and the x-axis and given by

JT()dX=(b-a) Lim%g(a) +f(a+h) +..f(a+(n-1)h)E



or

7.1.8
(0)

(i)

(ii)

7.1.9
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J’f (x)dx = Li[rghaf(a) +f(a+h) +..+f (a+(n—l)h)E,

Wherehzﬁ_,oasn_.oo.

n
Fundamental Theorem of Calculus

Area function : The function A (x) denotes the area function and is given
by A(x) = [f(xdx,

First Fundamental Theorem of integral Calculus

Let f be a continuous function on the closed interval [a, b] and let A (x) be
the areafunction . Then A" (x) =f (x) for al x L1 [a, b] .

Second Fundamental Theorem of Integral Calculus

Let f be continuous function defined on the closed interval [a, b] and F be
an antiderivative of f.

b
[T () dx= [F(x)]’ = F(b) - F(a).
Some properties of Definite Integrals

P, : If (x)dx = J’f (t)dt
P, : If(x)dxz—‘!'f(X)dX,in particular, jf(x)dxzo

P, [f(x)dx= j’f(x)dx + ()
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P, : [fOJdx = [f(a+b-x)dx

P, : [F(00 = [(ax)x

2a

P - J'f(x)dX—J'f(x)dX+If(2a x) dx

P, : [f(x)dx = Elzj’f(x)dx,if f (2a-x)=f(X),
6 ) 04
Hb,if f (2a-x)=- f ().

P, : (i):[ f(x)dx = Z}f(x)dx,iffisanevenfunctioni.e.,f(—x)=f(x)

(i) [T(x)dx=0,if fisanodd functioni.e, f (-x) = -f (x)

7.2 Solved Examples

Short Answer (SA.))
Example 1 Integrate BT N +3C\/_E W.Lt. X

02a

Solution IB\/T - "'30\/» EFX

= IZa(x)%1 dx—be‘2 dx+J’3c xgdx

5

3
—4a\/_+b 9(;X +C .
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3ax
Example 2 Evaluate Imdx

Solution Let v= b?+ ¢, then dv = 2¢? xdx

3ax 3a .dv
Therefore, Im = og J’—

= 2—3::;Iog‘b2 +czx2‘+C_

Example 3 Verify thefollowing using the concept of integration asan antiderivative.

3 2 3
IX XXy X——Iog|x+1|+ C
X+1 2 3

dO x* X

]
Solution a" ?+——|09|X+1|+Ca

XX X 0 X

Thus +§—Iog|x+ﬂ+C%=J’ dx

DQD
|

X+1

1+x
Example 4 EvaluateI mdx, X1

xdx

1
Solution Let | :I it_zdx = J’ﬁdx + Iﬁ =sntx+1,,
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xdx

where I = R
—X

Put 1 — x> = = —2x dx = 2t dt. Therefore

[ =-dt =—t+C=_\1-x*+C
sin'x _\1-x2+C.

Hence 1

B>a

dx
Example 5 Evaluate .[ (x—a)(B-x) ’

Solution Put x — ot =#. Then - x = ﬁ—(t2+a) =fB-t-a=-t"'-a+pf
and dx = 2tdt. Now

sz 2tdt :I 2dt
JE(B-a-1) \/(B—a—tz)

dt

W, where k’=f - a

=2

Example 6 Evaluate I tan® xsec* xdx
Solution I = j tan® xsec* xdx
= J‘tan8 x(3602 x) sec” xdx

= Itang x(tan2 X+ 1) sec” xdx
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= Itanlo X sec? xdx+J’tan8x sec? xdx

_tan"'x | tenx

11

+C.

3

_ X
Example 7 Find Imdx

Solution Put X2 =t. Then 2x dx = dit.

N - Xdx 1 tot
ow _Ix4+3x2+2 2It2+3t+2

t A B
+

2+3t+2 t+1 t+2

Consider
Comparing coefficient, we get A=-1, B=2.

dt dt C

1
Then | = E%J’E_IEE

= %@Iog|t+2|—log|t+]j§

X2 +2

- log +C

x> +1

_ dx
Example 8 Find IZsinzx 150052 X

Solution Dividing numerator and denominator by cos?x, we have

sec? xdx
I= I2tan2x +5
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Put tanx =t so that sec?x dx = dt. Then

dt _1 dt
1= 2745 2 050
t?+0/o 0
oN2Q
0
= lﬁtan‘lm\/zt +C
25 Hs A
0
_ 1 aB2tnxd,
Ji0 N

Example 9 Evaluate I(7X—5) dX as a limit of sums.
21

2+1
Solution Herea= -1,b=2,and h= T i.e,nh=3andf(x) = 7x-5.

Now, we have

}(7x—5)dx =limhf (-1) + f (-1 +h) + f (-L+2h) +..+ f (-1+(n-1)h)E

1
Note that

f(-1)=-7-5=-12
f(-1+h)=-7+7h-5=-12+7h
f(-1+(n-1)h)=7(n-1) h-12.
Therefore,

j’(?x—5)dx =limh[{-12) +(7h-12) +(14h -12) +...+(7(n-1)h-12)H

-1

= limhgh@ +2+..+(n-1)F-12nF
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C . o O
> —.12nE=leg(nh)(nh—h)—lznhg

7 7x9 . _-9
_5(3)(3—0)—12><3 =— - —3%6=—.

Tt
2 7
tan
Example 10 Evaluate I7—X7dx
5 Cot” X + tan’x

Solution We have

tan’ x
— dx (1
cot’ x + tan’x @

Ol N | o

m 7ot
) > tan EE XH N
e T

cot BE—Xﬁ'F tan Bé Xﬁ

by (P,)

cot’ (x)dx @)
) cot” x dx + tan” x

Ny N | =

Adding (1) and (2), we get

s

2tan’ x + cot’ x O
2= (B s oo x
) Ftan” x + cot’” x [

m
dx which gives | = 7

ey 10 [ =
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Example 11 Find J-\/’ \/m

Solution We have

8 f10-(@10-x) o
- £\/10—x+\/10 ~(10-x)

8
0 | :J‘de
210 — x ++/x
Adding (1) and (2), we get
8

2l=[1ldx =8-2=6
I

Hence 1=3

T
4

Example 12 Find I1/1+sin2x dx
0

Solution We have

J1+sin2xdx =

Oh.b\:l
Ol n |5

(sinx+ cosx) dx

1
Ol A5

(sinx+ cosx)2 dx

(D)

by (P,)

2



L
= (-cosx+sinx)?

=1
Example 13 Find Ixztan‘lx dx.

Solution | =J'x2tan‘1x dx

3

X
= tanx [x?dx — ——dx
I 1+x* 3

3

X
- tanx —-=[x-

3 IDX 1+x2

X3 2

= Xanix-X4+1 Iog‘l +x2‘ +C.
3 6 6

Example 14 Find I 10 — 4x+ 4x* dx

Solution We have

I—I\/lO 4X+4X% dx :I 2X 1

Put t = 2x — 1, then dt = 2dx.

1 2
Therefore, | = EIJtZ +(3)" dt

2

1 : +—Iog‘t+\/t + ‘+C

INTEGRALS
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%(2x 1) J(2x-1)° +9 +—Iog‘ (2x-1) +[2x-1) *+9| + C.
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Long Answer (L.A.)

J- x> dx
Example 15 Evaluate —x4 DY

Solution Let x> = ¢. Then

x2 t t A

4, 2 5 2 - = +
X +x=2 t°+=2 (t+2)@-1) t+2

So t=A(-1)+B(+2)
1
3

2
Comparing coefficients, we get A= 3 B=

2 1 11
Hxr-2 3 x*+2 32—l

Therefore,

2

X 2 1 1 dx
— - dx== dx+ —
Ix“+x2—z 3'[x2+2 3'[x2—1

x—1

x+1

a4 X 1
—+—1lo +C
6 g

2 1
_ — —— tan
“ 342 J2

X +x
Examplel6 Evaluate Jﬂdx

Solution We have

B
-1

X +x x xdx
1= dx =jx dx + SI4L

o
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X
xX'=9

Now L :I

Put t = x*—-9so that 4x® dx = dt. Therefore

l, = i_[ﬂ = EIog|t|+C1 = %Iog‘x“—9‘+cl

_ o Xadx
Agaln, I2_IX4_9

Put X% = u so that 2x dx = du. Then
1 du 1 u-3
-\l = — — +
g 2J’u2—(3)2 256 Purg "
1, |x*-3
= —lo +C
29 x2+3‘ z
Thus =1 +1,
=1 ‘x —9‘ —Iog 3+C
4 +3 '
Example 17 Show that ESin—zx—ilog(\/z +1)
-!sinx+cosx J2

Solution We have

z
2 d&n?x
-!smx+cosx
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Thus, we get

Hence

Example 18

B
D o

OH NIE

g COSX
J; X+ GO
1% dx
2l = —
ﬁlcos@x o
4
% O 1 nQ D_EDI%
5[5 e o= oo pee - renh T

1 O n m O O nQg 0 nd
- = ot PA I i i
- @EC’QH%“&% g 9% E B2

:%Hog(\/},l)—log(ﬁ-l)g =%|og£—j

Find _[X(tan‘l x)” dx
0
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1

Solution I = _[X(tan‘1 x)* X

0

Integrating by parts, we have

X2 2 1 ! 2 tan_lx
-2 - - =[x.2 d
I = ZHtanlx)a ZJ(:X 15
2 1 2
LI ~.tan™ xdx
32 J1+x
12
m’ X -1
= — _ = tan™ xdx
=3 I, wherel = -([1+x2
XH1-1
Now Il—_! 11,2 tarxdx
1 1 1
= Itan‘lxdx—J' ~tan™ xdx
) 1 1+X
. 5\ n?
= 1= 5((tan'1 x) )0 =h-%
1 N 1 X
Here | = ftan" xdx = (xtanx),— [—— o
=1 i
o 5M\! 1
Z——(Iog‘1+x DO = ——Elogz
1 m?
Thus I,= —-—log2-—
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m n 1 n? n2 m
=L Ty Ziogo+ B T+ Liog2
Therefore, 1 = o5 =4 725994 55 167372
4n+|og\/2_

2

Example 19 Evaluate [ f(X) dx where f (x) = [x + 1] + x| + |x - ]
<]

02-x%, if -1<x<0
Solution We can redefinef  as f(x):Ex+2, if O<x<l1
Hax, if 1<xs2

2 0 1 2
Therefore, If(x)dx=J’(2—x)dx+f(x+2)dx+J’3xdx (by P)
i} 21 0 1

Objective Type Questions

Choose the correct answer from the given four optionsin each of the Examplesfrom
20to 30.

Example 20 [€ (cos x—sin x)dxis equal to
(A) €cosx+C (B) e'sinx+C

(C) —€“cosx+C (D) —€*sinx+C
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Solution (A) isthe correct answer since J’eX Hf (x) +f (x)Hdx =€ f(x) + C .Here
f (X) = cosx, f”(x) = —sin x.

Example 21 Izd—xsz isequal to
sin xXcos” X
(A) tanx + cotx + C .. .. X+cotx)2+C
(C) tanx-cotx+C (D) (tanx — cotx)? + C
Solution (C) isthe correct answer, since

- dx __(sin?x+cos? x) dx
_J-SiHZXCOSZX_J- sin® xcos® x

= Iseczxdx +Icoseczxdx = tanx — cotx + C

— X

3e"-5
Example 22 If 7= 9= ax+ blog [4e* + 5e7| + C, then

-1 7 1 7
a=—,b=— a==,b=—=
(A)a=-~ s B) a=g 3
-1 -7 1 -7
a=—,b=— a=-,b=—
(€ a=- 8 (D) a=g 3

Solution (C) isthe correct answer, since differentiating both sides, we have

3¢ 56" _ L, (4e*-5e7>)
4e° +5e7% 4" +5¢7*

giving 3e*—5e*= a (4e* + 5e*) + b (4e* — 5e™). Comparing coefficients on both

-1 7
sides, we get 3=4a + 4b and -5 = 5a - 5h. This verifies a=§, b =§.
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b+c

Example 23 I f (x)dx isequal to

atc

(A) [f(x-c)dx (B) If(x+ c)dx
© [f(x)dx (D) j f (x)dx

Solution (B) isthe correct answer, since by putting x =t + ¢, we get

b b
| = J'f (c+t)dt= J'f (x+c)dx
Example241f f and g are continuous functionsin [0, 1] satisfying f (x) = f (a — X)

andg (x) +g(a-x =a, then [ F(x)-9(x) X is equal to

*) 5 ®) 5 [0
(@) _Ol'f(x)dx (D) a_ol'f(x)dx

a

Solution B is the correct answer. Since | = _[f (x).9(x)dx
0

[f(a=x) 9la-x)d = [ () (a-g(x)dx

af (0 & — [ (x).g(xcx = af f(x) & |
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aa
= — f dx
or | 2_([ (x) dx

2

d
Example25 If x = IW y = ay, then ais equal to

(A) 3 (B) 6 ©) 9 (D) 1

dt dx _ 1
Solution (C) isthe correct answer, since X = I\/—ZD e
1+9t \J1+9y?

d2 18y

which gives F: 2,J1+9y? .&zgy.

1 .
Example 26 ¢dXIS ual to
p IX 2N+ €q
1
(A) log 2 (B) 2log 2 (@) 5I092 (D) 4log2
ution (B) is the correct answer, since | = J;X2+2|x|+1
1 3 1
X x| +1 Ix+1
J:X2+2|x|+1 Jlx2+2|x|+1 0 2l(|x|+1)2

[odd function + even function]

Lox+l
:2.[ (x+1)* > zodeX = 2Jlog|x+1], =2log 2.
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1 1 t
Example 27 If Iliﬂdt =a, then [ dt isequal to
0 0

(1+1)

A 1+E B)a+1 £ C 1 £ D +1+E
(A)a-1+ (B)a+1- - (Qa-1-5  (Da+rl+s
1 et
Solution (B) isthe correct answer, since |l = 1Ttdt
0
1 L €
=|—e]| t dt = i
rc sy T 2 even
Therefore Jl’ ¢ —a—E+1
@+t T2 T
2
Example 28 I|xcosnx| dxisequa to
=
A 8 B 4 C 2 D 1
A — ®) — © =

2 2

Solution (A) isthe correct answer, since | = [|xcosmxdx = 2 [|xcosm{dx
-2 0

i : 2 0
7 0 8
=92 %‘Ixcosnxldx +I|xcosnx| dx +{|xcosnx| dxg = =
5 ; ; H "

2 2

Fill in the blanksin each of the Examples 29 to 32.

sin
Example 29 Icoss dx =
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7

Solution tan x +C
7
Example30 [ f(x) d&x=0 iffisan function.
Solution Odd.
2a a

Example3l [ T(x)dx = 2[f(x)dx, if f (2a-x) =
0 0

Solution f (X).

Nia

sin” xdx

Example 32 [ o x
0

Solution I
R

7.3 EXERCISE
Short Answer (S.A.)

Verify thefollowing:

2x-1
-y _ 2
1. IZx+3dX x—log|(2x+3)j+C

2x+3
— 2
2. IX2+3de log 2+ 3x|+ C

Evaduatethefollowing:

X2 +2 dX eGlogx _ e5logx
3. J‘% 4. IW
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10.

12.

14.

16.

18.

20.

22.

MATHEMATICS

I(1+ cgsx) dx
X+sinx

Itan2 xsec* xdx

I\/1+ sin xdx

X

J'\/;_'_ldx (Hint : Put \/x =2

1

X2

J’ 5 dx

1+ x4

dx

J-\/16 -9x°

3x-1
I\/Xz_wdx

Ix4x_1dx

I\/ 2ax— x* dx

(cos5x +cos4x)
1-2cos3x

(Hint : Put x = 2%

dx

15.

17.

19.

21.

23.

dx
1+ cosx

Sin X+ cosx

—d
L/l+sin2x X

atXx

I a—Xx

2
IVl)-(:x dx

dt

e

I\/S— 2%+ X2 dx

XZ

Il_x4dx put X2 =t

sin® x +cos® x

— —dx
I sin’ X cos® X



Jx
24. Iﬁdx 25.

dx
26. IT\/T—:I. (Hint : Put x2 = sec 0)

Evaluate thefollowing aslimit of sums:

27.

O%N

Evaluatethefollowing:

Lodx
29. Jo’e*+e** 30.
2 dx
31. Jl’—(x—l)(z—x) 32.
33. J’xsin xcos’ xdx
0
Long Answer (L.A))
x2dx
35. Y PV 36.
Ix“ -x*-12

X

37. lhgnx 38.

(x2 +3)dx 28.
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COS X —C0S2X
I—dx
1-cosx

1
34 E—dX
' !(1+ X2)y/1- X

(Hint: let x = sinB)

x2dx
I(Xz " az)(xz " bz)

2x-1 dx
I(x—l)(x+2)(x—3)
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aiy D1+X+X2 0
9. [ G- 40.  [sn® X
0 1+x g a+x

(Hint: Put x = a tan’0)

/14 cosx

5 42. I e cos® x dx

41. S
(1-cosx)?

W | S — N[

43. Ia/tanx dx (Hint: Put tanx = t?)

n
2
-([ (a®cos x+b25m x)

44,
(Hint: Divide Numerator and Denominator by cos*x)
1 s
45. J’xlog(1+2x) dx 46. J’xlogsinxdx
0
T
Z -
47 Inlog(sm X+cosx)dx
4

Objective Type Questions
Choosethe correct option fromgiven four optionsin each of the Exercisesfrom48t0 63.

€0S2X —C0s 20

48.
I COS X —C0s0

dx isequal to

(A) 2(sinx + xcosB) + C (B) 2(sinx — xcosB) + C
(C) 2(sinx + 2xcos) + C (D) 2(sinx — 2x cosB) + C



49.

50.

51.

52.
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dx

Isin(x—a)sin(x_b) isequal to
. sin(x—b) sin(x—a)
(A) sin(b-a) log sin(x—a) +C (B) cosec (b - a) log Sin(x—b) +C
sin(x—b) . sin(x—a)
(C) cosec (b-a) log sin(x—a) +C (D)sin(b-a)log sin(x—b)
Itan‘1 Jxdxisequal to
(A) (x+1) tan"Vx-Vx+C (B) xtan™vx —y/x+C
(©) Vx-xtanyx +C (D) Vx=(x+1tan?*Vx +C
e H=x ﬁdx isequal to
I E+ XZH
e —e*
(A ;2 *C (B) 17,2 *C
e ‘C -e ‘C
© (14) (D) (14 )
I(4x2 2 dx isequa to
1g,. 10 g, 10
MW 5H el T° B 5H el T ©

(©) ﬁ(u 4)°+C (D) 1_105)?”5 +C
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53.

54.

55.

56.

MATHEMATICS

dx 1
T N/ . \N= 2 —1 —
If _[(X+2)(X2+1)—alog|1+x|+btan X+ 5log|x+2|+C,then

N
(A)a=-15.b=7

I
©a=15-P=73

3

X
J'X+1|sequalto

2 3

X X
(A) X+7+§—|09|1—x|+ C

X X
©) X-;—g—mglu x+C

X+snx
1+ cosx

dx isequal to

(A) logl1+cosx/+ C

©) x—tang +C

X3 dx
If

I\/1+x2
Aa= I, b=1
()a_3l -
(©Qa=—, b=-1

3

S l,l2
®)a=15b7-%

Sail 2

2 3

X X
(B) X+7—§—|09|1— x+C

2 3

X X
(D) X-7+§—I09|1+ x+C

(B) log|x+sinx|+ C

(D) x.tang +C

3
= a(l+x%) 2+ byl+ x* + C, then

(B)a=§, b=1
D —} b=-1
(D)a= 3, = -



57 ZLis ual to
' J’n1+0032x ™

(A)1 (B) 2 (©) 3

2
58. lel—sin 2xdx isequal to
0

(A) 242 ®)2 (V2+1) (©) 2
59. j’cosxes"”xdx is equal to

Xx+3
60. Ime dx =
Fill inthe blanksin each of thefollowing Exercise 60 to 63.

a q -
61. If ‘!mdx = g ,thena =

sinXx

> 7 dx =
I3+4coszx -

62.

L

63. The value of f sindx cos?x dx is
=Tt

——emmll> § PE——
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(D) 4

() 2(v2-1)



Chapter

(APPLICATION OF INTEGRALS)

8.1 Overview

Thischapter deal swith aspecific application of integralsto find the areaunder smple
curves, area between lines and arcs of circles, parabolas and ellipses, and finding the
area bounded by the above said curves.
8.1.1The area of the region bounded by the curve y = f (x), x-axis and the lines
x=aandx=Db (b> a) isgiven by the formula:

b b

Area= J'ydx: If (x) dx

8.1.2 The area of the region bounded by the curve x = ¢ (y), y-axis and the lines
y=c, y=disgiven by the formula

Area = dey:J'¢(y) dy

8.1.3The area of the region enclosed between two curvesy = f (x), y = g (X) and the
lines x = a, x = bisgiven by the formula

Area= [[f (0=g(¥)]dx wheref(x) > g (x) in[a, b]

814If f(X) > g(X¥in[aclandf(X) < g(X)in[c, b],a<c<b,then

Area= [[T()-g]ax+[(g0)-F(o)dx ¥
8.2 Solved Examples
Short Answer (SA.) 1 A

Example 1 Find the area of the curve
y = sin x between 0 and 1t
Solution We have

. B

|=
=

Area OAB = I.Vdf = ISi" xdy = |-cosx; 0

o

':I_E. ]
o

= cos0 — cosTT= 2 s units.

X
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Example 2 Find the area of the region bounded by the curve ay? = X, the y-axis and
thelinesy=aandy = 2a.
Solution We have

2a 2a 1 2 Y

= [xdy= [a’y3d —>
Area BMNC j y j ydy e y=2a
1
5 § 2a
= 3i 3 o /M
5 B r=«
1 .
é 5 § t )X
-2 (2a)s - a3‘ ‘ ¢
S Fig. 8.2
1 § 5 Y
- —a3ad (2)3—1‘ ry
3 2
= gaz 2.2° =1 squnits.

Example 3 Find the area of the region
bounded by the parabola y? = 2x and the
straight linex—y = 4.

Solution The intersecting points of the given

curves are obtained by solving the equations /
X—y=4andy?=2xfor xandy. Fig. 8.3
Wehave y»=8+2yi.e,(y-4)(y+2) =0 )
which givesy=4, -2 and

X=8, 2.

Thus, the points of intersection are (8,

4), (2, -2). Hence

X

Area = }fﬁ +y—%y2§1y

> 4

1
4y+y7—gy3 = 18 sg units.

-2

Example 4 Find the area of the region
bounded by the parabolas y? = 6x and Fig. 8.4
X2 = 6y.
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Solution Theintersecting points of the given parabolas are obtained by solving these
eguations for x and y, which are 0(0, 0) and (6, 6). Hence

6

Area OABC = ‘[HJ?——adx _ 2\/_?_E

0

3
=, /502 _ (6 _ i
= 262 -2 =12 g units.
Ve 3 18

Example 5 Find the area enclosed by the curve x = 3 cost, y = 2 sint.
Solution Eliminating t as follows:

X
x=3cost, y=2sint[J §:cost,

. (0,2

%:Slnt,weobtain AB

X2 y2 < 0] X
Z+2L = X A .

9 4 ' (3,0)
which isthe equation of an ellipse. (0, —2)
From Fig. 8.5, we get Y’

Fig. 8.5

3
2
the required area= 4 Ig 9-x* dx
0

_551/9 X2 += sm - _6T[squnits.

Long Answer (L A
2

3x
Example 6 Find theareaof the region included between the parabolay = e and the
line3x—2y+12=0.

3%
Solution Solving the equations of the given curvesy = e and 3x-2y+12=0,

we get
X-6x-24=0 0O x-4)x+2=0



0 x=4, x=-2 which give
y=12, y=3

From Fig.8.6, the required area = area
of ABC

4 012+ 3x0 4 3x2

:_Iza 5 de_ ITdX

-2

Eﬁx"' 3 g X 4 27 i
= i =Py = S| units.
0 4 0, 12 5

Example 7 Find the area of the
region bounded by the curves x = at?
and y = 2at between the ordinate
corespondingtot=1andt=2.
Solution Given that x = at? ...(i),

_ . Yy
y=2at..(i)J t= 2aputtlngthe

vaueof tin (i), we get y? = 4ax
Puttingt=1andt=2in (i), we get
X=a,and x=4a

Required area= 2 areaof ABCD =

4a 4a
2Iydx=2x2‘|’\/&dx

3 da

(%) =6
= 8Ja 3| = Eazsq units.

a

Example 8 Find the area of theregion above the x-axis, included between the parabola

y?= ax and the circle x> + y? = 2ax.

A
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LN
e

(4, 12)
L 3Y
L

Ax 2412 =0

o |B

Fig. 8.6

M

Fig. 8.7

Solution Solving the given equations of curves, we have

X2 + ax = 2ax

orx=0, x=a,which give
y=0. y=ta
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FromFig. 8.8
area ODAB = Y

[{Voasose - Vax)ox

Let x=2asin’0. Then dx = 4a , 0 C -
sind cosd do and X'< a X

LN
r

T
x=0,0 6=0, x=al ezz.

Aga| n, }q2ax— X2 dx ]
0

Fig. 8.8
= [(2asinBcos 6) (4asinBcose) db

o%nm

pa

Z1 49d9 . B%——Z
I cos aﬁ% 4E—4a.

Further more,

N w

a iR
I«/axdx :\/az[p( D:ga2
0 30 @ 3

Thusthe required area= ~a= 2a° =& B - 2 Baquni
usthe required area= @~ ~& =& 3, ~ 3 gsqunits.

Example 9 Find the area of a minor segment of the circle X2 + y2 = a2 cut off by the

li 2
inex= .
2

: . . a . o
Solution Solving the equation x> + y?2 = a2 and X = 5, we obtain their points of

\/— Ua \/_aD
intersection which are H— Eand H > E
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Hence, from Fig. 8.9, we get

Ja—x%dx
Required Area= 2 Areaof OAB =2 l

2

Y
2 ]
-9 D(\/az—xz +a—sin‘1§D 1
2 a[g \é\!
¥
— |/
E_)hi mn a a\/§ a? T[E ¢
=2 o= a————.—=

; 7 >
= i—;(6n—3\/§—2n) ? (1-2§

= i—;(M—B«@ ) S units.

'Yi
Objective Type Questions Fig. 8.9

Choose the correct answer from the given four optionsin each of the Examples 10to 12.

Example 10 The area enclosed by the circle X2 + y?2= 2 isequal to
(A) 41tsg units (B) 2./2m sq units
(C) 412 sq units (D) 2mtsg units

2
Solution Correct answer is (D); sinceArea= 4I V2-x
0

N2
O . x O
= 2-x2 + = = i
4 EEJ X" +sin ,—250 271150, units.

2 2
Example 11 The area enclosed by the ellipse %+§ =1lisequa to
(A) TPab (B) mab (C) ma*b (D) Tab?

a
b
Solution Correct answer is (B); sinceArea= 4[5 a’ —xdx
0
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X 5 a2 . xO
- — a’—x"+—sin" —0 = mmh.
a 2 ang
Example 12 The area of the region bounded by the curvey = x2 and theliney = 16
a2 5 20 o & o 128
R 3 (®) © 3 (D)

16
Solution Correct answer is(B); since Area = zj\/gdy
0

Fill in the blanks in each of the Examples 13 and 14.

Example 13 The area of the region bounded by the curve x = y?, y-axis and theline
y=3andy=4is

. 37 :
Solution 3 sg. units

Example 14 The area of the region bounded by the curvey = x? + X, x-axis and the
linex=2andx=5isequal to

297 _
Solution ?sq. units

8.3 EXERCISES
Short Answer (SA.)
Find the area of the region bounded by the curves y? = 9x, y = 3x.

Find the area of the region bounded by the parabola y? = 2px, x* = 2py.

Find the area of the region bounded by the curvey =xandy=x+ 6 and x=0.
Find the area of the region bounded by the curve y? = 4x, x? = 4y.

Find the area of the region included between y2 = 9x and y = X

Find the area of the region enclosed by the parabolax?* =y and theliney =x + 2
Find the area of region bounded by the line x = 2 and the parabola y? = 8x

O N o gk~ owDdpE

Sketch the region {(x, 0) : y = /4 — x? } and x-axis. Find the area of the region
using integration.
9. Calcualte the area under the curve y = 2./x included between the lines x = 0

andx=1.
10. Using integration, find the area of the region bounded by the line2y = 5x + 7, x-
axisand thelinesx =2 and x=8.



11.

12.

13.
14.

15.
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Draw arough sketch of the curvey = \/x -1 intheinterval [1, 5]. Find the
area under the curve and between thelinesx =1 and x = 5.

Determine the area under the curvey = m included between the lines x
=0andx=a.

Find the area of the region bounded by y = \/x and y = x.

Find the area enclosed by the curvey = —x2and the straight lilnex + y + 2 = 0.

Find the area bounded by the curvey = \/x , x = 2y + 3 in the first quadrant
and x-axis.

LongAnswer (L.A.)

16.
17.
18.

19.

20.
21.
22.

23.

Find the area of the region bounded by the curve y? = 2x and x? + y2 = 4x.

Find the area bounded by the curve y = sinx between x = 0 and x = 21T

Find the area of region bounded by the triangle whose vertices are (-1, 1), (0,
5) and (3, 2), using integration.

Draw arough sketch of theregion{ (x, y) : y2< 6ax and x2 + y? < 16a2} . Also find

the area of the region sketched using method of integration.
Compute the areabounded by thelinesx+ 2y =2, y—-x=1and 2x+y=7.
Find the area bounded by thelinesy =4x+5,y=5-xand 4y =x + 5.

Find the area bounded by the curve y = 2cosx and the x-axis from
x=0tox=2m

Draw arough sketch of thegiven curvey =1+ [x +1], x=-3,x=3,y=0and
find the area of the region bounded by them, using integration.

Objective Type Questions
Choose the correct answer from the given four options in each of the Exercises

2410 34.
T
24. Theareaof theregion bounded by the y-axis, y = cosxandy =sinx, 0 < X< B IS
(A) V2 sq units (B) (V2 +1) sq units
(©) (V2 —1) s units (D) (24/2 —1) sq units

25.

26.

The area of the region bounded by the curve x? = 4y and the straight line
X=4y-2is

3 5 7 9
(A) gsq units (B) gsq units (C) gsq units (D) 3 sq units

The area of the region bounded by the curve y=,/16-x* and x-axisis
(A) 8 sq units (B) 207tsq units (C) 1611 units (D) 25671159 UNits
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27.

28.

29.

30.

31.

32.

33.

34.

Areaof theregionin the first quadrant enclosed by the x-axis, theliney = x
andthecirclex? +y?=32is

(A) 16mtsgunits  (B) 41tsq units (C) 32rtsq units (D) 24 sq units

Area of the region bounded by the curve y = cosx between x = 0 and x = Ttis
(A) 2 sgq units (B) 4 squnits (C) 3sgunits (D) 1 squnits

The area of the region bounded by parabolay? = x and the straight line 2y = xis

4 2 1
(A) Esq units (B) 1squnits (C) Esq units (D) ésq units

The area of the region bounded by the curve y = sinx between the ordinates

T
Xx=0, x= — and the x-axisis

2
(A) 2 sq units (B) 4squnits (C) 3squnits (D) 1 squnits
2 2
The area of the region bounded by the ellipse %+i’—6 =1lis

(A) 20Ttsq units  (B) 201% sq units

(C) 1612 sg units (D) 25 1tsq units

The area of the region bounded by thecircle x? + y2=1is

(A) 21tsg units (B) tsg units  (C) 3rtsg units (D) 41tsg units
The area of theregion bounded by the curvey = x + 1 and thelinesx=2and x=3is

7 . 9 _ 11 _ 13 _
(A) Esq units  (B) Esq units (C) Esq units (D) Esq units

The area of the region bounded by the curve x = 2y + 3 and the y lines.
y=landy=-1is

3
(A) 4squnits (B) Esq units (C) 6squnits (D) 8 sq units

——enulll> @



Chapter

(DIFFERENTIAL EQUATIONS)

9.1 Overview

(i)

(i)

(iii)

(iv)

(v)

(vi)

(vii)

An eguation involving derivative (derivatives) of the dependent variable with
respect to independent variable (variables) is called adifferential equation.

A differential equation involving derivatives of the dependent variable with
respect to only one independent variable is called an ordinary differential
equation and adifferential equation involving derivatives with respect to more
than one independent variablesis called apartial differential equation.

Order of a differential equation is the order of the highest order derivative
occurring in the differential equation.

Degree of adifferential equationisdefined if it isapolynomial equationinits
derivatives.

Degree (when defined) of adifferential equation isthe highest power (positive
integer only) of the highest order derivativeinit.

A relation between involved variables, which satisfy the given differential
equation is called its solution. The solution which contains as many arbitrary
constants as the order of the differential equation iscalled the general solution
and the solution free from arbitrary constantsis called particular solution.

To form a differential equation from a given function, we differentiate the
function successively as many times asthe number of arbitrary constantsinthe
given function and then eliminate the arbitrary constants.

(viii) The order of adifferential equation representing afamily of curvesis same as

the number of arbitrary constants present in the equation corresponding to the
family of curves.

(ix) “Variable separable method’ is used to solve such an equation in which variables

can be separated compl etely, i.e., terms containing x should remain with dx and
terms containing y should remain with dy.
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(x) A function F (x, y) is said to be a homogeneous function of degree n if
F (AX, Ay )= A" F (X, y) for some non-zero constant A.

(xi) A differential equation which can be expressed in the form %z F(x y) or

dx

d_y =G (X, Y), whereF (x, y) and G (X, y) are homogeneous functions of degree

zero, is called a homogeneous differential equation.

(xii) To solveahomogeneousdifferential equation of thetype ;—‘Z =F(X,y), wemake

substitution y = vx and to solve ahomogeneous differential equation of thetype

dx
d_y =G (X, y), we make substitution x = vy.

(xiii) A differential equation of theform (;—.Z + Py =Q, where Pand Q are constants or

functionsof x only isknown asafirst order linear differential equation. Solution

of such adifferential equationisgivenbyy (I.F) = I(Q x |.F.)dx + C, where
.F. (Integrating Factor) = ™.

dx
(xiv) Another form of first order linear differential equationis d_y +Px=Q,, where

P, and Q, are constants or functions of y only. Solution of such a differential
equation is given by x (I.F.) = I(Q1 x I.F.)dy+ C, where|.F. = P
9.2 Solved Examples
Short Answer (SA.)
Example 1 Find the differential equation of the family of curvesy = Ae* + B.e®.
Solution y=Ae* + B.e®



DIFFERENTIAL EQUATIONS 181

dy d%y
— =2Ae*-2B.e*and ——5 =4Ae*+4Be*
dx dx
dy . d%
Thus o =4y|.e.,y—4y= 0.
: : : . . dy vy
Example 2 Find the general solution of the differential equation X
_ d_y dy _ o dy _ cdx
Solution - x O v - x O y _IX

O logy =logx+logc OO0 y=cx

Example 3 Given that ;—‘Zz yerand x =0, y = e. Find the value of y when x = 1.

Solution (;—di:yeX 0 Id—; = [e’dx O logy=e+c
Substitutingx=0andy = eweget loge=€’+ c,i.e,c=0(--loge=1)
Therefore, log y = e

Now, substituting x = 1 in the above, wegetlogy=el y=¢€".
y
X

Example 4 Solve the differential equation ﬂx + ==x

d

dy

dX+ Py=Q, which is a linear differential

Solution The equation is of the type

equation.

1
Now I.F. = I;dx: gox = x.

Therefore, solution of the given differential equation is
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X4

y.X = Ixxzdx, ie yx= I+C

x° ¢
Hence y= Z+§'

Example 5 Find the differential equation of the family of lines through the origin.

Solution Let y = mx be the family of lines through origin. Therefore, ;—di =m

Eliminating m, weget y = ;—di X orx;—di -y=0.

Example 6 Find the differential equation of all non-horizontal linesin a plane.
Solution The general equation of all non-horizontal lines in a plane is
ax+ by=c, wherea#0.

a%+ b
Therefore, dy 0.
Again, differentiating both sidesw.r.t. y, we get

ad7X %
dy? =00 dyg—O.

Example 7 Find the equation of a curve whose tangent at any point on it, different
from origin, has slope y+% :

10
Solution Given ﬂ= y+X = ya"'—
dx X X

dy _ 10
O 7— %"‘ ;de

Integrating both sides, we get

logy =x+logx+c [ Iog%§=x+c



DIFFERENTIAL EQUATIONS 183

O

X |<

—erc=eet [

O y=kx.e.
LongAnswer (L.A))

Example 8 Find the equation of a curve passing through the point (1, 1) if the
perpendicular distance of the origin from the normal at any point P(x, y) of the curve
isequal to the distance of P from the x — axis.

X
Solution Let the equation of normal at P(x, y) be Y —y = oy (X=%) e,

Y+X% = +x%D—o 1
ay ~B " BT _—
Therefore, the length of perpendicular from originto (1) is
y+x%
dy
-(2)
1+Dde2
FayH
Also distance between P and x-axisis |y|. Thus, we get
y+x%
dy _
=yl
1+Dde2
FayH
0 dx 0 ooxFC dx i 0 dx
y+x—pg = y O+ CO — g-(x*-y?)+2xy =0 O —=0
O oy g SyEE dyBlITy( v) H dy
ax 23y
or —= 2 2
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Casel: %zom dx=0

dy
Integrating both sides, we get x = k, Substitutingx= 1, weget k= 1.
Therefore, x = 1 is the equation of curve (not possible, so rejected).
dx_ 2xy o dy_y*-%°

d_y_ e dx 2xy . Substituting y = vx, we get

Casell:

V+Xg_vzxz—x2 . av_vi-1_
dx 2w dx 2v
—(1+ 2 2V _dX
_ ~(@+v9) 0 —dv=——"

v 1+v X

Integrating both sides, we get

log(l+v)=-logx+logc 0O log(1+v?) (X)=logcO (L+v)x=c
O xX+y?=cx. Subdtitutingx=1, y=1, weget c=2
Therefore, X2 +y2—2x =0 istherequired equation.

g
Example 9 Find the equation of a curve passing through @Zgif the slope of the

y

tangent to the curve at any point P (X, y) is % ~ cos? ™

Solution According to the given condition

[oX

- cosz% ()

y_y
X X

Thisis ahomogeneous differential equation. Substituting y = vx, we get

dv
V+X —— =V —CosvV O X— =—cos?v
dx dx
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dx

O sec?v dv = X O tanv=-logx +c

y _ .
O tan ;+IOQX—C ..(i)

- T

Substitutingx =1,y = e we get. ¢ = 1. Thus, we get

OyQ _ - : :

tan g;g +log x = 1, which is the required equation.

Example 10 Solve Xzﬂ-xy = 1+cos RS xZ0andx=1 "
P ax T Hx b =hy=3

Solution Given eguation can be written as

2y Oy C
X ax Xy = 2cos? XExiO
ngi-xy 1 g
2002 Y 0o iy Zﬂ—xym'l
e 2 B o H

Dividing both sidesby x® , we get

dy o d 0
sec? ay _
B&Hé(dx yEFi dO gyoo 1
2 gx gx . &Em%%_?
0 0

Integrating both sides, we get

Oyo -1

0
tan =— +K
FoxH 2¢ "
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T
Substitutingx=1,y= E , we get

k=2 therefore, a3 f=- =
= —, therefore, HZ_XH

= 3. . .
5 2?2 isthe required solution.

Example 11 State the type of the differential equation for the equation.

xdy — ydx = /x*+y? dx and solveit.

dx,i.e,

Solution Given equation can be written as xdy = (\/ X2 +y?+y

dy_JXty'ty (1)
X X

d

Clearly RHS of (1) is a homogeneous function of degree zero. Therefore, the given
equation is ahomogeneous differential equation. Substituting y = vx, we get from (1)

2 2,2

A XEFVEXT + VX . dv

vix = i.e VHX—=1+V? +V
dx X dx

0 Jo? x (2

Integrating both sides of (2), we get

log (v+ /1+v? ) =logx +logc 0 v+ (f1+v? =cx
y y?
R A 0 y+ Py =o
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Objective Type Questions

Choosethe correct answer fromthe given four optionsin each of theExamples12to 21.

. : . dyd  Od?y f
Example 12 The degree of the differential equation ﬁl +—=A=050Is
H 0dx® g
(A)1 (B)2 ©3 (D) 4
Solution The correct answer is (B).
Example 13 The degree of the differential equation
d?y | odycf Cd?y C
y+3Bd—yH X |OQD—yE|s
(A)1 (B) 2 (©3 (D) not defined

Solution Correct answer is (D). The given differential equation is not a polynomial
equation in terms of its derivatives, so its degree is not defined.

O mayd 0 _d?y
Example 14 The order and degree of the differential equation E~+ XH S g
respectively, are
(A)1,2 B)22 ©21 (D) 4,2

Solution Correct answer is (C).
Example 15 The order of the differential equation of all circles of given radius ais:
(A)1 (B)2 ©3 (D) 4

Solution Correct answer is (B). Let the equation of given family be
(x=h)2+ (y—K)?=a2. It hastwo orbitrary constants h and k. Threrefore, the order of
the given differential equation will be 2.

d
Example 16 Thesolution of thedifferential equation 2X-d—i— Y =3representsafamily of

(A) straight lines (B) circles  (C) parabolas (D) dlipses
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Solution Correct answer is (C). Given equation can be written as

2dy _dx
m—y O 2log (y + 3) =logx + logc
O (y + 3)2= cx which represents the family of parabolas

Example 17 Theintegrating factor of the differential equation

dy _ ,
i (xlogx) +y=2logxis

(A) e (B) log x (C) log (log x) (D) x
| . . . . Wy 2
Solution Correct answer is (B). Given equation can be written as dx xlogx x-
1
Therefore, I.LF. = ej xlogx = gou o) = |og x.
Example 18 A solution of the differential equation %g Y 4 y=ois
A)y=2 (B) y = 2x (Cy=2x-4 (D)y=2x-4

Solution Correct answer is (C).

Example 19 Which of the following is not ahomogeneous function of x and y.

(A)e+2xy (B)2x -y (O Coszg—g% (D) sinx — cosy

Solution Correct answer is (D).

dx dy _
Example 20 Solution of the differential equation M + 7 =0js
1 1
(A) ;’L;—C (B) logx . logy = ¢ (C) xy=c (D)x+y=c

Solution Correct answer is (C). From the given equation, we get logx + logy = logc
giving xy = C.
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d
Example 21 The solution of the differential equation Xd—i +2y=x° is

A X+ B 2+c C ‘4 CD =X+

() Y="13 (B) y= © Y=—% (D) Y=7,

Solution Correct answer is(D). I.F. = eI g?loox — dogx* _ 2. Therefore, the solution
4 4

sy = [Rxdx= X ki, y= X0

isy.X Ix Xdx 2 e,y e

Example 22 Fill in the blanks of the following:
() Order of the differential equation representing the family of parabolas

y?2 = 4axis
__ oyl eyl
(i) The degree of the differential equation Hd_H DD—X . is

(i)  The number of arbitrary constantsin a particular solution of the differential
equationtanxdx +tanydy=0is

. XC+y?+y .
(iv) F (x,y) = ~— = isahomogeneous function of degree
X

(V) An appropriate substitution to solve the differential equation
Ux O
x?log - X2
ax _ HyH ,
o Ux O
Xy gaya
(vi) Integrating factor of the differential equation x%—y =sinxis

dy

(vii)  Thegenera solution of the differential equatlon —=e"
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d
(viii)  Thegeneral solution of the differential equation Y +% =lis

dx
(ix) The differential equation representing the family of curvesy = A sinx + B
CosX is
g2y Odx
F———=1—=1(x#z0) i i ﬂ+ =
(X) H /X  JxHady when written in the form ™ Py=Q, then
P=
Solution
(1) One; aisthe only arbitrary constant.

(i) Two; since the degree of the highest order derivative istwo.
(iif)  Zero; any particular solution of adifferential equation hasno arbitrary constant.
(iv) Zero.
(v)  x=wy.
dy y_sinx

1
(vi) X ; given differential equation can be written as &—; e and therefore

1 1
I.LF. = e[‘;dx =€'°9X=;.

(vii) & =e+ cfrom given equation, we have edy = exdx.

X2 1 )(2
N { A\ N o B B
(viii) xy=—+Cil.F= Jx=¢e g"—xandthesolutlomsy.x_J’x.ldx_—2 +C.

d2
(ix) KZ +Yy=0; Differentiating the given function w.r.t. x successively, we get

2
&y =Acosx—-Bsinx  and —Z = —Asinx — Bcosx
dx dx
’y
O e +y = 0isthedifferential equation.

1
) ﬁ ; the given equation can be written as
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y a2Vx

ﬂ _ e—Z\/; y _
Jx

ey, W,
dx ~ Jx X = dx o Wx

Thisisadifferential equation of the type ;—di +Py=0Q.

Example 23 State whether the following statements are True or False.
(i)  Order of the differential equation representing the family of ellipses having
centre at origin and foci on x-axisistwo.

d2
(i)  Degree of the differential equation ’/l+d73/ =X+ ;—di is not defined.

dy

d
(iii) &+y:5 isadifferential equation of thetype Y

dx+Py:Q but it can be solved

using variabl e separable method also.

dy O

ycosB;H-rx

(iv) Fxvy = xcosDyD is not a homogeneous function.
X

2+2

v) Fxvy-= is a homogeneous function of degree 1.

X=y

(vi) Integrating factor of the differential equation (;—di — Y=COSX ise~

(vii)  Thegeneral solution of the differential equation x(1 +y?)dx +y (1 +x?)dy=0
is(1+x) (1+y?) =k

d
(viii) The general solution of the differential equaIiond—i+ Yy SECX = tanx is

y (secx — tanx) = secx — tanx + x + k.

d
(ix)  x+y=tanlyisasolution of the differential equation yzd—§+ y>+1=0



192 MATHEMATICS

d
(x) y =xisaparticular solution of the differential equation Kz‘xzd_i"'xyzx-
Solution
2 2
| rue, since the equation representing the given family is —+-—==1, whicl
, T ince th : .h.f.l.a2+b21h.h

has two arbitrary constants.
(i) True, becauseit is not a polynomia equation in its derivatives.
@iii)  True
(iv)  True, becausef ( Ax, Ay) = A°f (X, y).
(v) True, because f ( Ax, Ay) = A (x, y).

(vi)  False because|.F= of "™ —gx.
(vii)  True, because given equation can be written as

2x2 dx= —2y2
1+x 1+y

dy

O log (1 +x?) =—log (1 + y?) +log k
O (1+x) (1+y?) =k

(viii) False, since I.LF. = f X _ Jogissox+tanx) = seex + tanx, the solution is,
y (secx + tanx) = J’(secx+tanx)tanxdx= J’(secx tan x + seczx—l)dx =

secx + tanx — X +k

: ] dy__1 dy
(ix)  True, x+y=tan'y 0O l+&_1+y2&
_ 2
O Y %i—lgzl,l e, ﬂ:@ which satisfies the given equation.
dx fl+y* [ dx y
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False, because y = x does not satisfy the given differential equation.

9.3 EXERCISE
Short Answer (SA.)

1.
2.

10.

1.

12.

d x
Find the solution of Yoo .
dx

Find the differential equation of all non vertical linesin aplane.

Given that %=e'2y andy =0whenx=5.
Find the value of xwheny = 3.

1
Solve the differential equation (X2 — 1) ;—di +2xy = 21"

d
Solve the differential equation d_i +2xy=y

Find the general solution of (;—di +ay=e™

Solve the differential equation ;—'Zﬂ:e”y

Solve: ydx — xdy = x2ydXx.

Solve the differential equation ;—di: 1+x+y?+xy?, wheny=0,x=0.
- - dy_
Find the general solution of (x + 2y?) Y

_ p [2+sinx0dy _
If y(x) isasolution of ma dx =~ CosX andy (0) =1, then find the value

o
of YHEE
- : ad i}
If y(t) is a solution of (1 + t) a0 ty=1andy (0) = - 1, then show that

1
y@)=-3.
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13.

14.

15.

16.

17.

18.
19.

20.
21.

22.
23.
24,

Formthe differential equation havingy = (sin'x)? + Acosx + B, whereA and B
are arbitrary constants, as its general solution.

Formthedifferential equation of all circleswhich passthrough origin and whose
centreslie on y-axis.

Find the equation of acurve passing through origin and satisfying the differential

dy

—Z +2xy=4x°
ax Xy .

equation (1+x°)

Solve: XZ% =X+ xy+ YA

Find the genera solution of the differential equation (1 +y?) + (X — €2Y) (;—.Z =0.

Find the general solution of y2dx + (X2 — xy + y?) dy = 0.

Solve: (x +y) (dx—dy) = dx + dy.[Hint: Substitute x + y = z after seperating dx
and dy]

Solve: 2 (y+ 3) —xy ;—diz 0, giventhaty (1) =- 2.
Solve the differential equation dy = cosx (2 — y cosecx) dx given that y = 2 when

5
Form the differential equation by eliminating A and B in Ax? + By? = 1.
Solve the differential equation (1 + y?) tanx dx + 2y (1 + x?) dy = 0.

Find the differentia equation of system of concentric circleswith centre (1, 2).

Long Answer (L.A.)

25.
26.

27.

28.
29.

d
Solve: y+&(xy) = x (sinx + logx)
Find the general solution of (1 + tany) (dx — dy) + 2xdy = 0.

Solve: ;—di =cos(x +Yy) +sin(x+y).[Hint: Substitutex +y = 7]

d .
Find the general solution of d—§-3y=3m2x.

Find the equation of a curve passing through (2, 1) if the slope of the tangent to

2 2

the curve at any point (X, y) is 2%y



30.

31.

32.

33.
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Find the equation of the curve through the point (1, 0) if the slope of the tangent
y -1

to the curve at any point (x, y) is N

Find the equation of a curve passing through origin if the slope of the tangent to
the curve at any point (X, y) isequal to the square of the difference of the abcissa
and ordinate of the paint.

Find the equation of a curve passing through the point (1, 1). If the tangent
drawn at any point P (X, y) on the curve meets the co-ordinate axes at A and B
such that Pisthe mid-point of AB.

d
Solve: Xd%=y (logy-log x + 1)

Objective Type
Choose the correct answer from the given four options in each of the Exercises from
34t0 75 (M.C.Q)

34.

35.

36.

37.

d?y Loy _
The degree of the differential equation H_E %E xsnggs

(A)1 (B)2 (C)3 (D) not defined
3
yf2  d?y.
The degree of the differential equation D,+ %E 5 = WIS

(A) 4 (B) g (C) not defined (D) 2

1
2 w1
The order and degree of the differential equation %+Ddy§4 +x5 =0,
X
respectively, are
(A) 2 and not defined (B)2and 2 (C)2and 3 (D) 3and 3

If y=e* (Acosx + Bsinx), then y is a solution of
2

d?y _dy d?y __dy
—2+2—=2=0 -2—=+2 0
(A) dx*> dx ®) & dx*>  dx y=
dy d?y

(C) +2d—+2y 0 (D) 3= +2y 0
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38.

39.

40.

41.

42.

43.

Thedifferential equationfor y = Acosax + Bsin ax, where A and B are arbitrary
constantsis

2 2

d-y

d7y _ _
() e ~0Y=0 (B) gz +0y=0
d? d?
© —dXZ+ay:o (D) —dxzy —ay=0

Solution of differential equation xdy — ydx = O represents :
(A) arectangular hyperbola

(B) parabolawhose vertex isat origin

(C) straight line passing through origin

(D) acirclewhose centreisat origin

Integrating factor of the differential equation cosx ;—‘Z +ysinx=1is:

(A) cosx (B) tanx (C) secx (D) sinx
Solution of the differential equation tany sec®x dx + tanx sec’ydy = 0 is:

(A) tanx + tany = k (B) tanx—tany =k
tan X _ K _
© tany y (D) tanx.tany =k

Family y =Ax+ A2 of curvesisrepresented by the differential equation of degree

(A)1 (B)2 €3 (D) 4
. xdy :

Integrating factor of o y=x*-3xis:

(A) x (B) logx © % (D) —x

\ dy .
Solution of &-yzl, y (0) = 1isgiven by

A)xy =-¢ B)xy =-e*(COxy =-1 (D)y=2e-1



45.

46.

47.

48.

49.

50.

51

52.
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_y+l ,
The number of solutions of X x-1 wheny (1) =2is:

(A) none (B) one (C) two (D) infinite

Which of the following is a second order differential equation?
(A) () +x=y (B)yy +y=sinx

@y +()y+y=0 D)y =y

d
Integrating factor of the differential equation (1 — x?) d—i =Xy =1lis

X 1
(A) - X (B) 13,2 (©) y1-x (D) log(1-x)
tan?x + tan'y = cisthe general solution of the differential equation:
dy _1+y? dy 1+
A) & ~ 142 ®) ax "1+ e
(O (1+x)dy+(1+y)dx=0 (D) A +x)dx+(1+y)dy=0

The differential equation'y (;—di+ X = crepresents:

(A) Family of hyperbolas (B) Family of parabolas
(C) Family of dlipses (D) Family of circles
The general solution of e cosy dx — e*siny dy =0is:
(A) e<cosy =k (B) ersiny =k
(C) & =k cosy (D) e« =ksiny

d2y Ddy ﬁ 5
The degree of the differential equation v H&H y is:
(A)1 (B)2 ©3 (D)5

: dy | _ .« —n

The solution of PV +y=¢e",y(0) =0 is:
(A)y=e(x-1) (B) y = xe~

(Cy=xe*+1 (D)y=(x+1e
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53.

54.

55.

56.

57.

58.

Integrating factor of the differential equation ;—di +ytanx-secX=0is;

(A) cosx (B) secx
(C) ero (D) e=x
. . . _dy_1+y?
Thesolution of thedifferentia equation X 102 is:
(A) y = tanx (B)y -x=k(1+xy)
(C) x = tan'ly (D) tan (xy) = k
. : : . gy o _1+y.
Theintegrating factor of the differential equation &Jf y= 'S is:
X et
(") (B) —
(C) xe (D) e
y = a€™+ bhe™™ satisfies which of the following differential equation?
dy dy
—+my=0 —-my=0
(A) g v B) 5™
d’y d’y
—-m-y=0 —+m°y=0

The solution of the differential equation cosx siny dx + sinx cosy dy =0is:

an_c L
(A) _siny (B) sinxsiny=c¢
(C)sinx+siny=c (D) cosx cosy = ¢

The solution of Xﬂ +y=€is

dx
* k
(A)y= %Jf; (B) y = xe + cx
e k
(C)y=xe+k (D) x= —+—

y 'y



59.

60.

61.

62.

63.

64.
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The differentia equation of the family of curves x2 + y? — 2ay = 0, where a is
arbitrary constant, is:

dy dy
2 _\2 —_— = 2 2 — =
(A) (¢-y) o =20 (B)20¢+y) o =%
dy dy
2 _\2y 2 — 2 2y —2L —
©20¢-¥) =% (D) (¢ +y) o =2
Family y = Ax + A3 of curveswill correspond to a differential equation of order
(A)3 (B) 2 ©1 (D) not defined
; ﬂ _ Xy i
The general solution of vl 2x e 7 is:
(A) € V=¢ (B)ev+ € =c
() e= e+c (D) e *v=¢

The curve for which the slope of the tangent at any point is equal to theratio of
the abcissa to the ordinate of the point is:

(A) andlipse (B) parabola
(C) circle (D) rectangular hyperbola
The general solution of the differential equation %:ez +Xyis:
X
(A) y=co 2. (B) y=ce?
(©) y=(x+c)e? (D) y=(c-x)e?

The solution of the equation (2y — 1) dx— (2x + 3)dy = 0is:

2x-1 2y+1

(A) 2y+3: (B) 2x-3 X

2x+3 2x-1
© 2y (D) 2y-1




200  MATHEMATICS

65.

66.

67.

68.

69.

70.

The differential equation for which y = acosx + bsinx isa solution, is:

2 2
) y+y 0 ®) oo y —y=0

2 2

(C) +(a+b)y 0 (D) +(a b)y=0

The solution of %+y:€", y(0)=0is:
(A)y=e*(x-1) (B)y= xe
Cy=xex +1 (D) y= xe*

The order and degree of the differential equation

EU3yEF _3d2y+2EUyD4 _ 4

de E %E BA ¢
(A)1,4 (B) 3,4 (© 24 (D) 3,2
ﬁD d?
The order and degree of the differential equation D'J’ = are:
€9 € BOI_H B X2 ae:
3
(A) 2, > (B)2,3 ©21 (D) 3,4
The differential equati on of thefamily of curvesy?=4a (x+ a) is:
dy ] dy
=4 2y—=4,
(A) Y= dx de (B) <y dx a
DdyD2 dy . mdyd
(© y Ed_a (D) 2x —= +YB&H y
d%y _,dy
Which of the following is the general solution of vl 2& +y=0?
(A)y=(Ax+B)e (B)y=(Ax+B)e*

(C)y=Ae+ Be~ (D) y =Acosx + Bsinx



71.

72.

73.

74,

75.

76.
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General solution of ;—di +ytanX =secX js:
(A) ysecx=tanx +c (B) ytanx =secx + ¢

(C)tanx=ytanx+c (D) xsecx =tany + ¢

d .
Solution of the differential equation d—§+¥=9nx is:

(A) x (y + cosx) =sinx + ¢ (B) x (y— cosx) =sinx+ ¢
(C) xy cosx =sinx+ ¢ (D) x (y + cosx) =cosx+c
The general solution of the differential equation (e + 1) ydy = (y + 1) exdxis:
(A)(y+1)=k(ee+1) B)y+l=e+1+k
~log et Fek
(C)y=log{k(y+1)(e+ 1)} (D) ¥= 9Dy+1%
The solution of the differential equation %z ev+ xevis:
XS
(A)y=eY-x2evy+cC (B)eV—eX=§+c
X3 X3
Ce+e=—+cC (D)e—-e=—+c
3 3
| oy 2y 1
The solution of the differential equation dx 142 (1+x2)? IS:
A)y(1+x?) =c+tan? B Y = c+tan?
(A)y (1+x) = x (B) T35 = x
(C)ylog (1 +x3) =c+ tarix D)y (L +x®)=c+sdnx

Fill in the blanks of the following (i to xi)

d?y ¥
() The degree of the differential equation Kgﬂedx =0 is

| odycf
(i) Thedegree of the differential equation ,/1+ %ﬁa =Xis .
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77.

(iif)

@iv)

(v)

(vi)

(vii)

(viii)

(ix)

(x)

(x1)

The number of arbitrary constants in the general solution of a differential
equation of order three is

oy 1. _
dx xlogx x 1540 equation of the type

dx
General solution of the differential equation of the type E"‘ Px=Q,

is given by

. . . . xdy 2.
The solution of the differential equation E-i_ 2y=x"is

d
The solution of (1 + x?) d—y+2xy —4x*=01s
X

The solution of the differential equation ydx + (x + xy)dy =0 s .

d
General solution of d—y+ Yy = sinx is
x

The solution of differential equation coty dx = xdy is

The inteerating factor of “2-+y=_12. §
¢ integrating factor of — ~+y==—""is

State True or False for the following:

@

(i)

(ii1)

dx
Integrating factor of the differential of the form d_y+ Px=Qyjs given

by ej Py

dx
Solution of the differential equation of the type d_y+ P*=Q is given

by x.LE. = (LF)xQ,dy.
Correct substitution for the solution of the differential equation of the

d
type d_i:f (x,y), where f (x, y) is a homogeneous function of zero

degree is y = vx.



(iv)

(V)

(vi)

(vii)

(viii)

(ix)

(x)
(xi)
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Correct substitution for the solution of the differential equation of the

dx
type d_y: 9(X,¥) where g (%, y) is a homogeneous function of the

degree zeroisx = vy.

Number of arbitrary constantsin the particul ar solution of adifferential
equation of order two is two.

The differential equation representing the family of circles
X2+ (y —a)? = a> will be of order two.

1
dy OyB. 2 2
& _pg

The solution of ™ H; IS y3— y
Differential equation representing the family of curves

d?y _dy
= inx) is ——2—>+2y=0
y =€ (Acosx + Bsinx) is o dx y

The solution of the differential equation

X+2
;—di= Y iISX+y=ke.

dy y.

Soluti fX—— + xtan= sinDymzcx
ution o dx_y XIS E;E

The differential equation of all non horizontal lines in a plane is

——emmll> § E———



Chapter 10

(\;/ ECTOR ALGEBRA)

10.1.1 A quantity that has magnitude as well as direction is called a vector.

10.1 Overview

a N
10.1.2 The unit vector in the direction of & isgiven by A andisrepresented by 3.

10.1.3 Position vector of a point P (x, y, 2) is given as OP=xi +y j+zk and its
magnitude as |OP| =+/x? + y? + z2 , where O isthe origin.

10.1.4 The scalar components of a vector are its direction ratios, and represent its
proj ections along the respective axes.

10.1.5 The magnituder, direction ratios (a, b, ¢) and direction cosines (I, m, n) of any
vector are related as:

a b c
l=—, m=—,n=—,
r r r

10.1.6 Thesumof thevectors representing the three sides of atriangletakenin order isO

10.1.7 The triangle law of vector addition states that “If two vectors are represented
by two sides of atriangletakenin order, then their sumor resultant isgiven by thethird
side taken in opposite order”.

10.1.8 Scalar multiplication

If & isagiven vector and A ascalar, then A @isavector whose magnitudeis|A a|=[A|

|& ] Thedirectionof A & issameasthat of & if A ispositiveand, oppositetothat of aif
A isnegative.
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10.1.9 Vector joining two points

If P, (x,y,,z) and P, (X,, ¥,,2) are any two points, then

PR =(%-x)i+(Y,- )] +(z-2)k

IPP 1= (% = %) +(Y, - V) +(2, - 2)°
10.1.10 Section formula

The position vector of apoint R dividing the line segment joining the points P and Q
whose position vectorsare 3 and p

na+mb
m+n

(i) intheratiom:ninternally, isgiven by

mb - na
(i) intheratiom: nexternaly, isgiven by m—n

.. ab ~
10.1.11 Projection of daong b is _|B| and the Projection vector of &aalong b
 Ua.pL.
ISH—= b.
9bIE
10.1.12 Scalar or dot product

The scalar or dot product of two given vectors @ and p having an angle 6 between
themisdefined as

d.b=|a||b|cosb
10.1.13 Vector or cross product

The cross product of two vectors dand b having angle 8 between them is given as

axp=|allb|snb A,
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where 7 isaunit vector perpendicular to the plane containing & and b and a,b, A
form aright handed system.

10.1.14 If @ = ai +a, | +a,k and b= b{ +b, ] +b,k are two vectors and A is
any scalar, then

a+ b= (a,+h)i +(a, +b,) | +(a+h)k
AE= (ha)i+(ha,)j+(Aa)k
d.b=a b+ab,+ab,

A~

O

jA
axb= 2 B Gl = (be, -be)i +(ac -cc) ] + (@b, -ab) K
a, b,

Angle between two vectors dand bis given by

10.2 Solved Examples
Short Answer (SA))

Example 1 Find the unit vector in the direction of the sum of the vectors

d=2i-j+2k and b=-{ + j+3k.
Solution Let € denote the sum of d and b. We have
C= (2 -]+2K)+(—F+]+3Kk) = i +5kK

Now |C|:\/12+52 :\/276.
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Thus, the required unit vector i &=£=i(i+5&)=if+i|g
us, therequireda unit vector 1s ‘E‘ \/% \/% \/% .

Example 2 Find a vector of magnitude 11 in the direction opposite to that of PQ,
where P and Q are the points (1, 3, 2) and (-1, 0, 8), respetively.

Solution The vector with initial point P (1, 3, 2) and terminal point Q (-1, 0, 8) is given by
PQ=(-1-1){+(0-3) j+(8-2) k =-27-3 j+6k

Thus QP =- PQ = 2i +3] -6k
0 |QP|=+/22 +3% +(-6)? =\/4+9+36 =+/49 =7

Therefore, unit vector in the direction of QP isgiven by

op= QP _2i+3j-6k
|Q Pl 7

Hence, the required vector of magnitude 11 in direction of QP is

_Dei+3j-6kO 22, 33: 6612
1nop =1 H 7 A= 7' 71—7 .

Example 3 Find the position vector of apoint R which dividesthelinejoining thetwo
pointsPand Qwith positionvectors OP = 2@ +p and OQ = a@—-2p , respectively,
intheratio 1:2, (i) internally and (i) externally.

Solution (i) The position vector of the point R dividing thejoin of Pand Qinternaly in
theratio 1:2isgiven by

__ _2(2a+p)+1(a-2p)_5a
OR 142 3
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(i) The position vector of the point R’ dividing the join of P and Q in the ratio
1: 2 externally isgiven by

___ _2(2a+p)-1(3a-2b)
OR =

=3d+4p.
Example4 Ifthe points (-1, -1, 2), (2, m,5) and (3,11, 6) arecollinear, find the valueof m
Solution Let the given points be A (-1, -1, 2), B (2, m,5) and C (3, 11, 6). Then
AB=(2+)i+M+1)j+(5B-2)k =37 +(m+1)] +3k
and AC=(B+D)i+11+1)[+(6-2)k = 4i+12] +4k.
SinceA, B, C, are collinear, wehave AB =\ A C,i.€,
(31 +(m+1) ]+ 3K)= A(45 +12] +4K)

O 3=4X and m+1=12A

Therefore m=8.

I

Example5 Findavector T of magnitude 3,/2 unitswhich makesan angle of 2 and

T
B with y and z - axes, respectively.

n 1 T
i = COS—=——= = — =
Solution Herem N and n=cos 5 0.

Therefore, P+mP+n?=1 gives

|2+£+0 =1
> =

O

I

-+
Sie
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Hence, the required vector T = 3./2 (I7 +m] +nk) isgiven by

Example6 If @ =20 —j+k, b= [+] —2kand ¢={+ 3] - g, find A suchthat
aisperpendicularto Ab+¢.
Solution We have
Ab+C=N({+j-2k)+({+3]-k)
=(A+1) [+(A+3)]-@A+1) kK
Sncea OAb+C), a.Ap+¢C)=0
0@F-]+K).MA+D7+QA+3) j-(A+Dk]=0

O2A+1)-(A+3) -(2A+1)=0
OA=-2

Example 7 Find all vectors of magnitude 10./3 that are perpendicular to the plane

of { +2j+k and —f +3]+4k .

Solution Let a={+2j+k and b = = +3]+4k . Then

Q)
X
O
I
= =5

=1(8-3)- ] (4+D+k(3+2) _ 57 —57 +5K

W N —»
S~ 2 X

0 [axb|=y/(5)° +(-5)° +(5)" =3(5)° = 5V3.
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Therefore, unit vector perpendicular tothe planeof g and b isgiven by

axb 5 -5]+5k

axs| 53

Hence, vectors of magnitude of 10./3 that are perpendicular to planeof 3 and b

(6 5] +5k 0]

are ilmmg, ie, +10( - j+k).

LongAnswer (L.A.)

Example 8 Using vectors, prove that cos (A — B) = cosA cosB + sinA sinB.

Solution Let OP and OQ beunit vectors making anglesA and B, respectively, with
positive direction of x-axis. Then DQOP = A-B [Fig. 10.1]

Weknow OP = OM + MP={ cosA +jsinA and OO = ON + NQ={cosB +]sinB.
By definition OP. OQ=OP) ‘6(\3‘ cos (A-B)

=cos (A-B) (D) (‘6?":1:‘6(\?‘)

In terms of components, we have

OP. 00 = (I cosA + JsinA).(i cosB+ jsinB) N
= COSA cosB + sinA sinB .. (2
P
From (1) and (2), we get :
cos (A — B) = cosA cosB + sinA sinB. % Q
X’ LTE r: LY
0 M N *

Y’ Fig. 10.1
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snA _sinB_sinC
b
magnitudes of the sides oppositeto verticesA, B, C, respectively.

Example 9 Provethatina/A ABC, , wherea, b, crepresent the

Solution Let the three sides of the triangle BC, CA and AB be represented by
a,band¢ , respectively [Fig. 10.2].

We have a+b+c=0.i.e, d+b=-¢

which precrossmultiplyingby 3, and A

post crossmultiplying by p , gives

xB:Cx

a a
and axb=bx¢
respectively. Therefore,

dxb=bxc=cx3 Fig. 10.2
0 |axb|=[pxc|=|cxal
0 |a[b|sin (-~ C)=[p]jc|sin (- A) =[c]alsin (- B)
0 absinC=bcsinA =casinB

Dividing by abc, we get

snC_sinA _sinB sinA _sinB_sinC
N = e = =
c a b a b c

ObjectiveTypeQuestions

Choosethe correct answer fromthe given four optionsin each of the Examples10to 21.

Example 10 The magnitude of the vector 6 +2] +3k is
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(A) 5 | 7 © Db 1
Solution (B) is the correct answer.

Example 11 The position vector of the point which divides the join of points with
position vectors d+b and 23-b intheratiol: 2is

35+2b 53-b 4a+b
B 5 C D
3 (B) a © 3 (D) 3

(A)

Solution (D) isthe correct answer. Applying section formula the position vector of
the required point is

2(a+b)+1(2a-b) _4a+b
2+1 3

Example 12 The vector with initial point P (2, -3, 5) and terminal point Q(3, -4, 7) is

(A)  T-j+2k (B) 5 -7]+12k

(©  —+j-2k (D)  Noneof these

Solution (A) isthe correct answer.

Example 13 The angle between the vectors { — | and |-k is

W 3 ® 3 © S O
a.b

Solution (B) isthe correct answer. Apply the formula cosf = |a|.\6\ .

Example 14 Thevaueof A for which the two vectors 2 - j+2k and 37 +Aj +k
areperpendicular is

(A) 2 B) 4 © 6 (D 8
Solution (D) is the correct answer.
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Example 15 The area of the parallelogram whose adjacent sides are { +k and

20+ j+k is

(A V2 (B) 3 © 3 (D) 4

Solution (B) isthe correct answer. Area of the parallelogram whose adjacent sides

are d andb is ‘ﬁxq.
Example 16 If |a]=8, [b| =3 and |axb|=12, then value of a.5 is
(A)  6/3 (B) 83 (O 123 (D) Noneof these

Solution (C) isthe correct answer. Using the formula ‘é x 5‘ ok ‘6‘ sinB|, we get

e:il['
6

Therefore, a6 = |a|{b|cos =8x 3 x ? =123.

Example 17 The 2 vectors j+k and 3 — ] +4k represents the two sides AB and
AC, respectively of aAABC. The length of the median through A is

(A) g (B) @ ©) J18 (D)  Noneof these

Solution (A) isthe correct answer. Median AD isgiven by

34

‘Aﬁ‘z %‘3f+j+5lz

Example 18 The projection of vector =2{ - j+k along b=i +2]+2K is
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2 1
A3 B 3 < 2 D) 6

Solution (A) is the correct answer. Projection of avector g on b is

a. @ - j+k).(+2]+2k) 2

b - Jl+4+4 3

Example 19 If dandb are unit vectors, then what is the angle between zandb for

J33a-b tobeaunit vector?
(A) 30° (B) 45 (¢ 60 (D) 90°

Solution (A) is the correct answer. We have

(/33-b)? =332 +b?-2./34b

0 cosB = 0 6 =30°

NI

V3
2

Example 20 The unit vector perpendicular to the vectors i — j and { +j forming a
right handed system s

® -k © & O 5

~>

(A)

-
(BIRE

Solution (A) isthecorrect answer. Required unit vector is

Example 21 If |4/=3 and —1<k<2, then |Kkd| liesin theinterval

(A)  [0,6] (B) [-3.6] © [368 D) [12
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Solution (A) isthecorrect answer. Thesmallest valueof |ka| will exist at numerically

smallest value of k,i.e., a k = 0, which gives |ka|=[k|[a|=0x3=0

The numerically greatest value of k is 2 at which |ka|=6.

10.3 EXERCISE
Short Answer (S.A.)

1.

10.
11.

Find the unit vector inthedirection of sumof vectors a=2 - j+k and b=2] +k..
If a=i+]+2k and b=2f + j -2k , find the unit vector in the direction of
(i)6b (i)  2a-b

Find a unit vector in the direction of % where P and Q have co-ordinates
(5,0, 8)and (3, 3, 2), respectively.

If aandb are the position vectors of A and B, respectively, find the position
vector of apoint Cin BA produced such that BC = 1.5 BA.

Using vectors, find the value of k such that the points (k, — 10, 3), (1, -1, 3) and
(3,5, 3) arecollinear.

A vector risinclined at equal anglesto thethree axes. If the magnitudeof 1 is
24/3 units, find F .

A vector 1 has magnitude 14 and direction ratios 2, 3, — 6. Find the direction
cosines and components of 1, giventhat r makes an acute angle with x-axis.

Find avector of magnitude 6, which is perpendicular to both the vectors 2 - j +2k
and 4i - j+3k.

Find the angle between the vectors 2 — j+k and 3 +4] -k .
If 4+b+C=0,showthat Axb=bxc=¢x4. Interpret the result geometrically?

Find the sine of the angle between the vectors a=3 +j+2k and
b=2 —2]+4k.
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12.

13.

14.

MATHEMATICS

If A, B, C, D are the points with position vectors | + jA—Iz, 2 - f+3l2,
20 -3k, 3 - 2] +k , respectively, find the projection of AB aong CD .

Using vectors, find the area of the triangle ABC with vertices A(1, 2, 3),
B(2,-1,4)and C(4,5,-1).

Using vectors, prove that the parallelogram on the same base and between the
same parallels are equal in area.

Long Answer (L.A.)

15.

16.

17.

18.

. . b?+c? - a?
Prove that in any triangle ABC, CosA :T , Where g, b, c are the

magnitudes of the sides opposite to the verticesA, B, C, respectively.

If &b,c determine the vertices of a triangle, show that

I .
> Hth x¢+¢ xa+axbfgives the vector area of the triangle. Hence deduce the

condition that thethreepoints 3,b ,¢ arecollinear. Alsofind the unit vector normal
to the plane of thetriangle.

Show that area of the parallelogram whose diagonals are given by 3 and pis
[axb

> Also find the area of the parallelogram whose diagonals are 2 - j +k

P+3]-k.

o

an

—

If a={+]+k and b=] -k, find avector ¢ suchthat xc=b and &a.c=3.

Objective Type Questions

Choose the correct answer from the given four optionsin each of the Exercises from
19t0 33 (M.C.Q)

19.

The vector in the direction of the vector | —2] + 2k that has magnitude 9is

F—2]+2k

(A) F—2]+2K (B) 3

©) 3 - 2] +2K) (D) 9 —2]+2k)



20.

21.

22.

23.

24,

25.
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The position vector of the point which dividesthejoin of points 25 -3b and a+b
intheratio3: 1is

33-2b 73-8b
2

(A)

~ |8

3a
©, ©

The vector having initial and terminal points as (2, 5, 0) and (=3, 7, 4), respectively
is

(A) —+12] + 4k (B) 5 +2j-4k

© ~5i +2] +4k (D) +]+k

Theangle between two vectors g and b with magnitudes /3 and 4, respectively,
and a.b=23is

T Iy Tt 51t
(A) s (B) 3 © 2 (D) >

Find the value of A such that the vectors g=2{ +\j+k and b=i+2]+3k are
orthogonal

3 5
) o ® 1 © 5 O -3

Thevalue of A for which the vectors 3 -6 +k and 2/ —4] + Ak areparalel is

3 2
(A) 3 (B) 5 © 5 (D) 5

The vectors from origin to the points A and B are
a= 2 -3]+2k and b= 2 +3] +k ,respectively, thentheareaof triangle OAB is

1
() 30 B V25 (O 225 O V229
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26.

27.

28.

29.

30.

31.

32.

33.

MATHEMATICS

For any vector &, thevalueof (axi)?+(ax J)?+(axk)? isequal to
(A) a’ (B) 32 (C) 4& (D) 2@
It [a] =10, [b|=2and a.6=12, thenvalueof [axB| is

(A) 5 B 10 () 14 (D) 16

The vectors Ai +j+2k, i +Aj -k and 2 — ] + Ak are coplanar if

(A) A=-2 (B) A=0 (C) A=1 (D) A=-1

If &,b, ¢ areunitvectorssuchthat a+b + =0, thenthevalueof a.b+bc+cais
3

(A) 1 (B) 3 (© -5 (D) None of these

Projection vector of 3 on p is

EB a.b a.b Oa.p 0.
‘25 ® J © g © ggtb

ﬁ)l:l
(o)

(A)

O

11

If &,b,c arethree vectors such that a+b+¢=0 and |d/=2, ‘5‘=3, |c|=5.
thenvalueof a.b+bc+ca is

(A) 0 (B) 1 © -19 (D) 38

If |a=4 and -3<A<2, thentherange of |Ad is

(A) [0, 8] (B [-128](C) [0,12] (D) [812]
The number of vectors of unit length perpendicular to the vectors =27 + j + 2k
and b=]+k is

(A) one (B) two (C) three (D) infinite

Fill inthe blanksin each of the Exercisesfrom 34 to 40.

34.

The vector 3+ p bisects the angle between the non-collinear vectors 3 and

pif



35.

36.

37.

38.

39.

40.
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If 7.a=0,r.b=0, and F.c=0 for some non-zero vector f , then the value of
a.(bxc) is
The vectors 3:3i—2j+2|2 and p=_j-2k are the adjacent sides of a

parallelogram. The acute angle between its diagonalsis

Ll 1
The values of k for which |kd|<|aand ka+§a is parallel to 5 holds true

are
The value of the expression ‘éx 5‘2 +(a.b)? is

12 —2 —~| .
If ‘a><b‘ +‘a.b‘ =144 and |a|=4, then ‘b‘ isequal to

~

If & isany non-zero vector, then (é.f)f+(é.f)i+(é.|2)k equals

State True or False in each of the following Exercises.

41.

42.

43.

44.

45.

If |a]= ‘5‘,then necessarily itimplies a=+b.

Position vector of apoint Pisavector whoseinitial pointisorigin.

If \a+6\=\a —5‘ , then the vectors 3 and p are orthogonal.

Theformula (a+b)?=a%+b?+2axb isvalid for non-zero vectors 3 and p .

If 3 and p are adjacent sides of arhombus, then 3 .p=0.

——enulll> @



Chapter 11

(! HREE DIMENSIONAL GEOM ETRE)

11.1 Overview

11.1.1 Direction cosines of aline are the cosines of the angles made by theline with
positive directions of the co-ordinate axes.

11.1.2 If I, m, n arethedirection cosines of aline, then 1?2+ n¢+ n?=1

11.1.3 Direction cosinesof alinejoiningtwo pointsP(x,, y,,z) and Q (X, y,, z) are

XX YooV 574

PQ ' PQ ' PQ

where PQ=1/(x,~ %)% +(¥, = %1)?+(2, - 2)°

11.1.4 Directionratiosof alinearethe numberswhichare proportional to thedirection

cosinesof theline.

11.1.5 If I, m, n arethedirection cosines and a, b, c are the direction ratios of aline,
*a b *C

then | = ‘m= n=
\/a2+b2+c2 \/a2+b2+c2 \/a2+b2+c2

11.1.6 Skew linesarelinesin the space which are neither parallel nor interesecting.
They lieinthedifferent planes.

11.1.7 Angle between skew lines is the angle between two intersecting lines drawn
from any point (preferably through the origin) parallel to each of the skew lines.

11.1.8 If 1, m,n and |, m, n, are the direction cosines of two linesand 8 is the
acute angle between the two lines, then
cosd = [l,l, +mm, +nyn, |

11.1.9 If a, b, ¢, and &, b,, c, are the directions ratios of two lines and 8 is the
acute angle between the two lines, then
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oo Batbb e |
a2 +aZ +a? \Jof +bZ +1 |

11.1.10 Vector equation of alinethat passes through the given point whose position

vector is d and parallel to agiven vector pis F=a+\b .

11.1.11 Equation of aline through a point (x,, y,, z,) and having directions cosines
I, m, n(or, directionratiosa, band c) is

X=X _Y~=Y_Z2—74 X=X _ Y=Y, _Z-7 [
= = or = = )
[ m n a b c

11.1.12 Thevector equation of aline that passes through two points whose positions
vectorsare & and bis F=a+A(b-a) -

11.1.13 Cartesian equation of aline that passes through two points (x,, y,, z) and
(%1 ¥ Z) IS

X=X _Y~% _27%4
X=X Yo L4

11.1.14 If @ isthe acute angle between thelines F =& +Ab, and r=a,+\b, , then

8 isgiven by cosez“gll”%z“ or 6=cos* ‘EHBBZJ‘ .
11.1.15 If Xl_lxl I yr;lyl = Z;]lzl and XLXZ = yr;zyz = 2;222 are equations of two

lines, then the acute angle 6 between the two lines is given by
cos = [l l,+mm, +n n,|.

11.1.16 Theshortest distance between two skew linesisthelength of the line segment
perpendicular to both thelines.

11.1.17 The shortest distance between thelines F =&, +\b, and F=&,+\b, is
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X=X _ Y=Y _Z-%
a b o

11.1.18 Shortest distance between the lines: and

X=X _ Y=Y _27% i
2] b, C

X% Yo" L4
& by G
% b, G

Jbic, ~b,6)2 + (3, ~C,a)2 +(ab, - ahy)?

11.1.19 Distance between parallel lines r=a +ub and r=a,+Ab is

b x(a,- &)

,\9»

(oX]

11.1.20 Thevector equation of aplanewhichisat adistance pfromtheorigin, where
A isthe unit vector normal to theplane, is r.A=p.

11.1.21 Equation of a plane which is at a distance p from the origin with direction
cosines of the normal to the planeasl, m, nisIx+my+nz=p.

11.1.22 The equation of a plane through a point whose position vector is @ and
perpendicular to the vector f is (F—a).n=0or r.n=d, where d =a.n.

11.1.23 Equation of aplane perpendicular to agiven linewith direction ratios a, b, ¢
and passing through agiven point (x,, y,, z) isa(x-x) +b(y-y) +c(z-z) =0.

11.1.24 Equation of a plane passing through three non-collinear points (x,, y,, Z,),
(%1 ¥,r 2) and (X, ¥, Z)) IS
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X=X Y-% Z-7

=% Y= %4 :0_

X=% Y3=Y1 L4
11.1.25Vector equation of aplanethat containsthree non-collinear points having position
vectors a, , ¢ is (F-&).Hb—- a)x(c- 8 F=0
11.1.26Equation of a plane that cuts the co-ordinates axes at (a, 0, 0), (0, b, 0) and

Xy z
—+24+_-=1
(0,0,c)lsa A

11.1.27Vector equation of any plane that passes through the intersection of planes
r.n,=d,and r.n,=d, is (r.n,—d,)+A(r.n, —d,)=0, where )\ is any non-zero
constant.

11.1.28Cartesian equation of any plane that passes through the intersection of two
given planesAx+By+ Cz+ D, =0andAx+By+ Cz+D,=0Iis
(Ax+By+Cz+D)+ )\ (Ax+By+Cz+D,)=0.

11.1.29Twolines F = 3 +Ab and F = &, +A b, are coplanar if (a,-4,). (b x b,)=0

11.1.30Twolines 2= =YY" N 274 gnq X=% Y= ¥ _27% a6 coplanarif
& by G & b, G

X=X Y= LHL—4
& by G |=0
% b, G

11.1.31Invector form, if 8 isthe acute angle between thetwo planes, 7 . A, = d, and

F .1, =d,, then 8=cos™ |?l ﬁf'
- g

11.1.32Theacute angle 8 betweentheline F =4+ Ab andplane 7 . fi = d isgivenby
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11.2 Solved Examples

Short Answer (SA.)

Example 1 If the direction ratios of aline are 1, 1, 2, find the direction cosines
of theline.

Solution  The direction cosines are given by

a b c
|= m= n=

JaZ+b?+c? Ja?+b?+c? JaZ+b?+c?

Herea, b, carel, 1, 2, respectively.

1 1 2

Therefore, | = ,m= , =
JPH2 +22 JE+2+22 ([P +12+2

T S L S
i.e, NN NG i.e _BJ_E’\/E’\@EME D.C’s of the line.
Example 2 Find the direction cosines of the line passing through the points
P(2,3,5) and Q (-1, 2, 4).

Solution The direction cosines of aline passing through the points P (x,, y;, ) and
Q (X, ¥, z) are

X=X Y=V L4

PQ T PQ T PQ

Here PQ=1/(%,— %)% +(¥, ~ ¥1)? +(2,~2)?

= \/(—1—2)2+(2—3)2+(4—5)2 = Jo+l+l = J1

Hence D.C.’s are



THREE DIMENSIONAL GEOMETRY 225

-3 -1 -1C L0383 1 1¢C
£ i Ve ik

Example 3 If aline makes an angle of 30°, 60°, 90° with the positive direction of
X, Y, Z-axes, respectively, then find itsdirection cosines.

Solution Thedirection cosinesof alinewhich makesan angleof a, 3, ywith the axes,
are cosa, cosB, cosy

0/3 1 C
Therefore, D.C.’s of the line are cos30°, cos60°, cos90° i.e., T §7 Y 0

Example 4 The x-coordinate of apoint on the line joining the points Q (2, 2, 1) and
R (5,1, -2) is 4. Find its z-coordinate.

Solution Let the point P divide QR in theratio A : 1, then the co-ordinate of P are

[BA+2 A+2 -2A+1LC
E)\+1 A+l A+1 E

But x— coordinate of P is 4. Therefore,

BA+2
A+l

=40 A=2

_ . m2A+1 — 1
Hence, the z-coordinate of Pis N+1

Example 5 Find the distance of the point whose position vector is (21 + j - k) from
theplane r. (I — 2] +4k)=9

Solution Here & = 2{ +j-k, n=i

2j+4k andd=9

\(zr+j_|z).(r-zj+4|2)—9\
J1+4+16

So, therequired distanceis
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|2-2-4-9 13
T Ja Jar
. . . . X+3_y-4 z+8
Example6 Find the distance of the point (- 2, 4, - 5) from the line 3 5 6
Solution Here P (=2, 4, — 5) is the given point.
Any point Qonthelineisgivenby (3A -3,5A +4, (6A -8),
PQ = (3A -1) { +5A j+(6A -3k
P (-2, 4,-5)
Since PQ L (3iA+5f+6k),we have
3(BA-1) +5(5A) +6(6A-3)=0
OA +25A +36A =21, i.e A= 3
=2Lied= 1, | 9 \
B 1.\ 12 - Fig. 11.1
Thus PO="10' "0 " 10"

Hence ‘%‘=%\ll+225+144= \/%

Example 7 Find the coordinates of the point where the line through (3, — 4, - 5) and
(2, -3, 1) crosses the plane passing through three points (2, 2, 1), (3, 0, 1) and (4, -1, 0)

Solution Equation of plane through three points (2, 2, 1), (3,0, 1) and (4,-1,0) is
Hr -2 +2]+k) PR -2))x(- [-k) 0

ie. F(A+]+k)=70r 2x+y + z2-7=0 .. (1)

Equation of line through (3,-4,-5)and (2,-3,1) is

x-3_y+4 _z+5 5
1 1 6 (2
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Any pointon line (2) is (- A + 3, A—4, 6A.—5). This point lies on plane (1). Therefore,
2(-A+3)+(A-4)+(BAL-5)-7=0,ie,A=2

Hence the required point is (1, — 2, 7).
Long Answer (L.A))
Example8 Find the distance of the point (-1, -5, — 10) from the point of intersection

of theline r =27 - ] +2k+A (3f +4] +2k) andtheplane 7. (i - +k) = 5.
Solution We have F=2{ - J+2k+A (37 +4]+2k) and 7. (I -] +k) =5
Solving these two equations, we get [(21 - +2K)+A (31 +4] +2K)].(i = j +K) =5
which givesA = 0.

Therefore, the point of intersection of lineand the planeis (2, —1,2) andthe other
given pointis (- 1, - 5, — 10). Hence the distance between these two points is

2~ (-0 +[-1+51 +[2~(-10]? . i.e. 13

Example 9 A plane meetsthe co-ordinates axisin A, B, C such that the centroid
of the A ABC is the point (a, B, y). Show that the equation of the plane is
X Yy z

—+ 5+ =3

a By
Solution Let the equation of the plane be

X Z
X, ¥,z_.
C

a b

Then the co-ordinateof A, B, Care(a, 0, 0), (0,b,0) and (0, O, c) respectively. Centroid
of the AABC s

X +X+X Y tY,+Yy, 2+Z,+Z[ a b cO

H 3 '~ 3 '~ 3 HB'H'33H

But co-ordinates of the centroid of the A ABC are (a, 3, y) (given).
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b C
Therefore, o= ,Bz§,y=§,i.e.a=3a,b=3[3,c=3y

wlo

Thus, the equation of planeis

X, y,z

a By

Example 10  Findthe angle between thelineswhose direction cosinesare given by
the equations: 3| + m+ 5n = 0and 6mn - 2nl + 5Im=0.

Solution Eliminating mfrom the given two equations, we get

O 2n2+3In+12=0

0 (n+l)(2n+1)=0

O eithern=—-lorl=-2n
Now if |=-=n, thenm=-2n
andif | =-=2n, thenm=n.

Thus the direction ratios of two lines are proportional to — n, —=2n, nand -2n, n, n,
i.e 1,2,-1and -2, 1, 1.
So, vectors parallel to theselines are

a=j +2] -k and b =20+ ] + | , respectively.

If O isthe angle between the lines, then

[

oYl

0~

(iA+2]—IA<)[Q—2iA+]+I2) 1

- JE+22+ (<12 (22 +12+12 ~ 6

e
Hence 0 = cos 65'

D:QI:I
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Example 11 Find the co-ordinates of thefoot of perpendicular drawn from the point A
(1, 8, 4) to the line joining the points B (0, -1, 3) and C (2, -3, -1).

Solution Let L bethefoot of perpendicular drawn fromthepointsA (1, 8, 4) totheline
passing through B and C as shown in the Fig. 11.2. The equation of line BC by using

formula ¥ = a +A(p — a), theequation of thelineBCis
= (-]+3I2)+A(2f—2]—4|2)

0 Xi+yi+zk = 22i-(22+1)i+1(3-42)k
Comparing both sides, we get
X=2\,y=—(2A+1),z=3 -4\ (1)
Thus, the co-ordinate of L are (2A, — (2A + 1), (3 -4A),
so that the direction ratios of the line AL are (1 -2A), 8+ (2\ +1),4 - (3-4A), i.e.
1-2\, 2\ +9,1+ 4\
SinceAL is perpendicular to BC, we have,
(1-2\) (2-0)+ (A +9) (-3+1) + (4\ +1) (-1-3) =0

AL, 8,4)
M
B L C
0,-1,3) (2.-3,-1)
Fig.11.2
0 i
~ 6

The required point is obtained by substituting the value of A, in (1), which is
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05 2 19C

H3' 3 3¢

. . : : oox_y-1_z-2
ExamplelZFlndthelmageofthepomt(1,6,3)mthellneI:T:T.

Solution Let P (1, 6, 3) bethe given point and let L be the foot of perpendicular from
Ptothegivenline.

P(1,6,3)
v

¥
Fig.11.3
The coordinates of ageneral point on thegivenlineare
x—O: y—1: z-2 _
1 2 3

If the coordinates of L are (A, 2\ + 1, 3A + 2), then the direction ratios of PL are
A-1,2A-53A-1.

But thedirection ratios of givenlinewhichisperpendicular to PL are 1, 2, 3. Therefore,
A-1)1+(2Ar-5)2+(3A-1) 3=0, which gives A = 1. Hence coordinates of L are
(1,3,5).

Let Q(x, Y, z) betheimageof P(1, 6, 3) inthegivenline. Then L isthe mid-point

X1+1::L y1+6:3 21+3:5
2 2 2

d x=1 vy=0z=7

A,0e,X=Ay=2A+1,z=3\ +2.

of PQ. Therefore,

Hence, theimage of (1, 6, 3) inthegivenlineis(, 0, 7).
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Example 13 Find the image of the point having position vector f+3j + 4k in the
plane r D(ZiA—] +E)+3:0,

Solution Let the given point be P ('A+31A + 412) and Q be theimage of P in the plane
. (2?-]+ f<)+3:0 as shown in the Fig. 11.4.

P

Q
Fig.11.4
Then PQ is the normal to the plane. Since PQ passes through P and is normal to the
given plane, so the equation of PQ isgiven by
F:(f+3]+412)+/1(2f—]+12)
Since Q lies on the line PQ, the position vector of Q can be expressed as
(i+3]+ak)+ (2 - T+K) i, (L+22)i+ (3-2) ] +(4+ 1)k

Since R isthe mid point of PQ, the position vector of Ris

g1+2)\)iA+ (3-1)] +(4+A)EB+ @+3] +4RH

2
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ie, (Ml)h%_%@%f”%ﬁz

Again, sinceR lies on the plane D(Zf—]+|2)+3=0 , we have

%{)\ +1)i+ %—%ﬁ+§4+%ﬁ%§[{2f—T+ﬁ)+3=0

0 A==2
Hence, the position vector of Qs (iA+3] +4R) -2 (ZiA— i +|A<) ,i.6.-3i +5] +2k .

ObjectiveTypeQuestions

Choose the correct answer from the given four options in each of the Examples
14to 19.

Example 14 The coordinates of the foot of the perpendicular drawn from the point
(2,5, 7) onthe x-axis are given by

(A) (2,0,0) (B) (0,50) © ©07 (O 057
Solution (A) isthe correct answer.

Example 15 P is a point on the line segment joining the points (3, 2, -1) and
(6, 2, -2). If x co-ordinate of Pis5, thenitsy co-ordinateis

(A) 2 (B) 1 © -1 (D) -2
Solution (A) isthe correct answer. Let Pdividestheline segmentintheratioof A : 1,

6A+3 BA+3
X - coordinate of the point Pmay beexpressedas X = N giving A+l =5 sothat

2A+2
A = 2. Thus y-coordinate of Pis N +1 =2,

Example 16 If a, B, y arethe anglesthat aline makes with the positive direction of X,
y, zaxis, respectively, then the direction cosines of theline are.

(A) sina,sinf,siny (B) cos a, cos 3, cosy
(© tana, tan 3, tany (D) cos’ a, cos’ B, cos’ y
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Solution (B) is the correct answer.

Example 17 The distance of apoint P (a, b, c) from x-axisis

(A) Ja®+c? (B) /a’+b?
(©) {b*+c? (D) b? + ¢2

Solution (C) isthe correct answer. The required distance isthe distance of P(a, b, €)
from Q (a, 0, 0), whichis ,/b? +c? .

Example 18 The equations of x-axisin space are

(A)x=0,y=0 (B) x=0,z=0 (©) x=0 (D) y=0,z=0

Solution (D) is the correct answer. On x-axis the y- co-ordinate and z- co-ordinates
are zero.

Example 19 A linemakes equal angleswith co-ordinate axis. Direction cosinesof this
lineare

0L 1 ar

(A) i(11111) (B) - 3' 3’\/§E
et L -1 A

©  “H33h ©® - *HE B BE

Solution (B) isthe correct answer. Let the line makes angle a with each of the axis.

Then, its direction cosines are cos o, cos o, COS O.

Since cos? o + cos® a + cos? a = 1. Therefore, cos a = i—l

e

Fill in the blanks in each of the Examplesfrom 20 to 22.

. T 3 V3
Example 20 If alinemakesangles —,—7and —

2" 2 with x, y, zaxis, respectively, then

its direction cosines are
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Solution The direct . z 3 7. +§)_ii[
ution The direction cosines are cos~ , cos; 7, cos ', i.e, 2 2F

Example 21 If alinemakesanglesa, 3, ywith the positive directions of the coordinate
axes, then the value of sina + sin?f3 + sin’yis

Solution Note that
sn?a+sn?fB+siny =(1-cos?a) + (1 - cos?B) + (1 — cos?y)
= 3 —(cos?a + cos*3 + cosy) = 2.

T
Example 22 If aline makes an angle of 2 with each of y and z axis, then the angle

which it makes with x-axis is

T T
Solution Let it makes angle a with x-axis. Then cos?a + coszz+ coszz =1
. T . T
which after simplification givesa = EX

State whether the following statements are True or False in Examples 23 and 24.
Example 23 The points (1, 2, 3), (-2, 3, 4) and (7, 0, 1) are collinear.
Solution Let A, B, C be the points (1, 2, 3), (-2, 3, 4) and (7, 0, 1), respectively.
Then, the direction ratios of each of the lines AB and BC are proportional to —3, 1, 1.
Therefore, the statement is true.
Example 24 The vector equation of the line passing through the points (3,5,4) and
(5,811)is
7 =3i+5]+4k+ 20 +3] + 7k)
Solution The position vector of the points (3,5,4) and (5,8,11) are
d=30+5j+4k,b=5 +8j+1lk,
and therefore, the required equation of thelineisgiven by

7 =3 +5]+4k+ 20 +3] + 7k)
Hence, the statement is true.
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11.3 EXERCISE
Short Answer (S.A.)

1.

10.

Find the position vector of apoint A in spacesuchthat oA isinclined at 60°to
OX and at 45° to OY and ‘ﬁ‘ =10 units.

Find the vector equation of thelinewhichisparallel tothevector 3 - 2] + 6k
and which passes through the point (1,-2,3).

Show that thelines

Also, find their point of intersection.

Find the angle between the lines

F=3-2]+6k+A(2 +j+2K)and 7 = (2] —5K) + u(6 +3] +2K)

Prove that the line through A (0, -1, -1) and B (4, 5, 1) intersects the line
through C (3, 9,4) and D (- 4, 4, 4).

Prove that thelinesx=py+qg,z=ry+sandx=py+q,z=r'y+s ae
perpendicular if pp' +rr' +1=0.

Find the equation of aplanewhich bisects perpendicularly thelinejoining the
pointsA (2, 3, 4) and B (4, 5, 8) at right angles.

Find the equation of aplanewhichisat adistance 3./3 unitsfromoriginand
the normal to whichisequally inclined to coordinate axis.

If the line drawn from the point (-2, — 1, — 3) meets a plane at right angle at the
point (1, — 3, 3), find the equation of the plane.

Find the equation of the plane through the points (2, 1, 0), (3, -2, -2) and
(3,1, 7).
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11. Find the equations of the two linesthrough the origin which intersect theline

X=3_Y¥=3_7 o desof Neach
> ] 1 dangleso 3 each.

12. Find the angle between the lines whose direction cosines are given by the
equationsl + m+n=0,12+ m?-n?=0.

13. If avariable line in two adjacent positions has direction cosines |, m, n and
| + &I, m+ dm, n+ &n, show that the small angle &0 between the two positions
isgiven by

002 = dl2 + On¥ + On?

14, Oistheoriginand Ais(a, b, ¢).Find the direction cosines of the line OA and
the equation of plane through A at right angle to OA.

15. Two systems of rectangular axis have the same origin. If a plane cutsthem at
distances a, b, c and &, b, ¢, respectively, from the origin, prove that

1.1 1_1 1 1
@ e B e
Long Answer (L.A))

16. Find the foot of perpendicular from the point (2,3,-8) to the line

4-x_y_1-z , , : : :
E = 5 3 3 Also, find the perpendicular distance from the given point

totheline.
17. Find the distance of a point (2,4,-1) from the line

X+5 y+3 z-6
1 4 -9

3 L
18. Find the length and the foot of perpendicular from the point ﬁ"i , ZE to the

plane2x -2y +4z+5=0.

19. Find the equations of the line passing through the point (3,0,1) and parallel to
theplanesx+2y=0and 3y-z=0.



20.

21.

22.

23.

24,

25.

26.

27.

28.
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Find the equation of the plane through the points (2,1,-1) and (-1,3,4), and
perpendicular to the plane x — 2y + 4z = 10.

Find the shortest distance between thelinesgivenby  =(8+3\i — (9+16)) j +
(10+7A)kand T =15f +29 ] +5k +p (3 +8] —5K) -

Find the equation of the plane which is perpendicular to the plane
5x + 3y + 6z + 8 = 0 and which contains the line of intersection of the planes
X+2y+3z-4=0and2x+y-z+5=0.

The plane ax + by = 0 is rotated about its line of intersection with the plane
z = 0 through an angle a. Prove that the equation of the plane in its new

positionisax + by +(,/a®+b? tana) z=0.

Find the equation of the plane through the intersection of the planes
F.(f +3j)-6=0and r .(3{ - j-4k) =0, whose perpendicular
distancefromoriginisunity.

Show that the points (i — j +3k) and 3(i +  +k) areequidistant from the plane

7.(5 + 2] —7k)+9=0 and lies on opposite side of it.

AB=3i - j +k and CD=-3 +2] +4k are two vectors. The position vectors
of the points A and C are 6i +7] +4k and —9] +2k , respectively. Find the
position vector of apoint Pontheline AB and apoint Q on the line CD such
that PQ isperpendicular to Ag and cp both.

Show that the straight lines whose direction cosines are given by
2l +2m-n=0and mn + nl + Im= 0 are at right angles.

If1,m,n;L,m,n,;l, m,n, are the direction cosines of three mutualy
perpendicular lines, provethat thelinewhose direction cosines are proportional
tol, +1,+1, m +m,+m,n +n,+n, makes equal angles with them.

Objective Type Questions

Choose the correct answer from the given four optionsin each of the Exercises from
29to 36.

29.

Distance of the point (a,B,y) from y-axisis
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30.

31.

32.

33.

34.

35.

36.

MATHEMATICS

(A)B (B) B © B+ (D) Ja®+y?
If the directions cosines of aline are k,kk, then
k=Lt 1

(A) k=0 (B) O<k<1 (C) k=1 (D) NE or NE

: [P~ 32 61 D L
The distance of theplane T - ' +—J ‘7 E: fromtheoriginis

1

(A) 1 B)7 (© 7 (D) None of these

. _ . X-2_y-3_1z-4
The sine of the angle between the straight line 3 = 2 N 5 and the

plane2x-2y+z=5is

10 =y 23 V2
WeE ®z5 ©F O
Thereflection of the point (a,3,y) in the xy— planeis

(A) (@,B,0)  (B)(00y) (©) aBy) (D) (B~

The area of the quadrilateral ABCD, where A(0,4,1), B (2, 3, -1), C(4, 5, 0)
andD (2, 6, 2),isequal to

(A) 9. units (B) 18 sq. units (C) 27 sg. units (D) 81 sg. units

The locus represented by xy + yz=0is

(A) A pair of perpendicular lines (B) A pair of parallel lines

(C) A pair of parallel planes (D) A pair of perpendicular planes

The plane 2x— 3y + 62— 11 = 0 makes an angle sin~*(a) with x-axis. Thevalue
of a isequal to

2 3
WLl @2 o2 ©
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Fill in the blanksin each of the Exercises 37 to 41.

37.

38.

39.

40.

41.

A plane passesthrough the points (2,0,0) (0,3,0) and (0,0,4). The equation of
plane is

The direction cosines of the vector (21 +2] —k) are

) . X=-5 _y+4 z-6
The vector equation of the line 3 = 7 = 5 is

The vector equation of the line through the points (3,4,-7) and (1,-1,6) is

The cartesian equation of the plane 7.(f + -K) =2 is

State True or False for the statements in each of the Exercises 42 to 49.

42.

43.

44.

45.

46.

47.

The unit vector normal to the plane x + 2y +3z — 6 = 0 s
1~ 2 -

NN TS J_

The intercepts made by the plane 2x — 3y + 5z +4 = 0 on the co-ordinate axis
L, 48

are 375"

The angle between the line 7 = (5 — ] —4k) + A(2f — ] +k) and the plane

05 0
F.(3 —4]-K)+5=0is sn™ B /o1l
The angle between the planes 7.(2i 3] +k)=1 and r.(i- J)=4 is
0-50

cos™ ET%

Theline 7 =27 —3] —k + A(i — ] + 2k) liesintheplane r.(31 + j —k)+2=0.

. . X-5_y+4 z-6 .
The vector equation of theline 3 = 7 = 5 is
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F=5—4]+6k+ (3 +7] +2K).

48.  Theequation of aline, whichisparalld to 2 + ] + 3k andwhich passesthrough

X-5_y+2 z-4
2 -1 3

the point (5,-2,4), is

49, If the foot of perpendicular drawn from the origin to a plane is (5, — 3, — 2),
then the equation of planeis (51 — 3] —2k) =38..

——eunlll> @ P——



Chapter 12

(LINEAR PROGRAMMING)

12.1 Overview

12.1.1 An Optimisation Problem A problem which seeks to maximise or minimise a
function is called an optimisation problem. An optimisation problem may
involve maximisation of profit, production etc or minimisation of cost, from available
resources etc.

12.1.2 ALinnear Programming Problem (LPP)

A linear programming problem deals with the optimisation (maximisation/
minimisation) of alinear function of two variables (say x and y) known as obj ective
function subject to the conditions that the variabl es are non-negative and satisfy aset
of linear inequalities (called linear constraints). A linear programming problemisa
specia type of optimisation problem.

12.1.3 Objective Function Linear function Z = ax + by, whereaand b are constants,
which has to be maximised or minimised is called alinear objective function.

12.1.4 Decision Variables In the objective function Z = ax + by, x and y are called
decision variables.

12.1.5 Constraints Thelinear inequalities or restrictions on the variables of an LPP
arecalled constraints. The conditionsx=0, y =0 are called non-negative constraints.

12.1.6 Feas ble Region Thecommon region determined by al the constraintsincluding
non-negative constraints x =0, y =0 of an LPP is called the feasible region for the
problem.

12.1.7 Feasible Solutions Points within and on the boundary of the feasible region
for an LPP represent feasible solutions.

12.1.8 Infeasible Solutions Any Point outside feasible regionis called an infeasible
solution.

12.1.9 Optimal (feasible) Solution Any point in the feasible region that gives the
optimal value (maximum or minimum) of the objective function is called an optimal
solution.

Following theorems are fundamental in solving LPPs.
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12.1.10 Theorem 1 Let R be thefeasible region (convex polygon) for an LPP and let
Z = ax + by be the objective function. When Z has an optimal value (maximum or
minimum), where x and y are subject to constraints described by linear inequalities,
this optimal value must occur at a corner point (vertex) of the feasible region.

Theorem 2 Let R bethefeasibleregion for aLPP and let Z = ax + by be the objective
function. If R is bounded, then the objective function Z has both a maximum and a
minimum value on R and each of these occur at a corner point of R.

If the feasible region R isunbounded, then a maximum or a minimum value
of the objective function may or may not exist. However, if it exits, it must occur at a
corner point of R.
12.1.11 Corner point method for solving a LPP
The method comprises of the following steps :

(1) Find thefeasible region of the L PP and determine its corner points (vertices)
either by inspection or by solving the two equations of the linesintersecting at
that point.

(2) Evauatethe objective function Z = ax + by at each corner point.

Let M and m, respectively denote the largest and the smallest values of Z.

(3 (i) When the feasible region is bounded, M and m are, respectively, the
maximum and minimum values of Z.

(it) In case, the feasible region is unbounded.
(a) M is the maximum value of Z, if the open half plane determined by

ax + by > M has no point in common with the feasible region. Otherwise, Z has
no maximum value.

(b) Similarly, mis the minimum of Z, if the open half plane determined by
ax + by < mhasno point in common with the feasible region. Otherwise, Z has
no minimum value.

12.1.12 Multipleoptimal pointsIf two corner pointsof the feasible region are optimal
solutions of the same type, i.e., both produce the same maximum or minimum, then
any point on the line segment joining these two pointsis also an optimal solution of
the sametype.

12.2 Solved Examples

Short Answer (S.A.)

Example 1 Determinethe maximum value of Z = 4x + 3y if thefeasible region for an
LPPisshowninFig. 12.1.
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Solution Thefeasibleregionisbounded. Therefore, maximum of Z must occur at the
corner point of thefeasibleregion (Fig. 12.1).

Corner Point Valueof Z
0, (0,0 4(0)+3()=0
A (25, 0) 4 (25) + 3 (0) = 100
B (16, 16) 4(16) + 3(16) =112 |~ (Maximum)
C(0, 29 4(0)+3(24)=72
Hence, the maximum value of Z is 112.
Y
(0, 40) N
)
(0,24)c B (16, 16)
9] /ﬁ\ A X
AT25,0) (48,0)
Fig. 12.1

Example 2 Determine the minimum value of Z = 3x + 2y (if any), if the feasible
region for an LPPisshownin Fig.12.2.

Solution Thefeasible region (R) is unbounded. Therefore minimum of Z may or may
not exist. If it exists, it will be at the corner point (Fig.12.2).

Corner Point Valueof Z

A, (12, 0) 3(12)+2(0)=36

B (4,2 3(4)+2(2)=16

C(1,5) 3()+2(5)=13 | — (smalest)
D (0, 10) 3(0)+2(10)=20
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D (0, 10) T

(1,5 4

> X

A(12,0)

Let usgraph 3x + 2y < 13. We see that the open half plane determined by 3x + 2y < 13
and R do not have a common point. So, the smallest value 13 is the minimum value
of Z.

Example 3 Solvethe following LPP graphically:

Maximise Z = 2x + 3y,

subjecttox+y<4,x=0,y=0
Solution The shaded region (OAB) inthe Fig. 12.3 isthe feasible region determined
by the system of constraintsx=>0,y=0and x+y < 4.

Thefeasibleregion OAB isbounded, so, maximum valuewill occur at acorner point
of the feasible region.

Corner Points are O(0, 0), A (4, 0) and B (0, 4).
Evaluate Z at each of these corner point.

Corner Point Valueof Z
0, (0,0) 2(0)+3(0)=0
A (4,0) 2(4)+3(0)=8
B (0, 4) 200+3(4) =12 | « Maximum
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o
=

Hence, the maximum value of Z is 12 at the point (0, 4)

Example 4 A manufacturing company makes two types of television sets; one is
black and white and the other is colour. The company has resources to make at most
300 sets aweek. It takes Rs 1800 to make a black and white set and Rs 2700 to make
a coloured set. The company can spend not more than Rs 648000 a week to make
television sets. If it makes a profit of Rs 510 per black and white set and Rs 675 per
coloured set, how many sets of each type should be produced so that the company has
maximum profit? Formulate this problem as a LPP given that the objective is to
maximise the profit.

Solution Let x and y denote, respectively, the number of black and white sets and
coloured sets made each week. Thus

x20,y=20
Since the company can make at most 300 sets a week, therefore,
X +y< 300
Weekly cost (in Rs) of manufacturing the set is
1800x + 2700y
and the company can spend upto Rs. 648000. Therefore,

1800x + 2700y < 648000, i.e., or 2x + 3y < 720

The total profit on x black and white sets and y colour setsis Rs (510x + 675y). Let
Z =510x + 675y . Thisis the objective function.
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Thus, the mathematical formulation of the problemis

Maximise Z =510x + 675y
subject to the constraints : X+y<300 O
2X+3y < 720%
x=0,y=0 H
Y
v\"

(0, 240)

\ B (180, 120)

2x+3y=720

0 P\ ~
(300,0)

Fig. 12.4

Long Answer (L.A.)

Example 5 Refer to Example 4. Solve the LPP.
Solution The problemis:

Maximise Z = 510x + 675y

subject to the constraints : X+y <300 O
2X+3y < 720%
x=0,y=0 E

The feasible region OABC isshown in the Fig. 12.4.

Sincethefeasibleregionisbounded, therefore maximum of Z must occur at the corner
point of OBC.
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Corner Point Valueof Z
0(0,0) 510 (0) +675(0) =0
A (300, 0) 510 (300) + 675 (0) = 153000

B (180, 120) |510(180) + 675 (120) = 172800 | « Maximum

C (0, 240) 510 (0) + 675 (240) = 162000

Thus, maximum Z is 172800 at the point (180, 120), i.e., the company should produce
180 black and white television sets and 120 coloured television sets to get maximum
profit.

Example 6 Minimise Z = 3x + 5y subject to the constraints :

X+2y=10
X+y= 6
3x+y=>8
Xxy=20

Solution We first draw the graphs of x + 2y =10, x + y = 6, 3x + y = 8. The shaded
region ABCD is the feasible region (R) determined by the above constraints. The
feasible region is unbounded. Therefore, minimum of Z may or may not occur. If it
occurs, it will be on the corner point.

Corner Point Valueof Z
A (0, 8) 40
B(1,5) 28
C(2, 4 26 | — smallest
D (10, 0) 30
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A

> X

} L
O 2 4 6 NI« 8 T~ 10 12
T- x+2y=10

Let us draw the graph of 3x + 5y < 26 as shown in Fig. 12.5 by dotted line.

We see that the open half plane determined by 3x + 5y < 26 and R do not have a point
in common. Thus, 26 is the minimum value of Z.

Objective Type Questions
Choosethe correct answer from the given four optionsin each of the Examples 7 to 8.
Example 7 The corner points of the feasible region determined by the system of
linear constraints are (0, 10), (5, 5), (15, 15), (0, 20).Let Z = px + qy, where p, g > 0.
Condition on p and g so that the maximum of Z occurs at both the points (15, 15) and
(0, 20) is

(A) p=q (B) p=2q (€ a=2p (D) a=3p
Solution Thecorrect answer is (D). Since Z occurs maximum at (15, 15) and (0, 20),
therefore, 15p + 159 = 0.p + 20q U q = 3p.
Example 8 Feasible region (shaded) for aLPPisshown in
the Fig. 14.6. Minimum of Z = 4x + 3y occurs at the point

(A) (0,8 (B) (25
© 43 (D) 6.0
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[

Fig. 12.6

Solution The correct answer is (B).

Fill in the blanks in each of the Examples 9 and 10:

Example 9 InaLPP, thelinear function which has to be maximised or minimised is
caled alinear function.

Solution Objective.

Example 10 The common region determined by all thelinear constraints of aLPPis
called the region.

Solution Feasible.

State whether the statements in Examples 11 and 12 are True or False.

Example 11 If thefeasible region for alinear programming problem is bounded, then
the objective function Z = ax + by has both a maximum and a minimum value on R.

Solution True

Example 12 The minimum value of the objective function Z = ax + by in alinear
programming problem always occurs at only one corner point of the feasible region.
Solution False

The minimum value can also occur at more than one corner points of the feasible
region.
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12.3 EXERCISE
Short Answer (S.A.)

1

Determine the maximum value of Z = 11x + 7y subject to the constraints:
2X+y<6,x<2,x=20,y=20.

Maximise Z = 3x + 4y, subject to the constraints: x+y <1,x=0,y=0.
Maximise the function Z = 11x + 7y, subject to the constraints: X < 3,y < 2,
x20,y=20.

Minimise Z = 13x — 15y subject to the constraints: x +y <7, 2x- 3y + 62
0,x=20,y=0.

Determine the maximum value of Z = 3x + 4y if the feasible region (shaded)

foraLPPisshowninFig.12.7.
v

J

N

- N
Fig 12.7 /6;7

Feasible region (shaded) for aLPPisshownin Fig. 12.8.
Maximise Z = 5x + 7y. A

B(3,4)

(0,2)

o A(7,0)

Fig. 12.8
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7. Thefeasibleregionfor aLPPisshownin Fig. 12.9. Find the minimum val ue of
Z=11x+7y.
Y

4

N

. s X
0 %X\ B
s
Fig. 12.9 )
8. Refer to Exercise 7 above. Find the maximum value of Z.
9. Thefeasible region for aLPPisshownin Fig. 12.10. Evaluate Z = 4x + y at

each of the corner points of this region. Find the minimum value of Z, if it
exists. y

J

W

Fig. 12.10
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10.

1.

12.

13.

In Fig. 12.11, the feasible region (shaded) for a LPPis shown. Determine the
maximum and minimum value of Z = x + 2y

A

Fig. 12.11

A manufacturer of electronic circuitshasastock of 200 resistors, 120 transistors
and 150 capacitors and is required to produce two types of circuits A and B.
TypeA requires 20 resistors, 10 transistors and 10 capacitors. Type B requires
10 resistors, 20 transistors and 30 capacitors. If the profit on typeA circuit is
Rs 50 and that on type B circuit is Rs 60, formulate this problem as a L PP so
that the manufacturer can maximise his profit.

A firm has to transport 1200 packages using large vans which can carry 200
packages each and small vans which can take 80 packages each. The cost for
engaging each large van is Rs 400 and each small van is Rs 200. Not more
than Rs 3000 is to be spent on the job and the number of large vans can not
exceed the number of small vans. Formulate this problem asa L PP given that
the objectiveisto minimise cost.

A company manufacturestwo types of screwsA and B. All the screws haveto
pass through a threading machine and a slotting machine. A box of Type A
screws requires 2 minutes on the threading machine and 3 minutes on the
dotting machine. A box of type B screws requires 8 minutes of threading on
the threading machine and 2 minutes on the d otting machine. In aweek, each
machine is available for 60 hours.



14.

15.

LINEAR PROGRAMMING 253

On selling these screws, the company gets a profit of Rs 100 per box on type
A screws and Rs 170 per box on type B screws.

Formulate this problem asaL PP given that the objectiveisto maximise profit.

A company manufactures two types of sweaters : type A and type B. It costs
Rs 360 to make a type A sweater and Rs 120 to make a type B sweater. The
company can make at most 300 sweaters and spend at most Rs 72000 a day.
The number of sweaters of type B cannot exceed the number of sweaters of
type A by more than 100. The company makes a profit of Rs 200 for each
sweater of type A and Rs 120 for every sweater of type B.

Formulate this problem as a L PP to maximise the profit to the company.

A man rides hismotorcycle at the speed of 50 km/hour. He hasto spend Rs 2
per km on petrol. If heridesit at afaster speed of 80 km/hour, the petrol cost
increases to Rs 3 per km. He has atmost Rs 120 to spend on petrol and one
hour’s time. He wishes to find the maximum distance that he can travel.

Express this problem as alinear programming problem.

LongAnswer (L.A))

16.

17.

18.

19.

20.
21.
22.

Refer to Exercise 11. How many of circuits of Type A and of Type B, should
be produced by the manufacturer so asto maximise his profit? Determine the
maximum profit.

Refer to Exercise 12. What will be the minimum cost?

Refer to Exercise 13. Solve the linear programming problem and determine
the maximum profit to the manufacturer.

Refer to Exercise 14. How many sweaters of each type should the company
make in a day to get a maximum profit? What is the maximum profit.

Refer to Exercise 15. Determine the maximum distance that the man can travel.
MaximiseZ =x+ysubjecttox+4y<8,2x+3y<12 3x+y<9,x=20,y=0.

A manufacturer produces two Models of bikes- Model X and Model Y. Model
X takes a 6 man-hours to make per unit, while Model Y takes 10 man-hours
per unit. Thereis atotal of 450 man-hour available per week. Handling and
Marketing costs are Rs 2000 and Rs 1000 per unit for Models X and Y
respectively. The total funds available for these purposes are Rs 80,000 per
week. Profits per unit for Models X and Y are Rs 1000 and Rs 500, respectively.

How many bikes of each model should the manufacturer produce so as to
yield a maximum profit? Find the maximum profit.
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23.

24,

25.

In order to supplement daily diet, a person wishes to take some X and some
wishesY tablets. The contents of iron, calcium and vitaminsin X and Y (in
milligrams per tablet) are given as below:

Tablets I[ron | Cadcium| Vitamin
X 6 3 2
Y 2 3 4

The person needsat least 18 milligrams of iron, 21 milligrams of calciumand
16 milligram of vitamins. The price of each tablet of X and Y isRs 2 and
Re 1 respectively. How many tablets of each should the person takeinorder to
satisfy the above requirement at the minimum cost?

A company makes 3 model of calculators: A, B and C at factory | and factory
I1. The company has orders for at least 6400 calculators of model A, 4000
calculator of model B and 4800 calculator of model C. At factory I, 50
calculators of model A, 50 of model B and 30 of model C are made every day;
at factory 11, 40 calculators of model A, 20 of model B and 40 of model C are
made everyday. It costs Rs 12000 and Rs 15000 each day to operate factory |
and |1, respectively. Find the number of days each factory should operate to
minimise the operating costs and still meet the demand.

Maximise and Minimise Z = 3x — 4y

subject to X—-2y<0
-3x+y<4
X-y <6
Xx,y=20

Objective Type Questions

Choose the correct answer from the given four optionsin each of the Exercises 26 to 34.

26.

The corner points of the feasible region determined by the system of linear
constraints are (0, 0), (0, 40), (20, 40), (60, 20), (60, 0). The objective function
iSZ=4x+ 3y.
Compare the quantity in Column A and Column B

Column A Column B

Maximum of Z 325

(A) Thequantity in column A is greater
(B) Thequantity in column B is greater
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(C) Thetwo quantities are equal
(D) The relationship can not be determined on the basis of the information
supplied

27. Thefeasible solution for aLPPisshowninFig. 12.12. Let Z = 3x — 4y be the

Y
4, 10)
/
$ (6,5)
(0, 0) (5,0)
Fig. 12.12
objective function. Minimum of Z occurs at
(A)(0,0) (B) (0.8 © (.0 (D) (4,10)

28. Refer to Exercise 27. Maximum of Z occurs at
(A) (5,0 (B) (6,9) (©) (6,9 (D) (4,10)

29. Refer to Exercise 27. (Maximum value of Z + Minimum value of Z) is
equal to

(A) 13 (B) 1 (C)-13 (D) - 17

30. Thefeasibleregion for an LPPisshownintheFig. 12.13. Let F = 3x— 4y be
the obj ective function. Maximum value of Fis.
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(i3, 3

]

(A) 0 (B) 8 (C) 12 (D) - 18

31. Refer to Exercise 30. Minimum value of Fis

(A)O (B)-16 (© 12 (D) does not exist
32.  Corner points of the feasible region for an LPP are (0, 2), (3, 0), (6, 0), (6, 8)
and (0, 5).

Let F = 4x + 6y be the objective function.
The Minimum value of F occurs at
(A) (0, 2) only
(B) (3, 0) only
(C) the mid point of the line sgment joining the points (0, 2) and (3, 0) only
(D) any point on the line segment joining the points (0, 2) and (3, 0).
33. Referto Exercise 32, Maximum of F — Minimum of F =
(A) 60 (B) 48 (C) 42 (D) 18

34.  Corner points of the feasible region determined by the system of linear
constraintsare (0, 3), (1, 1) and (3, 0). Let Z = px+qy, wherep, g > 0. Condition
on p and g so that the minimum of Z occursat (3,0) and (1, 1) is

Mp=2q  @p=; (©p=3q (D)p=g
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Fill in the blanksin each of the Exercises 35to 41.

35.

36.
37.

38.

39.

40.

41.

In a LPPR, the linear inequalities or restrictions on the variables are called

In aLPP, the objective function is always

If the feasible region for aLPP is , then the optimal value of the
objective function Z = ax + by may or may not exist.

InaLPPif the abjective function Z = ax + by has the same maximum value on
two corner points of the feasible region, then every point on the line segment
joining these two points give the same value.

A feasibleregion of asystem of linear inequalitiesissaid to be ifit
can be enclosed within acircle.

A corner point of afeasibleregionisapointin theregionwhichisthe
of two boundary lines.

Thefeasible region for an LPPisawaysa polygon.

State whether the statements in Exercises 42 to 45 are True or False.

42.

43.

44,

45.

If the feasible region for a LPP is unbounded, maximum or minimum of the
objective function Z = ax + by may or may not exist.

Maximum value of the objective function Z = ax+ by inaL PP awaysoccurs at
only one corner point of the feasible region.

In a L PP, the minimum value of the objective function Z = ax + by isalways 0
if origin is one of the corner point of the feasible region.

In a LPP, the maximum value of the objective function Z = ax + by is always
finite.

—eeullll> @ E——



Chapter 13

( PROBABILITY )

13.1 Oveview
13.1.1 Conditional Probability

If E and F are two events associated with the same sample space of a random
experiment, then the conditional probability of the event E under the condition that the
event F has occurred, written as P (E | F), is given by

P(E|F):%, P(F) %0

13.1.2 Properties of Conditional Probability

Let E and F be events associated with the sample space S of an experiment. Then:
HPEIH=PFIFH=1
(i) P[(A O B)|FI=P(A|F)+P(B|F)-P[(AnBI|F),
where A and B are any two events associated with S.
(iii)P(E'|F)=1-P(E|F)

13.1.3 Multiplication Theorem on Probability

Let E and F be two events associated with a sample space of an experiment. Then
PEnF=P{EPFI|E),P{E) %0
=P(AP(E|F),P(F#0

If E, F and G are three events associated with a sample space, then
PEnFnG=P(E)P(F|IE)P(G|ENnF)
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13.1.4 Independent Events

Let E and F be two events associated with a sample space S. If the probability of
occurrence of one of them is not affected by the occurrence of the other, then we say
that the two events are independent. Thus, two events E and F will be independent, if

€)] P(F|E)=P(F), provided P(E) 0
(b) P(E|F)=P(E), provided P (F) #0
Using the multiplication theorem on probability, we have
(9 PENRH=PE)PF
Three events A, B and C are said to be mutually independent if al the following
conditions hold:
P(AnB)=P(A)P(B)
PANnC=PA)P(C)
PBnC)=P(B)P(C)
and PANBNnC)=PA)P(B)P(C

13.1.5 Partition of a Sample Space

A set of eventsE , E,,...., E issaid to represent a partition of asample space Sif
€) EinEjch,iij;i,jzl,Z,S, ...... ,n
(b) EOED..OE =S and
(© EachE #¢,i.e P(E)>0forali=12,..,n

13.1.6 Theorem of Total Probability

Let{E,E, ..., E} beapartition of the sample space S. Let A be any event associated
with S, then

P (A) = ZF’(E,-)P(AIE,-)
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13.1.7 Bayes’ Theorem

If E,, E,...., E, aremutually exclusive and exhaustive events associated with asample

space, and A is any event of non zero probability, then
P(E |A) = TEIPAIE)
Z P(E)P(A|E)

13.1.8 Random Variable and its Probability Distribution

A random variable is areal valued function whose domain is the sample space of a
random experiment.

The probability distribution of arandom variable X isthe system of humbers

X X X e X

1

P(X): b, ol —~ | P,

n

wherep >0, i=1,2,..,n, Z p=1

13.1.9 Mean and Variance of a Random Variable

Let X be a random variable assuming values x,, X,,...., X, with probabilities

n

P P, - P, respectively such that p, = 0, p, = 1. Mean of X, denoted by p [or

expected value of X denoted by E (X)] is defined as

u=EX)= Z X P,
and variance, denoted by 62, is defined as

o’ = i(x ) PEYX P-u
1=1

1=1

2
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or equivalently
0?=E (X - u)?
Standard deviation of the random variable X isdefined as

g:\/m:\/m

13.1.10 Bernoulli Trials

Trials of arandom experiment are called Bernoulli trials, if they satisfy the following
conditions:

(1) There should be afinite number of trials
(i) Thetrials should be independent
(iii) Each trial has exactly two outcomes: success or failure

(iv) The probability of success (or failure) remains the samein each trial.

13.1.11 Binomial Distribution

A random variable X taking values0, 1, 2, ..., nissaid to have abinomial distribution
with parameters n and p, if its probability distibution is given by

P(X=r)="cpq
whereq=1-pandr=0,1,2,..n.
13.2 Solved Examples
Short Answer (S. A.)

A and B aretwo candidates seeking admissionin acollege. The probability
that A is selected is 0.7 and the probability that exactly one of themisselected is 0.6.
Find the probability that B is selected.

Solution Let p be the probability that B gets selected.
P (Exactly one of A, B is selected) = 0.6 (given)
O P(Aissdected, B isnot selected; B is selected, A isnot selected) = 0.6
0 P(ANB)+P(AnB)=06
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O PA)P@B)+P(A)P(B)=06
O 07)(1-p)+(03)p=06
O p=025

Thusthe probability that B gets selected is 0.25.

Example 2 Theprobability of simultaneousoccurrence of at least oneof two events
A and B is p. If the probability that exactly one of A, B occursis g, then prove that
P(A)+P((B')=2-2p+a.

Solution Since P (exactly one of A, B occurs) = ¢ (given), we get

P(AOB) - P (AnB) =q

O p-P(AnB)=q

O P(AnB)=p-q

0 1-P(AUB)=p-q

O P(ATOB)=1-p+q

0 PA)+PB)-P(ANB)=1-p+q
O PA)Y+PB)=({1-p+qg+P(A'n B)

=(1-p+tqg+(1-P(ADOB))
=(1-p+tg+@-p)
=2-2p+aq.

Example 3 10% of the bulbs produced in a factory are of red colour and 2% are red
and defective. If onebulb is picked up at random, determinethe probability of itsbeing
defectiveif itisred.

Solution Let A and B be the events that the bulb is red and defective, respectively.

PA)=— =1
100 10
PANB)= 2 =+

100 50
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P(AnB) _ 1 10_1

PEIA=—A "5 1 s

1
Thus the probability of the picked up bulb of its being defective, if itisred, is 5

Example 4 Two dice are thrown together. Let A be the event “getting 6 on the first
die’ and B be the event ‘getting 2 on the second die’. Are the events A and B
independent?

Solution: A ={(6,1),(6,2),(6,3), (6,4), (6,5), (6, 6)}
B={(12),(22),(32),(42),(52),(6 2)}

A n B={(6 2)}
_6_1 _1 -1
P(A)=c=¢, PB)=Z,  PANB)=—

EventsA and B will beindependent if
P(AnB)=P(A)P(B)

i.e, LHS=P(A n B):i, RHS = P(A)P(B):lxl =
36 6 6
Hence, A and B are independent.

Example5 A committee of 4 studentsis selected at random from agroup consisting 8
boys and 4 girls. Given that there is at |east one girl on the committee, calculate the
probability that there are exactly 2 girls on the committee.

Solution Let A denote the event that at least one girl will be chosen, and B the event
that exactly 2 girlswill be chosen. Werequire P (B |A).

SinceA denotesthe event that at |east one girl will be chosen, A’ denotesthat no girl
ischosen, i.e., 4 boys are chosen. Then

_°C,_170_14
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0 pay=1-A-%
99 99
~8g,.%C,
Now P (A nB)=P(2boysand2girls) =~
4
_6x28_ 56
495 165

ThusP(B |A) =

P(A)

P(A n B)_56 99_168

165 85 425

Example 6 Three machines E,, E,, E, in a certain factory produce 50%, 25% and
25%, respectively, of thetotal daily output of electric tubes. It isknown that 4% of the
tubes produced one each of machines E, and E, are defective, and that 5% of those
produced on E, are defective. If one tube is picked up at random from a day’s production,
calculate the probability that it is defective.

Solution: Let D be the event that the picked up tube is defective
LetA ,A,and A, be the events that the tube is produced on machinesE, , E, and E,,

respectively .

P(D)=PA)P(DIA)+PA)P(DI|A)+P(A)P(D]|A) (1)

5 1 1 1
P(A)= 100 = 5 P(A)= 7. P(A)= 7

100 2’
4 1
Also P(D|Al)=P(D|A2)=m=2—5
5 1
P({D |A3) = m = 2—0



PROBABILITY 265

Example 7 Find the probability that in 10 throws of a fair die a score which is a
multiple of 3will beobtainedin at least 8 of the throws.

Solution Here successisascorewhichisamultipleof 3i.e., 3 or 6.

2 1
Therefore, p(3or 6)=E=§

The probability of r successesin 10 throwsis given by

0-r

g 2
P(r)=*C HH BB

Now P (at least 8 successes) = P (8) + P (9) + P (10)

o~ L0 mRM mcf

g BORO w0 459G
BHEE" ~HBHER" *Eh
201

1
= F[45X4+10X2+1] = ?

Example 8 Adiscreterandomvariable X hasthefollowing probability distribution:

X | 1| 2[3] 4|5]| 67
PX)| C |2c|2c | 3c|c?| 2c2| 7c2+C

Find thevaue of C. Also find the mean of the distribution.
Solution Since Z p, = 1, we have
C+2C+2C+3C+C*+2C?+7C*+C=1

ie, 10C2+9C-1=0
i.e (10C-1)(C+1)=0
O C—i cC=-1

10’ T

1
Therefore, the permissible valueof C= — (Why )
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n 7
Mean=;)§ p = le P

710 10 10 10 100 100 100 10
= 3.66.
Long Answer (L.A.)

Example 9 Four balls are to be drawn without replacement from a box containing
8red and 4 whiteballs. If X denotesthe number of red ball drawn, find the probability
distribution of X.

Solution Since 4 balls have to be drawn, therefore, X can takethevaluesO, 1, 2, 3, 4.
P (X =0) =P (nored ball) = P (4 white balls)

4C4 1

12¢ . 495

P (X = 1) = P (1 red ball and 3 white balls)
_fCcx'C, 32
2C, 495
P (X = 2) = P(2 red balls and 2 white balls)
_8C,x*C, 168
©c, 495
P (X = 3) = P(3 red balls and 1 white ball)
_8C,x“C, 224
2, 495
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5c, _ 70

P(X=4)=P(4redbdls) = 75 = 795 -
4

Thusthe following is the required probability distribution of X

X 0 1 2 3 4
1 32 168 | 224 70

PO) | or | 7as
495 | 495 495 | 495 | 495

Example 10 Determine variance and standard deviation of the number of headsin
three tosses of acoin.

Solution Let X denote the number of heads tossed. So, X can takethe valuesO, 1, 2,
3. When a coin istossed three times, we get

Sample space S= {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

P (X =0):P(nohead):P(TTT):%

3
P(X=1)=P(onehead) =P (HTT, THT, TTH) = 3

3
P (X =2) = P(two heads) = P(HHT, HTH, THH) = 3
1
P (X =3) = P(three heads) = P (HHH) = 3
Thus the probability distribution of X is:
X 0 1 2( 3
N EREE
) 8 8 8| 8
Varianceof X =02 =3 X2 p — |2, Q)
where pisthe mean of X given by

1 3 3 1
= —0Ox=4+1x—+2x—+3x=
H=2ZXDP, 8 8 8 8
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3
=5 )
Now
1 3 3 1
2n = 0°X=+12x=+22x=4+3¥x==3
2XiPp 8 8 - 8 8 3
From (1), (2) and (3), we get
L 3_Dsﬁ:§
C=°THH
3 3
Standard deviation =V o = Z:%

Example 11 Refer to Example 6. Cal cul ate the probability that the defective tube was
produced on machine E,.

Solution Now, we haveto find P(A,/ D).

P(A,n D) _P(A,)P(D/A))
PAIDETRE) T PO)

Example12 A car manufacturing factory hastwo plants, X and Y. Plant X manufactures
70% of carsand plant Y manufactures 30%. 80% of the carsat plant X and 90% of the
carsat plant Y arerated of standard quality. A car is chosen at random and isfound to
be of standard quality. What is the probability that it has come from plant X?

Solution Let E be the event that the car is of standard quality. Let B, and B, be the
events that the car is manufactured in plants X and Y, respectively. Now

70 7 30 3
"®J)= 100710 ) 7 100710

P (E|B,) = Probability that a standard quality car is manufactured in plant



PROBABILITY 269

_80_8
~ 100 10
9

90 _
PEIB) = 100710

P (B, |E) = Probability that astandard quality car has come from plant X
_ P(B) xP(E|B)
P(B).P(E[B,)+P(B,).P(E|B,)

78
__ 1010 _56
7.8,3,9 8
10 10 10 1

56
Hence the required probability is 83

Objective Type Questions

Choosethe correct answer from the given four optionsin each of the Examples 13to 17.
Example 13 Let A and B be two events. If P(A) =0.2, P(B) = 0.4, P(AOB) = 0.6,
then P (A |B) isequal to

(A) 0.8 (B) 0.5 (©) 0.3 (D) O
Solution The correct answer is (D). From the given data P (A) + P(B) = P (AOB).
P(AnB)

This showsthat P(AnB) =0. ThusP(A|B) =~ (B)

Example 14 Let A and B be two events such that P (A) = 0.6, P (B) = 0.2, and
P(A|B)=0.5.

ThenP (A’ | B") equals
3 3 3 5
W ®p ©f (D) 3

Solution The correct answer is (C). P(AnB) =P (A |B) P(B)
=05x0.2=0.1
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P(A'nB)_P[AOB)] _1-P(AOB)
PB)  P(B)  1-P(B)

P(A"|B) =

1-P(A)-P(B)+P(ANnB) 3
- 1-0.2 -3
Example 15 If A and B are independent events such that 0 < P (A) < 1 and
0<P(B) <1, then which of the following is not correct?

(A) A and B are mutually exclusive (B) A and B' areindependent
(C) A’ and B are independent (D) A" and B' areindependent
Solution The correct answer is (A).

Example 16 Let X beadiscrete random variable. The probability distribution of X is
given below:

X 30 (10 -10
1 3 1
PN S o 2
Then E (X) isequal to
(A)6 (B) 4 (€3 (D)-5

Solution The correct answer is (B).

E(X) = 30><%+10X1—?E)—10x%:4 .

Example 17 Let X be a discrete random variable assuming values X, X,, ..., X, with
probabilitiesp,, p,, ..., p,, respectively. Then variance of X is given by
(A) E(X?) (B) EX)+E(X) (QEX)-[EX)]
(D) VE (X*) - [E (X)P
SolutionThe correct answer is (C).
Fill in the blanksin Examples 18 and 19

Example 18 If A and B are independent events such that P (A) = p, P(B) =2p and

5
P (Exactly oneof A, B) = §,then p=
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S

Solution p = ' 17

al—p)(z p)+p(l-2p)=3p-4p° =8E

Wl

Example 19 If A and B' areindependent eventsthenP (AT B) =1 -
SolutionP(ATUB)=1-P(AnB)=1-P (A)P (B")
(since A and B' are independent).

State whether each of the statement in Examples 20 to 22 is True or False

Example 20 Let A and B be two independent events. Then P(AnB) = P(A) + P(B)
Solution False, because P(AnB) =P(A) . P(B) when eventsA and B areindependent.

Example 21 Three events A, B and C are said to be independent if P(AnBnC) =
P(A)P(B)P(C).

Solution False. Reason is that A, B, C will be independent if they are pairwise
independent and P(AnBnC) =P (A) P(B) P(C).

Example 22 One of the condition of Bernoulli trialsisthat the trials are independent
of each other.
Solution: True.

13.3 EXERCISE
Short Answer (S.A)
1.  For aloaded die, the probabilities of outcomes are given asunder:
P(1) =P(2) =0.2, P(3) = P(5) = P(6) = 0.1 and P(4) = 0.3.
The die is thrown two times. Let A and B be the events, ‘same number each

time’, and ‘a total score is 10 or more’, respectively. Determine whether or not
A and B are independent.

2. Refer to Exercise 1 above. If the die were fair, determine whether or not the
events A and B are independent.

3. Theprobability that at |east one of the two eventsA and B occursis0.6. If A and
B occur simultaneously with probability 0.3, evaluate P(A ) + P(B ).

4. Abag contains 5 red marbles and 3 black marbles. Three marblesare drawn one
by onewithout replacement. What isthe probability that at |east one of thethree
marbles drawn be black, if the first marbleisred?
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10.

11.

12.

13.
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Two dice are thrown together and the total scoreis noted. The events E, F and
G are “atotal of 4, “atotal of 9 or more’, and “atotal divisible by 5, respectively.
Calculate P(E), P(F) and P(G) and decide which pairs of events, if any, are
independent.

Explain why the experiment of tossing acointhreetimesissaid to havebinomial
distribution.
1 1 1
A and B are two events such that P(A) = o P(B) = 3 and P(A n B):Z'
Find:
(i) P(AIB) (i) PBIA) (i) P(A'B)  (iv) P(A'B)

21 1
ThreeeventsA, B and C have probahilities E , 5 and E , respectively. Given

1 1
that A n C)=¢ andP(B n C) = findthevauesof P(C|B)and P(A'n C).

Let E, and E, be two independent events such that p(E,) = p, and P(E,) = p,.
Describe in words of the events whose probabilities are:

(i) p, P, (i) I-p) p, (i) 1-(1-p))(1-p,) (iv) p, + p,-2p,p,
A discreterandom variable X hasthe probability distribution given asbelow:
X 0.5 1 15 2
P(X) k k2 2k? k

0] Find the value of k
(i) Determine the mean of the distribution.
Prove that

() PA)=P(AnB)+P(An B)
(ii) PAOB)=PAnB)+P(An B)+P(A n B)

If X is the number of tails in three tosses of a coin, determine the standard
deviation of X.

In a dice game, a player pays a stake of Rel for each throw of a die. She
receives Rs 5 if the die shows a 3, Rs 2 if the die shows a 1 or 6, and nothing



14.

15.

16.

17.

18.

19.

20.

21.
22.

23.
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otherwise. What is the player’s expected profit per throw over a long series of
throws?

Three dice are thrown at the sametime. Find the probability of getting three
two’s, if it is known that the sum of the numbers on the dice was six.

Suppose 10,000 tickets are sold in a lottery each for Re 1. First prize is of
Rs 3000 and the second prizeis of Rs. 2000. There are three third prizes of Rs.
500 each. If you buy one ticket, what is your expectation.

A bag contains 4 white and 5 black balls. Another bag contains 9 white and 7
black balls. A ball istransferred from the first bag to the second and then a ball
isdrawn at random from the second bag. Find the probability that the ball drawn
iswhite.

Bag | contains 3 black and 2 white balls, Bag Il contains 2 black and 4 white
balls. A bag and aball is selected at random. Determinethe probability of selecting
ablack ball.

A box has 5 blueand 4 red balls. One ball is drawn at random and not replaced.
Its colour is also not noted. Then another ball is drawn at random. What is the
probability of second ball being blue?

Four cards are successively drawn without replacement from adeck of 52 playing
cards. What is the probability that all the four cards are kings?

A dieisthrown 5 times. Find the probability that an odd number will come up
exactly three times.

Ten coins are tossed. What is the probability of getting at |east 8 heads?

The probability of a man hitting atarget is 0.25. He shoots 7 times. What isthe
probability of his hitting at |east twice?

A lot of 100 watches is known to have 10 defective watches. If 8 watches are
selected (one by one with replacement) at random, what is the probability that
there will be at |east one defective watch?
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24,

MATHEMATICS

Consider the probability distribution of arandom variable X:

X 0 1 2 3 4

P(X) 01 025 | 03 0.2 0.15

Ly XCoo
Caculate (i) V Ho F (i) Vaianceof X.

25.

26.

27.

28.

29.

The probability distribution of arandom variable X isgiven below:

X 0

1 2 3
oy | k| S| KK
X) 2 4 8

() Determine the value of k.
(i) Determine P(X < 2) and P(X > 2)
(iii) FndPX < 2)+P(X>2).

For the following probability distribution determine standard deviation of the
random variable X.

X 2

PX) | 02 | 05| 03

1
Abiased dieissuchthat P(4) = 10 and other scoresbeing equally likely. Thedie

is tossed twice. If X is the ‘number of fours seen’, find the variance of the
random variable X.

A die is thrown three times. Let X be ‘the number of twos seen’. Find the
expectation of X.

1
Two biased dice are thrown together. For thefirst die P(6) = > the other scores

2
being equally likely while for the second die, P(1) = 5 and the other scores are



30.

31.

32.

33.

34.

35.

36.

PROBABILITY 275

equally likely. Find the probability distribution of ‘the number of ones seen’.

Two probability distributions of thediscreterandomvariable X and Y aregiven
below.

X 0 1 21 3 Y 0 1 2
INEEEREE on | L1222
X) 5 5 515 (Y) 5 10 51 10

Prove that E(Y?) = 2 E(X).
1
A factory produces bulbs. The probability that any one bulb isdefectiveis 50
and they are packed in boxes of 10. From asingle box, find the probability
that

(i) noneof the bulbsisdefective
(i) exactly two bulbs are defective

(iii) morethan 8 bulbswork properly

Suppose you have two coins which appear identical in your pocket. You know
that oneisfair and oneis 2-headed. If you take one out, toss it and get a head,
what is the probability that it was afair coin?

Suppose that 6% of the people with blood group O are left handed and 10% of
those with other blood groups are left handed 30% of the people have blood
group O. If aleft handed person is selected at random, what is the probability
that he/she will have blood group O?

Two natural numbers r, s are drawn one at atime, without replacement from
theset S={1, 2, 3, ...., n} . Find P[r < p|s< p|, where pOS

Find the probability distribution of the maximum of the two scores obtained
when adieis thrown twice. Determine a so the mean of the distribution.

The random variable X can take only the values 0, 1, 2. Given that P(X =0) =
P (X = 1) = p and that E(X?) = E[X], find the value of p.
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37.

38.

39.

40.

MATHEMATICS

Find thevariance of thedistribution:

x |0 1 2 3 2[5
115 |12 (1] 1)1
PO 16 | 8 | 9 6 9 | 18

A and B throw a pair of dice aternately. A winsthe game if he getsatotal of
6 and B winsif shegetsatotal of 7. It A startsthe game, find the probability of
winning the game by A in third throw of the pair of dice.

Two dice are tossed. Find whether the following two events A and B are
independent:

A={(xy): x+y=11 B={(x,y):x #5
where (x, y) denotes atypical sample point.
Anurn containsmwhite and n black balls. A ball isdrawn at randomand i s put
back into the urn along with k additional balls of the same colour asthat of the

ball drawn. A ball is again drawn at random. Show that the probability of
drawing awhite ball now does not depend on k.

LongAnswer (L.A))

41.

42.

43.

Three bags contain a number of red and white balls as follows:
Bag1:3redballs, Bag 2: 2 red balsand 1 white ball
Bag 3 : 3whiteballs.
i

The probability that bag i will be chosen and aball is selected fromitis 5

i =1, 2, 3. What isthe probability that

(i) ared ball will be selected? (ii) awhite ball is selected?
Refer to Question 41 above. If awhite ball is selected, what is the probability
that it came from

0) Bag 2 (i) Bag3

A shopkeeper sells three types of flower seedsA , A, andA,. They are sold as
amixture where the proportions are 4:4:2 respectively. The germination rates
of the three types of seeds are 45%, 60% and 35%. Cal culate the probability

(i) of arandomly chosen seed to germinate



44.

45.

46.

47.

48.

49.
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(ii) that it will not germinate given that the seed is of type A,
(iii) that itisof thetypeA, giventhat arandomly chosen seed doesnot germinate.

A letter is known to have come either from TATA NAGAR or from
CALCUTTA. Ontheenvelope, just two consecutive letter TA arevisible. What
isthe probability that the letter came from TATA NAGAR.

There are two bags, one of which contains 3 black and 4 white balls while the
other contains 4 black and 3 white balls. A dieisthrown. If it showsup 1 or 3,
a ball is taken from the Ist bag; but it shows up any other number, a ball is
chosen from the second bag. Find the probability of choosing a black ball.

There are three urns containing 2 white and 3 black balls, 3 white and 2 black
balls, and 4 white and 1 black balls, respectively. Thereisan equal probability
of each urn being chosen. A ball isdrawn at random from the chosen urn and it
is found to be white. Find the probability that the ball drawn was from the
second urn.

By examining the chest X ray, the probability that TB is detected when aperson
isactually sufferingis0.99. The probability of an healthy person diagnosed to
have TB is 0.001. In acertain city, 1 in 1000 people suffersfrom TB. A person
isselected at random and is diagnosed to have TB. What isthe probability that
he actually has TB?

Anitemismanufactured by three machinesA, B and C. Out of the total number
of items manufactured during a specified period, 50% are manufactured on A,
30% on B and 20% on C. 2% of the items produced on A and 2% of items
produced on B are defective, and 3% of these produced on C are defective. All
theitems are stored at one godown. One itemis drawn at random and is found
to be defective. What is the probability that it was manufactured on
machine A?

Let X beadiscreterandom variable whose probability distributionis defined as
follows:

(k(x+Dforx=1,234
P(X:x):EQkx forx=5,6,7
Eb otherwise
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50.

51.

52.

53.

54.

55.
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where k is a constant. Calculate

(i) the value of k (i) E(X) (iii) Standard deviation of X.
The probability distribution of adiscreterandomvariable X isgivenasunder:
X 1 2 4 2A 3A 5A
o0 | & I3 [ L[ 71 ¢

2 5 25 10 25 25
Cdculate:

(i) Thevalueof A if E(X) =294
(i) Variance of X.

The probability distribution of arandom variable xisgiven asunder:

[kx® for x=1,2,3
_ %kxforxz 45,6

P(X =x) =
Eb otherwise

where k is a constant. Calculate
() E(X) (i) E(3X?) (iii) P(X > 4)

A bag contains (2n + 1) coins. It isknown that n of these coins have ahead on
both sideswhere astherest of the coinsarefair. A coin is picked up at random
from the bag and is tossed. If the probability that the toss resultsin ahead is

31

— , determine the value of n.

42

Two cards are drawn successively without replacement from a well shuffled
deck of cards. Find the mean and standard variation of the random variable X
where X isthe number of aces.

Adie is tossed twice. A ‘success’ is getting an even number on a toss. Find the
variance of the number of successes.

There are 5 cards numbered 1 to 5, one number on one card. Two cards are
drawn at random without replacement. Let X denote the sum of the numberson
two cards drawn. Find the mean and variance of X.
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Objective Type Questions

Choose the correct answer from the given four options in each of the exercises from
56 to 82.

56.

57.

58.

59.

60.

4 7

If P(A) = <, and P(A n B) = 7, then P(B | A) is equal to

A) = B) = oL D) &

A B © 4 ©) 55
7 17

If P(A 0 B) = 75 and P(B) = =, then P (A | B) equals

20’

14 17 7 1
(A) 7 (B) >0 © 3 (D) 3

3 2 3
If MA) = 5. P(B) = £ and ATB) = -, thenP(B|A) +P(A |B) equals

1 1 5 7
(A) 2 (B) 3 © o (D) 5

2 3 1
IfP(A)= £ P(B)= 15 andP(A n B) = ¢, then P(A’|B).P(B'| A) isequal

A - B > C 2 D 1
A B) 7 © 4% (D)
1 1 1
If A and B are two events such that P(A) = o P(B) = 3 P(A/B):Z’ then
P(A"n B) equas

1 ] 1 3
A 5 ® © 5 ©)
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61.

62.

63.

64.

65.

66.

MATHEMATICS

If P(A) =0.4, P(B) = 0.8 and P(B |A) = 0.6, then P(A 00 B) is equd to
(A)0.24 (B) 0.3 (C) 0.48 (D) 0.96
If Aand B aretwo eventsand A #¢@, B # ¢, then
P(A n B)
P(B)
(C©) PAIB)PB|A=1 (D) PA|B)=PA)|PB)

A and B are events such that P(A) = 0.4, P(B) = 0.3 and P(A 0O B) = 0.5.
ThenP (B' n A) equals

(A)  PA[B)=PA)PB)  (B) PA[B)=

A 2 B 1 C . D 1
(A) 5 B) 5 © 15 () ¢

: 3 1
You are given that A and B are two events such that P(B)=g ,P(A|B) = 5 and

4
P(AOB) = 5 then P(A) equals

A) ~ B) = 0 = D) =
M) 35 B) g © 3 (D) 2
In Exercise 64 above, P(B | A') isequa to
A) = B) — 02 D) 2
OF B) 15 © 5 (D) ¢
3 1 4
If P(B) = g,P(A|B): > and P(A D B):g,thenP(AD B) +P(A'0B)=

1 4 1
A g ®) ¢ © 5 (D)1



67.

68.

69.

70.

71.

72.
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7 9 4
Let P(A) :1—3, P(B) = 13 and P(An B) = 3 Then P(A'|B) isequal to

6 4 4 5
(A) 13 (B) 3 © 9 (D) 9

If A and B are such events that P(A) > 0 and P(B) # 1, then P(A' | B')
equals.

(A)  1-PA|B) (B) 1-P(A" | B)
1-P(A O B)
©  “pE) (D) P(A") | P(B')

3 4
If A and B are two independent events with P(A) = 5 and P(B) = 9 then

P(A'n B")equals

4 8 1 2
(A) 5 (B) 75 © 3 (D) 9

If two events are independent, then

(A) they must be mutually exclusive

(B) the sum of their probabilities must be equal to 1
© (A) and (B) both are correct

(D) None of the above is correct

3 5 3
Let A and B betwo events such that P(A) = 8’ P(B) = 3 andP(AOB) = 7
Then P(A | B).P(A' | B) isequal to
A) 2 B) 0~ D) —
(A) ¢ B) g © o (D)

If the events A and B are independent, then P(A n B) isequal to
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73.

4.

75.

76.

7.

78.

MATHEMATICS

(A)  P(A)+P(B) (B) P(A) - P(B)
(©  P(A).PB) (D) P(A) | P(B)

Two events E and F are independent. If P(E) = 0.3, P(EO F) = 0.5, then
P(E | F)-P(F | E) equals

2 3 1 1
(A) 7 (B) 3 © 20 (D) 7

A bag contains 5 red and 3 blue balls. If 3 balls are drawn at random without
replacement the probability of getting exactly onered ball is

45 135 15 15
(A) 196 (B) 302 © 6 (D) 59

Refer to Question 74 above. The probability that exactly two of the three balls
werered, thefirst ball being red, is

1 4 15 5
A 3 ® - ©%  ©®5

Threepersons, A, B and C, fireat atarget inturn, startingwith A. Their probability
of hitting the target are 0.4, 0.3 and 0.2 respectively. The probability of two hits
is

(A) 0.024 (B) 0.188 (C) 0.336 (D) 0.452

Assumethat inafamily, each child isequally likely to beaboy or agirl. A family
with three children is chosen a random. The probability that theeldest childisa
girl given that thefamily hasat least onegirl is

1 1 2 4
A 5 (B) 3 © 3 ®) 7

A dieisthrownand acard is selected at random from adeck of 52 playing cards.
The probability of getting an even number on the die and a spade card is

1 1 1 3
A 5 ® 5 © 3 ©) 5
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80.

81.

82.

83.

84.

85.
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A box contains 3 orange balls, 3 green balls and 2 blue balls. Three balls are
drawn at random from the box without replacement. The probability of drawing
2 green ballsand oneblueball is

3 2 1 167
(A) o8 (B) > © o8 (D) 168

A flashlight has 8 batteries out of which 3 are dead. If two batteries are selected
without replacement and tested, the probability that both are dead is

NS g 2 ol o 2
M) 55 ®) & © 1 (D) o5
Eight coins are tossed together. The probability of getting exactly 3 headsis

1 7 5 3
(A) 56 (B) £ © £ (D) £

Two dicearethrown. If it isknown that the sum of numberson the dicewas|ess
than 6, the probability of gettingasum 3, is

A 1 ®— O ©) =
18 18 5 5
Which oneis not areguirement of abinomial distribution?
(A) There are 2 outcomes for each trial
(B) Thereisafixed number of trials
(C) The outcomes must be dependent on each other
(D) The probability of success must be the samefor all thetrials
Two cards are drawn from a well shuffled deck of 52 playing cards with

replacement. The probability, that both cards are queens, is

()13 13 ()13 13 ()13 17 ()13 51
The probability of guessing correctly at least 8 out of 10 answerson atrue-false

type examination is
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86.

87.

88.

89.

90.

MATHEMATICS

Ay By o 2 Dy

()64 ()128 ()1024 ()41

The probability that apersonisnot aswimmer is0.3. The probability that out of
5 persons 4 are swimmersis

(A)°C, (0.7)*(0.3) (B) *C, (0.7) (0.3)*
(C)°C, (0.7) (0.9)* (D) (0.7)*(0.3)
The probability distribution of adiscrete random variable X isgiven below:
X 2 3 4 5
NE 7 o u
k Kk k k
Thevalueof kis
(A) 8 (B) 16 (C) 32 (D) 48
For thefollowing probability distribution:
X -4 -3 -2 -1

PX) | 01 [02 [03 | 02 | 02

E(X)isequa to:

(A)O (B) -1 (C) -2 (D) -1.8
For thefollowing probability distribution
X 1 2 3 4
ey | £ | 2] 22
10 5 10 5
E(X?) isequal to
(A)3 (B) 5 <7 (D) 10

Supposearandomvariable X followsthe binomial distributionwith parametersn
and p, where0 < p< 1. If P(x=r)/ P(x = n-r) isindependent of nand r, then
p equals



91.

92.

93.
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1 1 1 1
(A) > (B) 3 © 5 (D) 2

Inacollege, 30% studentsfail in physics, 25% fail in mathematics and 10% fail
inboth. One student is chosen at random. The probability that shefailsin physics
if she hasfailed in mathematicsis

1 2 9 1
(A) 0 (B) 5 © 0 (D) 3

1
A and B are two students. Their chances of solving a problem correctly are 3

1 1
and 2 respectively. If the probability of their making a common error is, 20

and they obtain the same answer, then the probability of their answer to be
correct is

13
120

A box has 100 pens of which 10 are defective. What isthe probability that out of
asample of 5 pensdrawn one by one with replacement at most oneisdefective?

1 1 10
A 55 ® 5 © © &

nod 1p9(d

09 5 1090 109 0
Whol  ®3ho ©3fol ® Fob 2ok

State True or False for the statementsin each of the Exercises 94 to 103.

94.

95.
96.
97.
98.

Let P(A) > 0 and P(B) > 0. Then A and B can be both mutually exclusive and
independent.

If A and B are independent events, then A’ and B’ are also independent.
If A and B are mutually exclusive events, then they will be independent al so.
Two independent events are always mutually exclusive.

If A and B are two independent events then P(A and B) = P(A).P(B).
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99.  Another name for the mean of a probability distribution isexpected value.
100. If A and B" are independent events, then P(A'0B) =1 - P (A) P(B)
101. If A and B are independent, then

P (exactly one of A, B occurs) = P(A)P(B')+P(B) P(A')
102. If A and B are two events such that P(A) > 0 and P(A) + P(B) >1, then

P(B)

PEBIA) > 1 pa)y

103. If A, B and C are three independent events such that P(A) = P(B) = P(C) =
p, then

P (At least two of A, B, C occur) = 3p® —2p°
Fill inthe blanksin each of thefoll owing questions:
104. If A and B are two events such that

1
P(AIB)=p P(A)=p, PB) =7

5
and P(A DO B)=§,thenp=

105. If A and B are such that
2 5
P(A'0 B") :5 and P(A DO B)=§,
then P(A") + P(B") = ..cccecveveneee.

106. If X follows binomial distribution with parameters n = 5, p and
PX=2)=9,P(X=3),thenp=

107. Let X be a random variable taking values X, X,,..., X, with probabilities
Py Py - P, respectively. Then var (X) =

108. Let A and B be two events. If P(A | B) = P(A), then A is of B.

——enulll> @
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ESIGN OF THE QUESTIO
PAPER

MATHEMATICS- CLASS XllI

Time: 3Hours
Max. Marks: 100

Theweightage of marksover different dimensionsof the question paper shal beas
follows
(A) Weightage to different topics/content units

S.No. Topic Marks
1. Relations and functions 10
2. Algebra 13
3. Calculus 44
4. Vectorsand three-dimensional geometry 17
5. Linear programming 06
6. Probability 10
Total: 100
(B) Weightage to different forms of questions:
S.No. Form of Questions Marks for Total Number Marks
each Question of Questions
1. MCQ/Objective type/VSA 01 10 10
2. Short Answer Questions 04 12 48
3. Long Answer Questions 06 07 42
29 100

(C) Scheme of Option:
Thereisno overall choice. However, an internal choice in four questions of four
marks each and two questions of six marks each has been provided.

Blue Print
Units/Type of Question MCQ/VSA SA. L.A. Total
Relationsand functions - 4(1) 6 (1) 10(2)
Algebra 33 4(1) 6(1) 13(5)
Cdculus 4(4) 28 (7) 12(2) 44 (13)
Vectors and three
dimensional geometry 33 8(2 6 (1) 17 (6)
Linear programming - - 6 (1) 6 (1)
Probability 4(1) 6(1) 10(2)

Total 10 (10) 48 (12)  42(7) 100 (29)
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Section—A

Choose the correct answer from the given four optionsin each of the Questions 1 to 3.

1.

[x+yd [2 1001C _
If B<‘YB_B1 BBH_ZE, then (x, y) is
(A) @D (B) -1
© 11 (O) (-1.-1)

The area of the triangle with vertices (-2, 4), (2, k) and (5, 4) is 35 sg. units. The
valueof kis

(A) 4 (B) -2

(© 6 (D) -6

Theliney = x + 1 isatangent to the curve y? = 4x at the point

A) 12 B 21

© -2 (D) (-1,2)

Construct a 2 x 2 matrix whose elements a, are given by

Sﬂ,if i ]
2

a; =0
Hi +))2,ifi =].

Find the value of derivative of tan™ (€X) w.r.t. x a the point x = 0.

X-3_y+2_z-6

The Cartesian equationsof alineare > 5 3

. Find the vector equation

of theline.

Evaluate I (sin®x+ x#)dx
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Fill inthe blanksin Questions8to 10.

10.

11.

12.

13.

14.

SinX+ cosX

" dx=
-[ \1+sin2x

If a=2i+4]—kandb=3-2]+Ak are perpendicular to each other, then
A=

The projection of a={ +3j+k along b=2f —3] +6k is

Section—B

+9nx++/1-d9
Prove that oot‘l%\/l sinx+y1 SnX%FE 0<x<1—2T

fV1+snx—1-snxf 2’

OR

T
, x>0

Solve the equation for x if sintx + sin12x = 3

Using properties of determinants, provethat

b+c c+a a+b a b c
gq+r r+p p+q=2|p q r
y+z z+X X+y Xy zZ

Discussthe continuity of the function f given by f (X) = [x+1|+ [x+2|at x=-1and
X=-=2.

2

. . . d7y 11
If X = 2c0sB — c0s26 and y = 2sinB - sin26, find Wat 925.

OR



15.

16.

17.

18.

19.

20.
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If X1+ y+yy/1+x=0,prove that %z_—lz,where—K x<1

K (1)

A coneis 10cmin diameter and 10cm deep. Water is poured into it at the rate of
4 cubic cm per minute. At what rate is the water level rising at the instant when
the depth is 6cm?

OR

1
Find the intervalsin which the function f given by f (x) = x® + ;,xiOis

(i) increasing (i) decreasing

Evauate IL dx
(x+3) (x+1)?

OR

1 0O
Evaluate J’EOQ('OQ X)+ l0g X)? de

s

XSin X
Evauate _[
0

dx
1+cos? x

Find the differential equation of all the circleswhich pass through the origin and
whose centreslie on x-axis.

Solvethedifferential equation

Xy dx—(C+y9)dy =0

If axb=ax¢,a%0andb # ¢, show that b = ¢+ 14 for some scalar ).
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21.

22.

23.

24.

Prove that = is commutative on R — {-1}. Find the identity element and prove that

MATHEMATICS

Find the shortest distance between thelines

F=(A-Di +(A+Y) ] -(@+A)kand F=(1- )i +(2z-1)] +(a+2)k

A card from apack of 52 cardsislost. From the remaining cards of the pack, two
cards are drawn and found to be hearts. Find the probability of the missing card

to be aheart.
Section—C

Let the two matrices A and B be given by

1 -1 00 02 2 -40
_ O a0 .0
A—% 3 4-andB=4 2 4¢

M 1 28 H2 -1 5[

Verify that AB = BA = 6, where | istheunit matrix of order 3 and hence solvethe

system of equations
X—y=3, 2x+3y+4z=17 andy+2z=7

On the set R— {- 1}, a binary operation is defined by
ar»b=a+b+abforala bOR-{-1}.

every element of R — {- 1}is invertible.

25.

26.

Provethat the perimeter of aright angled triangle of given hypotenuseismaximum

when the triangle is isoscel es.

Using the method of integration, find the area of the region bounded by thelines

2x+y=4, 3x-2y=6 and x-3y+5=0.
OR

4
Evauate I(ZXZ =X)dX gslimit of asum.
1



27.

28.

29.
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Find the co-ordinates of the foot of perpendicular from the point (2, 3, 7) to the
plane 3x—y -z = 7. Also, find the length of the perpendicular.

OR

Find the equation of the plane containing thelines

F=i+]+A({+2]-K)and F=i+]+p (= +]-2K).
Also, find the distance of this planefromthepoint (1,1,1)

Two cards are drawn successively without replacement from well shuffled pack
of 52 cards. Find the probability distribution of the number of kings. Also, calculate
the mean and variance of the distribution.

A dietician wishesto mix two types of foodsin such away that vitamin contents
of the mixture contains atleast 8 units of Vitamin A and 10 units of Vitamin C.
Food ‘I’ contains 2 units/kg of Vitamin A and 1 unit/kg of Vitamin C. Food ‘“II’
contains 1 unit/kg of Vitamin A and 2 units/kg of Vitamin C. It costs Rs 50 per kg
to purchase Food ‘I’ and Rs 70 per kg to purchase Food “II’. Formulate this problem
asalinear programming problem to minimisethe cost of such amixture and solve
it graphically.

Marking Scheme

Section—A

N
—_~
CIe

3. (A) Marks

6. F=(3—2]+6K)+A(2 -5]+3K), where ) isascaar.
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7. 0
8. X+¢c
9. A==22
+1
10._7 1x10=10

Sections —B

L BV1+sinx++/1-sinx B
11. L.H.S.=C0t1%\/ _ J — ]
EVL+sinx—+/1-sinx[

O

0 X xd o x xﬁ

O 2

D\/B:052+Sln25+\/B:052 SmZBD L

= K O
E;\/DosxﬁinXET—\/DosX—sinXETD 2
BVE® 22 VF™27""2HH

. X .

COS = +sin—|+|cos = —sin =
= cot™ 2 2 2 % %ince 0<X<T'0 cosX>sin 2=
X X 2 4 2 7 2H

COS = +5sin—|—|cos—= —sin =

2 2|5
= os§+sin§+cos§—sinED
_ cot™ EC 2 2 2 2%

Ebos X rsin = —cos = +sin >0
2 2 2 20

cosED O w0 x 1
= i—D = cot™ [cot—[F— 1=
Dzsm O o 20 2 2

O 20
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. X _TiC

nce 0<—<—
B T2 aF 1

OR

: _ LS
Sinix + sint2x = 3

. T .
O simi2x= — —sin? x

3
LT

0 2x= sm(§ —sinx) 1

. T . m . 3 - - 1
=sin cos(sm—lx)—cos§ sin(sinx) = %Jl—sm2 (sin™tx X

1
Ax = \[3J1- X% =, 5X = /3 /1- X 15

O 25x=3(1-x3

0 28x=3

O xX=_—
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N~

1/3
Hence XZE\/; (asx> 0 given)

13
Thusx = E\g isthe solution of given equation.

b+c c+a a+b
12. Let A=|gq+r r+p p+q
y+z z+X X+y

UsingC, - C +C,+C,, weget
2(at+b+c) c+a atb

A=2(p+q+r) r+p p+q 1
2(X+y+2) z+x X+y

a+b+c c+a a+b
=2|p+q+r r+p p+q
X+y+z z+X X+y

UsingC, - C,-C,and C, - C,-C , weget

a+tb+c -b -c
A=2(p+q+r -q -r 1-
X+y+z -y -z

UsingC, - C +C,+ C,and taking (- 1) common from both C,and C,
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a b c
A=2 r 11
P q >
Xy Z
13. Case 1 when x < -2
f()=|x+1+x+2/=-(x+1)-(x+2) =-2x -3
Case2When-2<x<-1
f()=—x-1+x+2=1 1
Case 3When x = -1
f(X)=x+1+x+2=2x+3
Thus
2x-3 when X<-2
f(x)=% 1 when -2<x<-1
HZX+3 when x=2-1
Now, LH.Sax=-2, M f(X) = lim (-2x-3) =4-3=1
RHSax=-2, im f(x) = lim1=1
Alsof(-2) =2+ 1|+ -2+ 2|=]-1+]0]=1
. _ 1
Thus, Im F(X) =f(2) = lim f(x) 12

O Thefunction fiscontinuous at x = -2
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Now, L.H.Satx=-1, lim f(x)= lim1=1

X- -1

RHSat x=-1, lim f(x)

X— -1

= lim (2x+3) =4

X -1

Alsof(-1) = -1+ 1|+ ]-1+2|=1

Thus, lim f(x) = lim =f(-1)

[0 Thefunctioniscontinuousat x = -1

Hence, the given function is continuous at both the points x = -1 and x = -2
14, x=2c0s8 — cos20 and y = 2 sinB — sin26

dy _ do _ cosB-cos26 _ *in 2 SmB?Hﬂanﬁ

So in20—_sin®
dx dX sin20-sin® 2005 snl 2
S 2 2
Differentiating both sidesw.r.t. X, we get
2
M:§Se(:2§x@
ax? 2 2 dx
3 -3 1 3 -39 1
T2 sinzo—sing) 2 2. B 8
27 2 2(sin26-sin6) 4 2 2005 % in &
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Th Mate —E iS§%C33—T[COS€CE=_—3
WY T2 T8 4 2
OR
We have
X1ty +y1+x=0
O xJl+ty = -y J1+X
Squaring both sides, we get
X¥(1+y) =y(1+Xx)
O (x+y) x=-y) =-yx(x-y)
—X
O x+y=-xy,ie, Y= 1+x
d 1+x).1-x(0+1 -1
D _y:_% ) 2( )% = 1+ 2
& g @ g @

15. Let OAB beacone and let LM be the level of

water at any timet.

Let ON=hand MN =r

Given AB =10 cm, OC = 10 cm and Ez 4 cm?®

minute, whereV denotesthe volume of coneOLM.

Note that A ONM ~ A OCB

317

av
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MN_ON r_h___h
ce oc ¥ 5 10-"72

1
Now, V = gmzh

h
Substitutingr = Ein (i), weget
1
= —1h?
v 12
Differentiatingw.r.t.t

dv _3nh’ dh

d 12 dt

dh_ 4 dv
dt  mh? dt

dh 4
Therefore, when h =6 cm, — = — cm/minute
dt  9m

OR

f — 3+i
() =% 3

3
O f'(x)=3x3—F

.. ()
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Asxt+x2+1>0andx*> 0, therefore, for f to be increasing, we have

x>-1>0
O XD(—oo, —1) O (1, oo) 1-

Thusf isincreasingin (—co, —1) O (1, »)
(i) For f to be decreasing f'(x) <0

0 x2-1<0
1
O(x-1) (x+1) <00 xO(-1,0)0(0,1) [x# 0 asf isnot defined at x = 0] 15

Thusf (x) isdecreasingin (-1, 0) 0 (0, 1)

-2 _ A 3 B + C
O L& (e g(x+1)? x+3 x+L (x+1)

Then3x-2=AX+1)2?+B(Xx+1) (x+3)+C(x+3)

comparing the coefficient of X2, x and constant, we get
A+B=0,2A+4B+C=3andA+3B+3C=-2

Solving these equations, we get

-11 11 -5 1

3X-2 -1 n 5

N TR
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3x-2 I S VR B T
Hence IWdX— 2 de'l' 2 mdx 5 X+1)2 dx

=t 11
=g ook rlogx i or Ty G
OR
0 1 O
I[log(logx) + ~aX
0 (logx)" O
_J’Iog(logx)dx+J’ 1 > dx
- (logx)
Integrating log (logx) by parts, we get
X 1
J'Iog(log x) dx = xlog(log x) - x = dx
logx) ~ x
=x log(log x) —Ii dx
logx
O o 41 0497 L
=x log (logx)~G—— - [x > = dxC
0g X D(logx)" 0 * E

1

- dx
logx I(Iog x)?

=xlog (logx) -
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0 1 O X
Therefore, J’ﬁog (log x) + —=— Hdx = x log (log X) - oax +C

(logx)” 5

T

XSinx
17. Letl= —_[1+COS <

dx

a

(11— X)sin (- X)

d i ’ dx= dD
—I 1+cosz(n x) X Smce O X) x—OI(a—x) XE
T
_J. TISin X el
1+cos? X
02l= nj SLE SN
1+ cos? x

Putcosx=t for x=z0O t=-1, x=00 t=+1 and — sinxdx=dt.

-1
—dt 1 dt
Therefore 2l =1t -
{1+t2 J-—11+t2

=nHan"tH, = mHan™ (+1)—tan™ (-1)

Ot ™

_+T[§E_ 5

321
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18. The equation of circles which pass through the origin and whose centre lies on

X — axis is
1
(x-a)*+y?=a’ .. (i) =
Differentiating w.r.t.x, we get
dy
2|x—a)+2y—=0
( ) ydx
0 x+ yﬂ:a 1l
dx 2
Substituting the value of aiin (i), we get
O dyD2 2_0 dyD2
Hy dxH Ty _gﬁ-ydxa
dy
O (x*-y?)+2xy—2=0
( y ) Xydx 1
19. Thegivendifferential equationis
x? ydx—(x3+y3) dy=0
dy X’y
0o —=/=
iy (1)
Put y:vxsothatﬂ:v+xﬂ 1
dx dx
v wé
v+ =

X__—
dx X+ x3
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O v+xﬂ:
dx

v
1+Vv?
dv_ —-v*

0 x>z "V _
dx 1+

0 Il:’/f dv :-Id—;‘ 2

1 1 dx
O J’F dV+J-;dV = —J’7 1

0 _—1+Iog|v|:—log|x|+c

cYe

3
-X
0 3—y3+|09|)/|=0,Whichisthereqd. solution. 1

0 ax(B—é)zé 1
0 a=0orb-c=0 or a||(6—é) 1
0 a||(6—r:) Rince a # 0& b#¢[] 1

0 b-c=Aa, for somescalar )
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21. Weknow that the shorest distance between thelines F =a+Ab and F=¢+ud is
given by

(e—a)[(JBxa)

D= ———
=

Now given equations can be written as

F:(—f+]—l2) +A (f+f—|2) and r:(f— i+ 2I2) +H (—f+2 J°+I2)

Therefore ¢ —a = 21 -2 +3k %
i ] k

and bxd=[1 1 -1=37-0.j+3k
12 1

0 [oxd =/o+0=\18=3/2 5
(c-a)foxd)| le-ovo_15 _5 5V

HenceD:‘ ‘Bxa‘ ‘—| 32 |-3\/§—\/§‘ > 2

22. LetE, E, E, E, and A be the events defined as follows:
E, = themissing card is a heart card,
E, = the missing card is a spade card,

E, =themissing card isaclub card,
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E, =the missing card is adiamond card Ya

A = Drawing two heart cards from the remaining cards.

Then P(E))=-=7. P(E;) = =7, P(Es)=5 = P(E)= 5= Ve

P (A/E,) = Probability of drawing two heart cards given that one heart card is

. 2c,
missing = &
C,

P (A/E,) = Probability of drawing two heart cards given that one spade card is

- °C,
missing = 71
C2

13 C 13

Similarly, we have P (A/E,) = 51—(:2 and P(AJE) = 5~
2

51C
2

By Baye’s thereon, we have the

required Probability = P (E;/A)

P(E,) P(A/E,)
P(E,) P(A/E,)+P(E,) P(A/E,)+P(E,) P(A/E;) +P(E,) P(A/E,) 1

1 12C2
4 %ic,
1)(1202 +} 13C2 +1 13C2 +1X13C2 1
4 ®c, 4°c, 4°c, 4 °¢,

_ 2c, B 66 _u
2c,+1C,+C,+C, 66+78+78+78 50
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Section C

23. We have

1 -1 0002 2 -40

AB:% 3 455—4 2 —45

H 1 288 -1 5H

® 0 0O M1 0 oC
_ o _ C
= 6 03=60 1 07 _g
M 0 64 B 0 1F
Similarly BA = 6l, Hence AB =6l = BA

AsAB=6l, A7*(AB)=6A"" . Thisgives

. 02 2 -4AC
10 C
B=6Aie, AM=1p Tg a4 2 Ar
6 B2 -1 5E
The given system of equations can be written as
AX =C, where
xO [BC

o
BE  HE

The solution of the given system AX =Cisgivenby X =A-C

N~
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] 2 2 4]|[3
=y = |4 2 4|17
z 2 -1 5||7

1 6+34—28 2
=, | -12+34-28|= 1
6-17+34 4

Hencex=2,y=1andz=4 2
24. Commutative: For any a, b € R - {-1}, we have a * b =a + b + ab and

b*a=b+a+ba. But {by commutative property of addition and multiplication on

R - {-1}, we have:

a+b+ab=b+a+ba.

—axb=bx*a

Hence * is commutative on R — {-1} 2

Identity Element : Let ¢ be the identity element.

Thena +*e= exaforallae R-{-1}

= a+e+ae=aande+a+ea=a

— e(1+a)=0 = e=0{since a #-1)

Thus, 0 is the identity element for * defined on R — {-1} 2

Inverse : Let a e R — {—1}and let b be the inverse of a. Then
a*b=e=b*a
= a*b=0=b*a (e=0)

= a+b+ab=0
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25.

MATHEMATICS

Ob= —DR (since az-1)
a+

Moreover, a+1¢ 1ThU3b—_1DR {-1}.

Hence, every element of R — {-1}is invertible and

-a
theinverse of an element ais atl-

Let H be the hypotenuse AC and 6 be the angle
between the hypotenuse and the base BC of the
right angled triangleABC.

Then BC =base=H cos8 and AC = Perpendicular
=Hsno
0 P = Perimeter of right-angled triangle

1

=H+Hcos@+HsnB=P 5

dP
For maximum or minimum of perimeter, T =0

. _ T
[0 H(-sinB+cosB)=0,i.e G:Z

Now

Dd*pD =-Hcos6-HsinB
Hde2H™

2
d°P m 01 1D\/7H<O

S T B

Thus Pis maximumat 6=£.

Fig. 1.2

]
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Tt O H . H
For 6= —, Base=H cos — and Perpendicular = = 1
4 HaH 2 V2
Hence, the perimeter of a right-angled triangle is maximum when the
1
triangleisisosceles. 2
26.
T
2
0
| | | |
I | | 1
/'5 —“+-3-2-1
x-3y+50
. =-5x=0
] 5
:O, =—=16
y=0y 3

Fig. 1.3

Finding the point of interection of given lines as A(1,2), B(4,3)
and C (2,0) 1

Therefore, required Area

X+ 5[] 4 Bx—-60]

8 J;ET x—Jl’(4 - 2x) dX_.!HTHdX
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_1DX2 HDA 2 ﬁ B o Uﬁ 1
_?38?4-5)(% —(4x X )H_Bé_lx 3x% 2E
10016 A\ (4 —12)-(3-
3@—+ZOH—E§+5%—@8 4)-(4-1)3- g12-12)-(3-6)g
1_45 7
-5 7—1 3—§sq units 1
OR
4( ) 4
| = [(2x* =x]dx = [ f(x)dx
! !
=lim B (1) + f (L4 h)+ £ (14 20) 4ot £ (L+(n-2)h)H- - () 1
where h:4T_1,i.e,nh:3
Now, f(L+n-1h)=2(1+(n-12)h)’ - (1+(n-1)h)
:2(1+(n—1)2h2+2(n—1)h)—1 L+ (-1)h) =2(n-1)*h?+3(n-1)h+1
Therefore, f(1)=2.0°h?+3.0.h+1, f(1+h)=21°h*+3.1h+1
1

f(1+2h)=222 2 +32h+1, f(1+(n-1)h)=2.22h*+3.2h+1 1=



O
Thus, I=limhm+2
h-0 0

27.
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n(n-1)(2n-1) , 3n(n-1)(nh-h)C

he +

O™

2(nh)(nh~h)(2nh~h) _3(nh)(nh-h)

=lim hn+
h-0 6 2
0 2(3)(3-h){(6-h) 3(3)(3-n)0
i B 20e-1l6-) 3607 6o g
h-0 0 6 2 0 2 2
A(2,3.7)
X
_I_ - -7
B Hg. 1.4 aX } =1
The equation of line AB perpendicular to the given planeis
X-2_y-3_z-7 1
= = =\ 1-
3 -1 -1 (say) 2
Therefore coordinates of the foot B of perpendicular drawn from A on the
plane 3x—y—z= 7 will be
AN+2,-A+3,-A+7 1l
( 1 d ) 2

SinceB =(3A +2,-A +3,-A+7) liesson3x-y-z =7, we have

=3(3A+2) —(-A +3)-(-A+7)=70 A=1
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ThusB = (5, 2, 6) and distance AB = (length of perpendicular) is 2

\/(2 ~5)%+(3-2)°+(7-6)* =11 units

Hence the co-ordinates of the foot of perpendicular is (5, 2, 6) and the length of
perpendicular = /11 1

OR

Thegivenlinesare

F=i+ Jn (i + 2] K] e )
and =1+ + (- + - 2K) e

Note that line (i) passes through the point (1, 1, 0)

NlFR, NP

andhas dr.s, 1, 2,-1, and line (ii) passes through the point (1, 1, 0)

and has d.l’.'S’_ 1! 11 _2

Since the required plane contain the lines (i) and (ii), the planeis parallel to the
vectors

b=i+2j-kandc=-i+ j-2k

Therefore required plane is perpendicular to the vector bx ¢ and 1
"

bxc=|1 2 -1|=-31+3]+3k 1
-1 1 2
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Hence equation of required planeis

0 %—(M)E(—a‘” +3]+3)=0

O F.(—T +]+R) =0
and its cartesian formis—x+y+z=0

Distancefrom (1, 1, 1) to the planeis

|1( 1)+1.1+1.1|

—unit
(1) +1% +22 \/_

333

L et x denote the number of kingsin adraw of two cards. Note that x isarandom

variable which can take the values 0, 1, 2. Now

48
| BC, 21(48-2)! 48x47 188
P(x=0)=P k = 2= = o1
(X 0) (noking) 2c, 52 B2x51 T 221
21(52-2)!

P (x = 1) = P (one king and one non-king)

C1><4801 4x48%x2 32

%c,  52x51 221

C,
and P (x =2) = P (two kings) _W_SZTM_ 221

Thus, the probability distribution of xis
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X 0 1 2
188 32 1
221 (221 | 221

P(x)

Now mean of X=E(X)=Z % P(x)
1=1

_ 0x188,,, 32, 2x1_34

21 221 221 221

Al £00)=3 4 )

x@+12x2+22x 1 = 36

221 221 221 221

202

_ 36 [034[f_ 6800
Now var (9 = E0€) ~ B0 ~2217 Fpa18 ™ (221

Therefore standard deviation /var (x)

/6800

221

=0.37

29. Let the mixture contains x kg of food | and y kg of food I1.
Thuswe have to minimise

Z =50x + 70y
Subject to
2Xx+y>8
x+2y>10

X,y>0
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ot
2
Thefeasible region determined by the aboveinequalitiesis an unbounded
region. Vertices of feasible region are
1
A (0,8) B (2, 4) C(10,0) >
Now value of Z at A (0, 8) = 50x0+70x8=560
B(2,4)=380 C(10,0)=500
Asthefeasible region is unbounded therefore, we have to draw the graph of
1
X+ 70y<380i.e. 5x+ 7y <38 5

Astheresulting open half plane hasno common point with feasibleregion thusthe
minimum value of z= 380 at B (2, 4). Hence, the optimal mixing strategy for the
dietician would beto mix 2 kg of food | and 4 kg of food 11 to get the minimum cost
of the mixturei.e Rs 380. 1
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DESIGN OF THE QUESTIO
PAPER

MATHEMATICS - CLASS XII

Time: 3 Hours
Max. Marks : 100

The weightage of marks over different dimensions of the question paper shall
be asfollows:

(A)Weightage to different topicg/content units

S.No. Topic Marks

1 Relations and functions 10

2. Algebra 13

3. Calculus 44

4, Vectors and three-dimensional geometry 17

5. Linear programming 06

6. Probability 10

Total 100

(B) Weightage to different forms of questions:

S.No. Form of Questions Marksfor Total No.of  Total

each Question Questions Marks

1. MCQ/Objective type/VSA 01 10 10

2. Short Answer Questions 04 12 48

3. Long Answer Questions 06 07 42

Total 29 100
(C) Scheme of Option
There is no overall choice. However, an internal choice in four questions of
four marks each and two questions of six marks each has been provided.
BluePrint

Unitsg/Type of Question MCQ/VSA SA. L.A. Total
Relations and functions 2(2) 8(2 - 10 (4)
Algebra 3(3) 4(2) 6(1) 13(5)
Calculus 2(2 24(6) 18(3) 44 (11)
Vectors and 3-dimensional
geometry 313 8(2) 6 (1) 17 (6)
Linear programming - - 6 (1) 6 (1)
Probability - 4(2) 6(1) 10(2)
Total 10 (10) 48 (12) 42 (7) 100 (29)
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Section-A
Choose the correct answer from the given four optionsin each of the Questions 1 to 3.

1. If Oisabinary operationgivenby 01 R xR - R,ab=a+ b? then -2[bis
(A) -52 (B) 23 (© 64 (D) 13

_ Ot 3nLC, _ ..ol
2. Ifsn?t: [-1,1] - §,7E|safunct|on, thenvalueof sin! B_EEIS

-T -T 51t 7Tt
A) 5 B S5 ©O -5 O 5

3. Gi hE96E—E23E[BOEAI'eI Sf [
. |ventaIEil_,’ 0[_%1 OE% ok pplying elementary row transformation

R, - R-2 R, on both sides, we get

A 6 [ 3C [ -4rC 5 6 [O 30mMB 0orC
()%0[ %0[52[ ()%0[ %105%12[

D‘3 6C [P 3C O3 0O 3 6[ D‘4 3CB 0C
© Hs of"H oFHs 2 ™ Hs of"H1 ofH 2f

4. If Aisasquare matrix of order 3and |A| =5, then what isthe value of |Adj. A|?

5. If Aand B are square matrices of order 3 such that |A| = -1 and |B| = 4, then
what is the value of [3(AB)|?

0 odydE mgey il
y d°y
i i ion G- 0b=—0 i
6. The degree of the differential equatlonE DdXDE Ddngls

Fill in the blanksin each of the Questions 7 and 8:

dy
7. Theintegrating factor for solving thelinear differential equation Xa —y=x?

is
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10.

11.

12.

13.

14.

MATHEMATICS

The value of ‘i -]

2 .
IS

What is the distance between the planes 3x + 4y -7 = 0 and 6x + 8y + 6 = 0?

If 3 isaunit vector and (X— &@). (X+ &)= 99, then what isthe value of | % |?
Section-B

Let n be afixed positive integer and R be therelationin Z definedasaR b if
andonly if a— bisdivisibleby n, Oa, b O Z. Show that R is an equivalence
relation.

Prove that cot*7 + cot™'8 + cot'18 = cot™3.

OR
. -1 -1 _12
Solvetheequation tan™(2+ x)+tan™(2-x) = tan 3" 3>x>4/3.

X+2 X+6 x-1
Solveforx, [ X+6 x-1 x+2/=0
X=1 X+2 X+6

OR
l2c m -1 2C
fA=[, ,CandB=[p , oL verifythat (AB) =B'A".

Determine the value of k so that the function:

k.cos 2x
m—4x

if x#

O
F() %
X) =

>

if x=

MlANH

Tt

IS continuous at X :Z .
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16.

17.

18.

19.

20.

21.

22.
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2
If y= " show that (1 - »? g—xﬂ_aﬁy:o.
d°x X

T
Find the equation of the tangent to the curve x=sin3t,y=cos2tatt = e
Find the intervals in which the function f (X) =sin*x+ cos*x, 0 <x < % TS
strictly increasing or strictly decreasing.

m

Evaluate J’E sin* x cos’xdx
0

3x+1
Bvaite [ 2xr3

OR
Evaluate Ix.(log X)%dx

Find aparticular solution of the differential equation

X

2y e dx+ (y—2xe§) dy =0, giventhat x=0wheny =1.

If a=2f-2]+k,b={+2j-3kandc=2{ -] +4Kk, then find the projection
of b+ caonga.

Determine the vector equation of a line passing through (1, 2, —-4) and
perpendicular to the two lines 7 =(8f —16 ] +10k) + 1 (3i -16 ] + 7k) and
(151 +29] +5K) + 1 (37 +8] —5K) -

There are three coins. Oneis abiased coin that comes up with tail 60% of the
times, the second is also a biased coin that comes up heads 75% of the times
and thethird isan unbiased coin. One of thethree coinsischosen at random and
tossed, it showed heads. What isthe probability that it was the unbiased coin?
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23.

24,

25.

26.

27.

28.

MATHEMATICS

SECTION-C
04 1 3C
DZ 1 C

Find A1, where A = @ 1%. Hence solve the following system of

31
equations4x+2y+3z=2, Xx+y+z=1,3x+y-22z=5,

OR

Using elementary transformations, find A%, where

o1 2 -2C

A=l 3 Of

Ho -2 1f

Show that the semi-vertical angle of the cone of maximum volume and of given
sant height is tan™+/2 .

Evaluate Il ’ (3%% + 2x+5) dx by the method of limit of sum.

Find the area of the triangle formed by positive x-axis, and the normal and
tangent to the circle 2 + y2 =4 at (1, /3), using integration.

Find the equation of the plane through the intersection of the planes
x+3y+6=0and 3x-y-4z=0andwhose perpendicular distancefromorigin
isunity.

OR

Find the distance of the point (3, 4, 5) from the plane x + y + z= 2 measured
paralel totheline2x=y=2z

Four defective bulbsare accidently mixed with six good ones. If itisnot possible
tojust look at abulb and tell whether or not it is defective, find the probability
distribution of the number of defective bulbs, if four bulbsare drawn at random
fromthislot.
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A furniture firm manufactures chairs and tables, each requiring the use of three
machinesA, B and C. Production of one chair requires 2 hourson machineA, 1
hour on machine B and 1 hour on machine C. Each table requires 1 hour each
on machine A and B and 3 hours on machine C. The profit obtained by selling
one chair is Rs 30 while by selling one table the profit is Rs 60. The total time
available per week on machineA is 70 hours, on machine B is40 hours and on
machine C is 90 hours. How many chairs and tables should be made per week
S0 as to maximise profit? Formulate the problems as a L.PP. and solve it

graphically.
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Marking Scheme

Section-A
1. (B) 2. (D) 3. (B)
1
4. 25 5. -108 6. 2 7. X Marks
8.2 9. 2Units  10. 10 1x10=10
Sections-B
11. (i) SinceaRa, galZ, and because O isdivisible by n, therefore 1
Risreflexive.
(i) aRbO a-bisdivisibleby n, thenb - a, isdivisibleby n,sobR a.
Hence R issymmetric. 1

(iii) LetaRb andbRc, forab,c, 0Z. Thena-b=np,b-c=nq,
for somep,qOZ

Therefore, a—-c=n(p+ g adsoaRc. 1
Hence R isreflexive and so equivalence relation. 1
12 LHS-tan-11+tan-1}+tarr1i 1
' B 7 8 18
1+1
7 8 1 L OI5C 1
= tan +tant = tan +tant — 1
11T 5l 1 g
7'8
3.1
4+
3 11 18 65
- -1— -1 — —1 - -1
tan 1 tan 18 tan 1_3& tan 105 1
11 18
1
= tan-lé =cot'3=RHS 1

OR
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2
Since tan? (2 + x) + tar! (2 - x) = tan? 3
@40+ @-x 2
Therefore, tan 1-(2+%) (2-%) = tan 3
Th 4 .2
%33

O x=9 [0 x=%3

X+2 Xx+6 x-1
13. Given, [x+6 x-1 x+2=0
Xx-1 X+2 X+6

X+2 X+6 X-

R, -R,-R,
Using o p _R »Weget 4 -7 31=0
T 3 -4 7
+2 4 -3
C,-C,-C, X
Using ~ o _c . weget| 4 ~11 -1/=0
T 3 -1 10

Therefore, (x + 2) (-111) — 4 (37) -3 (=37) = 0

which on solving gives x = —%
OR

2l -1 20 07 3 -4C
AB=Ls 4F BB 2 -3F"Hs 5 -6f

1%

1Y%

1Y%

1Y%
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07 15C
3 5-
Therefore, LHS=(AB) = @ E 1
4 -6

01 3 o 15[
0 2 3

C
L1 C [l
RHS=B' A' = % 4E = and hence LHS = RHS
2 -3 U

1+1

T[ .
14. Sincef iscontinousat x = 7 we have i'n,l f(x) =5.
T4

]
. kcos2(—-vy)
lim f (X) _ lim k.cos2x —lim 4

ow xag = XAZ m—4x y-0

T
—=X =Y,
“_4(17:_3’) ,Where4 y 1

Tt
_im <G im gesnzy) 1
y-0 m-m+dy y-0 22y 2

Therefore, g =5 [O k=10. 1

eacos’1 X[ ﬂ _ eaoos’1 X (_ a)

oY= dx 1 ”
d
Therefore, N d—iz —ay...() "

Differentiating again w.r.t. X, we get
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- d’y x dy _ ady

¢ - dx  dx 17
d’y dy dy
O@-x)— -x—= =-a1l-x* = !
( ) dx® dx dx 2
=—a(-ay) [from]] )
d2
Hence (1-x%) X—Xﬂ -a’y=0. Y
dx dx
dx dy .
— =+ 3c0s3t, — =-23n2t
16. qt ot 1
—2sin "
Therefore,ﬂz—ZS’mZt,andDdyD = 2. 2 =2\/§
dx  3cos3t H&B% 3cos3t  3(--) 3 1
V2

o am 1 m
Also x=sin3t —S|n34 = and y:cosZt:cos2 =0.

g1 O[
Therefore, Pointis B\/—E E 1
\ _ 22 0 _1C
Hence, equation of tangentisy—0 = 3 H( \/EE
22 x-3y-2=0 1
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f'(X) =4 sin®x cosx — 4 cos®x sinx
= — 4 sinx cosX (Cos?X — sin3x)

= —sin4x. Therefore,

Tt
f'"x)=00 4x=nntd x= nz

Now,for0<X<£[,

(<0

T
Therefore, f isstrictly decreasingin (0, Z)

Similarly, we can show that f isstrictly increasingin (

11

17. 1= J’fsin“xcos?’xdx

L1
=Io6sin4x(1—sin2x) cos Xdx

1
:Ift“(l—tz) dt,wheresinx =t

5 t7

3 [t
=[2(t" -t°) dt=[ -
Ji( ) =

1%

Ya
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5
-2+ —
) 2

18, = (227> gv=r4__ "~ 2
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